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This  book  presents  the  principles  of  the  theory  of  oscilla¬ 
tions  of  linear  systems  with  variable  parameters,  gives  the 
results  of  investigations  of  the  stability  of  oscillations,  and 
examines  the  means  for  analyzing  oscillations  in  a  finite  time 
Interval. 

This  book  is  intended  for  scientific  workers  and  engineers 
who  encounter,  during  their  work,  questions  of  the  theory  of 
oscillations  and,  in  particular,  for  specialists  in  the  calcu¬ 
lation  of  the  flight  dynamics  of  flight  vehicles  and  special¬ 
ists  in  automatic  control. 


PREFACE 

Questions  of  analysis  of  free  oscillations  of  linear  systems  with  variable 
parameters  in  our  time  have  interested  a  wide  circle  of  specialists  working  in 
lifferent  regions  of  technology,  astronomy  and  physics.  For  successful  and  fast 
[■('solution  of  all  possible  problems  connected  with  the  theory  of  oscillations  of 
systems  of  this  class,  methods  of  analysis  of  oscillations  are  necessary  which  are 
•onvenient  in  application  and  effective.  These  methods,  furthermore,  have  to  be 
iccessible  to  a  specialist  whose  knowledge  in  the  region  of  theory  of  oscillations 
ind  in  neighboring  areas  of  mathematics  corresponds  to  a  program  of  instruction  in 
i  technical  institute.  The  absence  of  a  literary  source,  in  which  there  would  be 
iresented  methods  satisfying  these  requirements  and  embracing  a  sufficiently  wide 
■ange  of  questions  of  theory  of  oscillations,  impelled  the  author  to  write  this  book. 

In  the  book  the  reader  will  not  find  wide  illumination  of  different  methods  of 
na lysis  of  oscillations.  On  the  contrary,  all  work  is  connected  to  a  single  method 
f  research.  In  this  method  there  is  synthesized  some  of  the  latest  research  of  native 
mi  foreign  scientests  and  theoretical  constructions  connected  with  canonical  expan¬ 
ic  ns  of  solution  of  equation  of  free  oscillations.  The  limited  size  of  the  work  did 
1  allow  the  author  to  bring  it  to  the  state  where  the  problem  of  establishing 
c  'crsary  methods  of  analysis  of  oscillations,  in  light  of  the  above-mentioned  require  - 
enla,  could  have  been  considered  solved.  Nonetheless,  presented  in  this  book, 

■  'h  ds  of  solution  of  a  number  of  problems,  based  on  the  offered  method,  satisfy 
hesi  requirements;  however,  a  large  part  of  the  given  theoretical  constructions  can 
the  in  tinning  for  further  search, 

i'ho  book  consists  of  an  introduction  and  eight  chapters.  The  introduction 
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introduces  the  reader  to  a  circle  of  ideas  assumed  as  the  basis  of  the  method  of 
research  utilized  in  the  book.  It  is  designed  for  a  reader  familiar  with  the  basic 
ideas  of  the  theory  of  stability  of  systems  with  variable  parameters,  and  can  be 
passed  during  reading  of  book  by  unprepared  reader.  In  the  first  chapter  are 
presented  basic  ideas  and  definitions  from  the  theory  of  oscillations  and  the  theory 
of  differential  equations  utilized  during  further  research.  In  this  chapter  are 
determined  ideas  of  an  equation  of  free  oscillations  and  equivalent  systems  of 
equations.  In  the  second  chapter  is  expounded  the  theory  of  canonical  expansions  of 
solution  of  an  equation  of  free  oscillations.  These  expansions  allow  us  to  replace 
equations  of  free  oscillations  by  systems  of  linear,  homogeneous  differential 
equations  of  special  form,  whose  elements  of  theory  are  expounded  in  the  third  chapter. 
In  the  fourth  chapter  are  considered  questions  connected  with  analysis  of  free  oscilla¬ 
tions  in  a  finite  interval  of  time.  In  the  fifth  and  sixth  chapters  are  investigated 
asymptotic  properties  of  free  oscillations.  The  seventh  chapter  contains  additional 
research  in  linear  systems  with  periodically  variable  parameters;  and  the  eighth 
chapter,  additional  research  in  linear  systems,  whose  equations  of  free  oscillations 
belong  to  a  certain  special  class  of  equations,  the  particular  form  of  which  are 
equation?  with  polynomial  coefficients. 

The  book  is  designed  for  scientists  specialized  in  the  region  of  theory  of  oscilla¬ 
tions  and  for  engineers  whose  activity  is  connected  with  analysis  of  dynamics  of 
technical  systems.  In  order  to  make  the  book  accessible  for  engineers,  the  author  has 
avoided  the  use  of  mathematical  ideas  (besides  those  known  from  a  course  of  higher 
mathematics  in  technical  colleges),  whose  explanation  the  reader  would  have  to  seek 
In  other  literary  sources;  ideas  not  finding  reflection  in  the  mentioned  courses  but 
used  in  this  work  are  explained  in  foot  notes  or  in  those  places  of  the  basic  text 
where  they  are  first  encountered.  With  the  same  aim,  each  chapter  in  which  are 
expounded  these  or  other  methods  of  analysis  is  closed  with  an  example  including 
detailed  calculations. 

In  the  book,  as  a  rule,  are  not  considered  proofs  of  theorems  and  assumptions 
which  are  used  in  this  work  but  published  earlier  in  the  press.  In  all  such  cases 
are  shown  references  to  literature.  Part  of  the  results  of  the  research  done  by  1  lie 
author  and  given  in  the  present  work  was  published  in  1959-60  in  the  articles  "'Iheor.v 
of  f  ree  Oscillations  of  Linear  Systems  wit h  .Variable  Parameters"  [1]  and  "Canonical 
Conversions  of  Equations  of  Free  Oscillations  of  Linear  Systems  with  Variable 
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Parameters  and  Their  Application  to  Analysis  of  Oscillations"  [2], 

The  author  expresses  gratitude  to  academician  B.  N.  Petrov,  who  has  rendered 
assent  ial  help  during  the  writing  of  this  book.  The  author  also  is  very  grateful  to 
A.  I.  Averbukh,  S.  M.  AlfSrov ,  L.  N.  Bol'shev,  G.  N.  Duboshin,  A.  A.  Lebedev,  A.  M. 
Lobov,  0.  N.  Sveshnikov  and  V.  V.  Solodovnikov  for  their  counsel  and  critical 
rema rks . 

F.  A.  Mikhaylov. 
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INTRODUCTION 


With  the  development  of  new  technology,  interest  has  Increased  toward  the  theory 
of  dynamic  processes  described  by  linear  differential  equations  with  variable 
coefficients  and,  in  particular,  toward  the  theory  of  free  oscillations  of  linear 
dynamic  systems  described,  as  is  known,  by  linear  homogeneous  equations. 

In  this  work  we  examine  a  very  wide-spread  type  of  free  oscillations  of  linear 
dynamic  systems,  whose  characteristic  peculiarity  consists  of  the  fact  that  the 
system  of  differential  equations  describing  the  oscillations  can  be  reduced  to  one, 
linear,  homogeneous  equation  of  n-th  order  with  continuous  differentiable  coefficients, 
s  lived  relative  to  senior  derivative  and  containing,  as  an  independent  variable,  time 
t.  and,  as  an  unknown  variable  interesting  the  researcher,  coordinate  x  (or  any  other 
characteristic  of  the  state  of  the  system), 


(o.i) 


As  particular  cases  in  the  work  are  considered  free  oscillations,  presented  by 
equat ion  (0.1)  with  coefficients  possessing,  besides  those  shown,  also  certain  other 


pr ^perties. 

Recently  was  published  a  series  of  works  based  on  the  theory  of  free  oscillations 
of  linear  systems  with  variable  parameters,  in  which  was  considered  the  shown  type  of 
tree  oscillations.  Not  touching  upon  the  articles  of  the  author  [1,  2],  the  results 
r  which  are  presented  in  the  present  work,  we  will  pause  on  two  researches  dedicated 
!o  this  type  of  oscillations  and  belonging  to  I.  P.  Ginzburg  and  P.  Grensted.  The 
a  rk  f  I.  P.  ilnzburg  [3]  contains  a  definition  of  sufficient  conditions  of 
limitedness  of  solution  of  equation  (0.1)  and  its  derivative  from  first  to  n-lst 
i  nclusl vely . 
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Results  obtained  by  Its  author,  in  the  case  of  a  second  order  equation 


£+*.«>-£  *,««• 


(0.2) 


coincide  with  the  following  known  by  the  works  of  other  authors: 

For  limitedness  of  solution  of  equation  (0.2)  and  its  first  derivative,  it  is 
sufficient  that,  starting  from  a  certain  moment  of  time  t  °  T  for  certain  positive 
constants  D  and  d  during  all  values  of  t,  there  be  executed  conditions 


and  one  of  the  conditions 


D>bt>d 


(0.3) 


or 


(0.4) 


b,>d>n,  i,<0.  (0.5) 

The  author  of  the  second  work,  P.  Grensted  [4],  sets  as  his  goal  the  determi¬ 
nation  of  rational  conditions  which  are  rational  for  technical  application  and 
which  are  approximations,  without  definite  measure,  to  necessary  and  sufficient 
conditions  of  damping  of  free  oscillations,  i.e.,  to  conditions  at  which  solution  of 
equation  (0.1)  is  a  vanishing  function.  As  a  result  of  conditional  reasonings  the 
author  obtains  such  conditions.  In  reference  to  equation  (0.2),  its  results  may  be 
formulated  in  the  following  form. 

Condition  (0.4)  executed  from  certain  moment  of  time  t  =  T,  is  an  approximation 
to  the  necessary  and  sufficient  condition  of  damping  of  the  free  oscillations 
presented  by  equation  (0.2). 

Works  [5]  and  [4],  absolutely,  present  interest  and  can  be  used  as  applications. 
However,  results,  obtained  in  them,  essentially,  carry  a  very  particular  character. 
Thus,  in  the  ccnslded  example,  illustrating  result  of  work  [3]>  condition  (0.5)  is  a 
strong  limitation,  because  of  which  it  is  Impossible  to  reveal  limitedness  of  solution 
even  in  the  case  of  such  a  simple  equation  as  Airy  equation 


(0.6) 

In  the  example  illustrating  results  of  work  [4],  a  strong  limitation,  narrowing  region 
of  application  of  results,  is  the  requirement  of  fulfillment  of  inequality  (0.4)  dur¬ 
ing  all  values  of  t  starting  from  a  certain  t  =  T,  for  equation 


(0.7) 
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This  requirement  leads  to  requirement  of  monotonic itv  of  function  Bg(t)  in  interval 
(T,  oo). 

For  analysis  of  considered  type  of  free  oscillations,  there  can  be  used  results 
of  much  research  carried  out  in  reference  to  broader  classes  of  free  oscillations. 
Such  a  possibility,  in  particular,  follows  from  equivalence  of  equation  (0.1)  to 
system  of  equations 

Jfj- 
X|  =  Xj. 

•  •  •  •  (0.3) 

.t.=  —  bmx,  —  —  ! 

to  which  is  brought  equation  (0.1)  by  substitution 


because  of  this  equivalence,  sufficient  conditions  of  limitedness  of  solution  of 
equation  (0.1)  and  its  derivative  from  first  to  n-lst  inclusively  are  transformed  to 
sufficient  conditions  of  stability  of  zero  solution  of  system  of  equation  (0.8).  The 
idea  of  stability  of  zero  solution  corresponds  to  the  following  determination. 

ro  solution  of  system  of  differential  equations  (0.8)  is  stable  if  it  is  possible 
to  indicate  such  a  real  number  T  at  which  any  arbitrarily  assigned  number  e  corresponds 


-tj  — -  4 1;X|  *1“  •  •  • " 


(0.10) 


.  h  re-  a..  a..(t)  ( i,  .j  =  1,  . . . ,  n)  are  real,  continuous  functions.  Above-mentioned 

definit ion  of  the  idea  of  stability  of  zero  solution  extends  to  a  case  of  such  systems 
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without  any  change. 

The  problem  of  determining  sufficient  conditions  of  stability  of  zero  solution 
of  system  (0.10),  a  particular  case  of  which  is  system  (0.8),  was  considered  by  many 
researchers  and  in  their  works  they  obtained  partial  solution.  Not  troubling  the 
reader  by  a  survey  of  results  of  all  basic  research  on  this  question,  we  will  charac¬ 
terize  only  two  methods  of  solution  of  this  problem,  which  by  the  number  of  works 
dedicated  to  them  and  by  the  effectiveness  of  results  obtained  in  certain  of  them, 
can  be  considered  basic. 

The  first  method  is  based  on  the  widely  kncwn  theorem  of  A.  M.  Lyapunov  about 
stability  of  motion,  which  in  our  case  it  is  possible  to  formulate  as  the  theorem  of 
stability  of  zero  solution  of  system  of  equations  (0,10),  and  consists  of  detecting 
real  functions  V(t,  x^,  ...,  xn)  and  W(x^,  ...,  *n)*  possessing  certain  individual 

properties. 

Theorem  of  Lyapunov  [6],  Zero  solution  of  system  of  differential  equations  (0,10) 
is  stable  if  there  exist  such  functions  V(t,  x^,  ...,  xn)  and  W(x1,  ...,  xn),  which 
fulfill  the  following  conditions: 

a)  W(x^,  ...,  xn)  >  0,  if  at  least  for  one  1  magnitude  of  is  different  than 

zero; 


b)  there  exists  such  a  value  t  =  T,  that  during  t  *  T  there  occurs  inequality 


e) 


Vit.  A. - -  *„)-  U” (A . V„)  h 

‘V'+V  J1’  l 

.11  mU  d  t, 


Given  theorem  connects  the  fact  of  stability  of  zero  solution  of  system  (0.10) 
with  the  fact  of  the  existence  of  certain  functions  of  variables  t,  x^. 

However,  not  from  formulation  of  the  theorem  nor  from  proof  given  by  Lyapunov  does 
there  ensue  any  method  for  finding  these  functions.  Finding  functions  V  and  W, 
satisfying  conditions  of  this  theorem,  depends  on  the  skill  and  inventiveness  of  the 
researcher  [5],  and  no  general  method  for  solution  of  this  problem,  up  to  now,  has  n 
found . 


In  1937  K.  P.  Persidskiy  [7]  proved  the  reversibility  of  the  theorem  of  Lyapun  v, 
noting  that  if  zero  solution  of  system  (0.10)  with  real  continuous  coefficients  is 
stable,  then  exist  functions  V(t,  x^,  xn)  and  W(x^,  ...,  xn),  possessing  prop¬ 

erties  shown  in  conditions  of  the  theorem  of  Lyapunov.  K.  P.  Persldsklv  showed  also 
that  function  V(t,  x^,  .  ..,  x  )  both  in  the  theorem  of  Lyapunov  and  in  converse  theorem 
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can  be  considered  in  the  form  of  quadratic  form  of  variables  x^,  . ..,  xn  with 
coefficients  depending  on  t. 

Theorem  of  Lyapunov  is  the  initial  point  of  the  first  method  for  determining 
sufficient  conditions  of  stability  of  zero  solution  of  system  (0.10).  Further  lines 
of  development  of  the  method  are  connected  with  the  method  of  constructing  these 
functions.  At  present  there  is  known  a  rather  large  number  of  different  methods  of 
constructing  them,  some  of  which  [5,  8,  9,  10]  have  obtained  wide  acknowledgement. 

In  accordance  with  the  results  of  the  research  of  Persidskiy  in  all  methods  function 
V  is  constructed  in  quadratic  form. 

The  initial  point  of  the  second  method  of  solving  the  problem  about  determining 
suff  icient  conditions  of  zero  solution  of  system  (0,10)  is  the  theorem  of  A.  Wlntner 
[11],  published  In  1946. 

Theorem  of  Wlntner.  If  the  coefficients  of  the  Bystem  of  differential  equations 
(0,10)  are  continuous,  then  for  its  real  solution  during  any  limited  initial  values 
of  variables  x^ ,  . . . ,  xn ,  the  following  Inequality  is  valid: 


where 

because  of  this  theorem  for  stability  of  zero  solution  of  system  (0.10)  (wc 
•  nsider  that  coefficients  of  equations  satisfy  conditions  of  theorem),  it  is  suffi¬ 
cient  that  the  following  inequality  be  fulfilled: 


(0.1?) 


the  Wintner  theorem  in  1?48  was  generalized  by  T.  Vazhevskiy  [12],  who,  in  pari  Le¬ 
ila  r.  paid  attention  to  equality 


max  V  a  ,r.r,  » 

i  ' 


w!i<  re  symbol  n  is  designated  the  biggest  root  of  equation1 


All  roots  of  this  equation  are  real,  see  §  6,  Oh.  III. 
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I 

i 


tf.'l 


r  «d! 


it,?  •  Ifji 


il.j  —  ;i 


fi  •  «*:  1 

‘  ’  1  =_  0 


•••  «„-!» 


Using  this  equality,  it  is  possible  to  record  sufficient  condition  of  stability 
(0,12)  in  the  form 


llm  <  oo. 

'“'0 


(0.15) 


Thus,  in  the  theorems  of  Wintner  and  Vazhevskiy  there  is  contained  a  fully  defined 
constructive  solution  of  the  considered  problem.  However,  effectivenss  of  the  suffi¬ 
cient  conditions  of  stability,  obtained  on  the  basis  of  its  application,  essentially 
depends  on  the  form  of  system  of  equations  (0.10)  and,  in  a  number  of  cases,  can  be 
very  low. 

In  1950  A.  D.  Gorbunov  [13]  proved  a  theorem,  on  the  basis  of  which  can  be 
obtained  sufficient  conditions  of  stability  more  effective  than  condition  (0.1?) . 

Theorem  of  Gorbunov.  If  coefficients  of  differential  equations  (0.10)  are  contin¬ 
uous,  quadratic  form 


. ^  <*)•*<*,  {pti  Pl,]~ 

i.7"i 


(0.14) 


during  t  >  0  is  positively  determined  (see  §  6,  Ch.  Ill)  with  continuous  differential  1- 
coefficients  and 

4 

//(*!  •  •*„)”  * 

1.1- 1 

its  derivative,  because  of  differential  equations  (0.10),  |i^(t)  is  the  least,  and 
un(t)  is  the  biggest  roots  of  the  equation-1 

;  *11  -Whi-  . V  -Vfi*  j 

1  -  -w?».  ■  -  -V/r.i  •  •  1^5,  |  =  ()  (0.1' 

I  . hM- ■'&*„  1 

then  during  any  real  limited  initial  values  of  variables  x^,  ...,  x  ,  the  following 
ine qualities  are  valid 


1 All  roots  of  this  equations  are  real. 
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where 


*u 

*19  • 

•  fta 

*» 

•  * 

*tl  - 

•  •  • 

•  *9. 

•  •  • 

*.i 

*.9 

*  Cm 

Is  the  minor  obtained  from  this  determinant  by  obliterating  1-th  column  and  1-th 

1  Lne, 

Because  of  this  theorem  for  stability  of  zero  solution  of  Bystem  (0,10),  it  is 
sufficient  that  the  following  inequalities  are  fulfilled: 

t  \ 

b 

ffin ;  exp < cc  (0.17) 

•«  J 

(<  =  1 . n). 

2  2 

At  u  =  x^  +  ...  +  x  these  inequalities  are  turned  into  inequality  (0.13). 

The  theorem  of  Gorbunov  essentially  strengthens  the  second  method  of  solving  the 

problem  of  determining  sufficient  conditions  of  stability  of  zero  solution  of  system 

(0.10).  However,  from  this  theorem  it  is  impossible  to  extract  any  indications  about 

rational  selection  of  form  G(xlt  ...,  xn),  and,  consequently,  here,  Just  as  in  the 

first  method,  success  depends  on  the  skill  and  inventiveness  of  the  researcher.  The 

second  method  does  not  have  among  its  assets  such  extensive  developments  as  the  first 

2  2 

(usually  is  considered  form  G  =  x^  +  ...  +  xn,  see,  for  instance,  article  of 
Gorl  unov  [14]);  nonetheless  the  method  is  rich  in  its  potential  possibilities. 

Let  us  consider  now  a  particular  case  of  system  (0.10)  —  system  (0.8)  and  we  will 
l  serve  to  what  results  leads  solution  of  the  problem  about  stability  of  its  zero 
solution  by  the  first  and  second  methods. 

As  an  example  of  application  of  the  first  method  to  the  solution  of  this  problem 
is  tin  quoted-above  work  of  I,  P.  Ginzburg.  The  author  of  this  work  attempted  to 
1  tain,  as  far  as  possible,  more  effective  conditions  of  stability  of  zero  solution; 
i  is  method  of  construction  of  function  V(t,  x^,  ...,  xR)  =  G(x^,  ....  xp)  is  now  one 
f  Hit  most  rational. 
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Constructed  by  Ginzburg,  function  V  possesses  the  following  interesting 
properties:  during  constant  coefficients  of  system  (0.8),  derivative  of  this  function* 
because  of  differential  equations  of  system,  identically  turns  into  zero,  but  require¬ 
ment  of  positive  definitiveness  of  form  G(x^,  ...»  xn)  leads  to  conditions  of  stabil¬ 
ity  Herwitz-Routh.  In  accordance  with  this  property,  sufficient  conditions  of 
stability,  defined  by  Ginzburg  for  a  case  of  variables  of  coefficients  of  system  (0.8), 
approach,  as  closely  as  possible,  to  the  necessary  conditions  of  stability  if  coeffi¬ 
cients  of  system  (0.8)  become  sufficiently  close  to  those  formed  (on  the  question  of 
mathematical  meaning  of  the  idea  of  proximity,  used  here,  we  will  not  pause). 

Now  we  will  define  sufficient  conditions  of  stability  of  zero  solution  of  system 
(0.8)  by  the  second  method,  using  system  (0.8)  in  its  initial  form.  We  will  be  limited 

by  system  of  the  second  order,  corresponding  to  equation  (0.2),  and  we  will  assume 

2  2 

the  form  of  G  to  be  G  =  x^  +  ...  +  xn. 

Equation  (0.15)  here  will  take  the  form 


•> 


(0.18) 


whence  it  follows 

.  _  *«.  x 

Condition  (0.17)  is  fulfilled  if 

/  [  —  /»,  -4- (l  —  *s)3j «// •  co.  (0.19) 

O 

In  order  to  estimate  effectiveness  of  this  sufficient  condition,  we  will  assume 
that  coefficients  b^  and  b^  are  constant.  Then  inequality  (0.19)  will  be  executed 
only  in  the  case 

&(>0,  *.  =  1.  (0.20) 

Obviously,  sufficient  conditions  of  stability  (0.20)  are  far  from  conditions  of 
llerwitz-Routh,  Consequently,  effectiveness  of  condition  (0.20)  and,  all  the  more  so, 
effectiveness  of  condition  (0,19)  for  variable  coefficients  of  system  (0.8)  are  ver.v 

low. 

leneralizlng  the  statement,  it  is  possible  to  note  that  application  of  the  most 
well-known  methods  of  determining  sufficient  conditions  of  stability  of  zero  solution 
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of  system  (O.lo),  by  the  second  method,  to  the  problem  of  determining  sufficient 
conditions  of  limitedness  of  solution  and  derivatives  of  solution  of  equation  (0.1), 
with  the  help  of  transition  to  system  (0.8),  does  not  lead  to  more  effective  results, 
as  compared  to  results  obtained  by  I.  P.  Ginzburg. 

It  would  have  been  possible  to  continue  survey  of  known  results,  using  other 
forms  of  transition  from  equation  (0.1)  to  equivalent  system  of  equations,  and  also 
considering  other  problems  besides  the  problem  considered  by  Ginzburg.  However,  it 
Is  doubtful  whether  this  would  be  expedient,  since,  first,  published  literature  on 
the  considered  questions  contains  very  few  effective  (in  practice)  results  and, 
secondly,  considerations,  which  are  assumed  in  the  basis  of  the  research  given  in  the 
present  work,  are  presented  in  a  fully  intelligible  manner.  These  considerations  are 
presented  below. 

From  a  short  survey  of  methods  of  solving  the  problem  of  determining  sufficient 
conditions  of  stability,  it  is  possible  to  conclude  certain  results. 

First  of  all,  let  us  note  that  in  seeking  the  most  rational  path  for  further 
searches,  one  should  give  preference  to  the  second  method  since  in  this  case  on 
derivative  of  function  G(x^,  ...,  xn)  are  put  weaker  limitations  (its  sign-alternating 
is  allowed)  than  on  derivative  of  function  V(t,  x^,  ...,  xn).  Because  of  this,  it  Is 
possible  to  expect  that  for  determination  of  equally  effective,  sufficient  conditions 
!'  stability  in  the  second  method  will  be  demanded  simpler  structures  of  functions 
i(x^,  ...,  xn)  than  structure  of  functions  V(t,  x^,  ...,  x  )  in  the  first  method. 

Further,  if  one  were  to  return  to  the  above-considered  example  illustrating  the 

p 

second  method,  then  it  is  easy  to  notice  that  at  b^  =  const,  b2  =  const,  b^  >  4b^  there 
can  be  obtained  sufficient  conditions  of  stability  in  the  form  of  Herwitz-Routh 
conditions,  after  using  substitution 

•VI=>’| +■>’!•  j  (0.21) 

where  and  are  roots  of  equation 

>*  +  V o. 

Actually,  applying  this  substitution  to  system 

A‘|  ^  X-,, 

.r,—  —  /»2jc,  -  /nvj, 

•an  lu  btained  system 
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(0.22) 


I- or  this  system 

P,  =  max(Rei,.  Re/.,).  (0.23) 

Condition  (0.13)  is  turned  into  condition 

*•»  =  max  (Re X,.  Rc  >,)  <0.  ( 0  •  ) 


which  is  executed  during  fulfilment  of  Herwitz-Routh  conditions. 

Because  of  equations  (0.21)  from  sufficient  conditions  of  stability  of  zero 
solution  of  system  (0.22)  follow  sufficient  conditions  of  stability  of  zero  resolui io 
of  initial  system. 

From  this  example  it  follows  that  change  of  variables  can  effectively  be  used  as 
an  additional  method  during  research  of  stability  by  the  second  method.  Furthermore, 
given  example  allows  us  to  conclude  another  logical  result  if  one  were  to  otherwise 
interpret  method  of  obtaining  condition  (0,24), 

p  O 

Really,  because  of  equation  (0,21)  form  | y^  |  +  |y2|  corresponds  to  a  certain 

positive  definite  form  G(x1,  x2),  namely! 


0{*,.  *,)=*  y,  |*  +  |jf*P-* 


— jr8,» 

*»  —  i  "*  !  *1  --h  ! 


If  roots  X1  and  X^  are  real,  then,  passing  from  roots  to  coefficients  b^  and  bn,  we 
will  obtain 


</(*|.  .T,)-- 


rtf 


(0.2',) 


If  roots  X^  and  X2  are  complex,  then  form  of  G(x^,  x2)  it  is  possible  to  present  in 
the  fora 


9U,..  r,) 


•»»- 


( 0 .  ) 


It  is  natural  that  in  both  cases  form  of  G(x^,  x2)  is  positively  definite. 
Form  of  H(x1,  x2)  in  the  first  case  will  take  the  form 

+  KV; 

W(4f,..X,)= - - . 

In  the  second  case,  the  form 


H(x,..x  ,)=■  - -  -j- 

■•*»“  ®i 
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Finding  root  ,i?  of  equation  (0.15),  it  is  easy  to  establish  that  in  both  cases 
•ond  L  t ion 

IU  '0 

s  executed,  if  the  Herwltz-Routh  conditions  are  executed. 

Thus,  it  is  possible  to  prove  sufficiency  of  Herwitz-Routh  conditions  for 
tat  ill  by  of  zero  solution  of  the  considered  system  without  transition  to  variables 
^  and  y2,  after  selecting  form  G(x^,  x2)  according  to  formula  (0.25)  or  (0.26). 
Election  of  the  type  of  utilized  form  depends  on  character  of  the  root.  This 
'onclusion  may  be  widely  used  on  systems  of  the  highest  orders  (with  constant 
:oe  fl'ic  lents) .  Apparently,  even  for  systems  with  variable  coefficients  the  character 
f  Mie  roots  of  certain  equations  should  be  considered  during  research  of  stability. 

Now  we  will  pay  attention  to  the  circumstance  that  substitution  (0,21)  leads  the 
■oris  Leered  system  to  a  system  whose  matrix  of  coefficients  has  a  diagonal  form.  With 
his  fact  it  is  possible  to  connect  high  effectiveness  of  obtained  results.  General- 
.zing  tills  observation,  the  conclusion  can  be  made  that  expedient  are  such  changes  of 
'arialles  which  somehow  bring  the  matrix  of  coefficients  of  the  system  nearer  to  a 
tat  rix  of  diagonal  form. 

A'  last,  it  is  possible  to  note,  while  developing  thought  about  change  of 
ariables,  that  only  such  changes  of  variables  are  expedient  at  which  it  is  quite  easy 
■  Judge  properties  of  zero  solutions  of  initial  systems  with  respect  to  properties 
f  :n  ro  solutions  of  converted  systems. 

I'liose  thoughts  predetermined  the  direction  of  the  research  which  the  reader  will 
neounter  below.  This  research  is  not  limited  by  questions  of  stability  or  limit ed- 
ibsc  if  solution,  and  embrace  a  wider  range  of  questions.  Considered  are  the  following 
i  r  i  loins : 

a)  determination  of  majorant  and  minorant  estimations  of  particular  solutions 
>f  1  tuation  of  oscillations  (0.1)  in  a  given  finite  interval,  and  also  majorant  and 
it  n  >  rant  estimations  of  certain  functions  connected  with  solution  and  convenient  for 
nalysls  of  i'ree  oscillations  ; 

i  )  determinat  ion  of  approximate  presentations  of  general  and  particular  solutions 
oquat  ion  of  oscillations  ; 

• )  determination  of  conditions  of  stability  of  oscillations  ; 

I)  determination  of  conditions  of  existence  of  fluctuating  solutions  of  equat  i  n 

or. .  i  Hat  i  ns  ; 

o')  u -'terminal  i  n  of  asymptotic  representations  of  general  and  particular 
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solutions  of  equation  of  oscillations. 


All  work  is  connected  by  unity  of  method  of  research,  in  the  basis  of  which  lie 
canonical  expansions  of  solution  of  the  equation  of  free  oscillations. 

We  will  explain  the  essence  of  the  method  in  an  example  of  the  problem  about 
determination  of  sufficient  conditions  of  limitedness  of  solutions  of  equation  of 
free  oscillations  of  the  second  order  [equation  (0.2)]. 

We  will  present  arbitrary  solution  of  equation  (0.2)  x(t)  in  the  form  of  sum  of 
functions  z^(t)  and  z2(t),  satisfying  system  of  equations 

*‘*i”.*r  1  (0.27) 

*  I 


where  ^  and  are  arbitrary,  complex-valued,  differentiable  functions  from  t,  unequal 
to  each  other  during  all  sufficiently  large  values  of  t. 

From  equationr  (0.27)  and  (0.2)  it  is  simple  to  obtain  a  system  which  variables 
z^  and  z2  satisfy.  It  has  the  form 


Si-c, 


L  V  :?  ‘/iV 
•• ;  *»-i  ~  *  '  /-  j5 1  \  - 

'  '  *  V!  / 


If  functions  C^(t)  and  £g(t)  satisfy  condition 


(0.28) 


(0.2Q) 


then  matrix  of  coefficients  of  right  side  of  system  (0.28)  is  diagonal,  and  each  of 
the  equations  of  this  system  may  be  integrated  separately.  Designating  initial 
conditions 

x  i  (g  l  1>  *,  i^o)  n 

and 

»|(W  o.  I. 

(where  t^  is  sufficiently  great),  we  will  obtain  two  particular  solutions  of  equat  1  r. 
(0.2) 


Hence  immediately  follows  solution  of  problem  about  determination  of  sufficlen1 
conditions  of  limitedness  of  solutions  of  equation  (0.2):  for  limitedness  of  all 
solutions  of  this  equation,  limitedness  of  shown  solutions  is  sufficient. 

It  is  possille  to  prove,  based  on  polar  presentation  of  general  solution  of 
equation  (0.2)  [25],  that  there  exist  functions  n(t)  satisfying  condition  (0.29). 

“*•  9  e 

lut  since  these  functions,  in  a  one-to-one  manner,  correspond  to  solutl  ms  (0.^0),  Mu 
prol  lem  of  their  determination  is  just  as  difficult  as  the  problem  of  determining 
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shown  solutions. 

However,  it  is  possible  to  Indicate  a  whole  series  of  methods  of  selection  of 
functions  ^  2(t),  at  which  condition  (0.29)  is  executed  with  the  sign  of  not  strict 
l  it  approximate  equality  with  this  or  another  meaning  of  proximity.  Let  us  assume  that 
functions  ^  0(t)  are  selected  thus.  Then,  assuming  that  they  are  substantial  and 
using  the  result  of  Vazhevskiy,  we  will  find  that  for  limitedness  of  solutions  of 
equation  (0.2)  fulfillment  of  condition  (0.13)  is  sufficient,  where  un  is  the  biggest 
root  of  equation 

.  ,  *l  -i  +  *|i|  *  *■  *1  “  •"  |  ~~  1 

■  X  '*  1  2(Ci-c7)  (j  (0.31) 

*1  J  ,  Jl  — .  ,  V!  +  ^  *1*?  t  h  t 

'  -Ci  —  :7>  7,-c,  “:l 

This  sufficient  condition  during  successful  selection  of  functions  ?(t)  may 
in  very  effective  since  during  strict  fulfillment  of  condition  (0.29)  if  coincides 


with  that  necessary. 


CHAPTER  I 

LINEAR  SYSTEMS  WITH  VARIABLE  PARAMETERS  AND 
EQUATIONS  OF  THEIR  FREE  OSCILLATIONS 

§  1.  Dynamic  Systems 

In  nature  and  technology  there  are  wide  spread  physical  systems  whose  state  at 
an  arbitrary  fixed  moment  of  time  t,  from  a  certain  interval  of  observation  (tQ,  t^), 
Is  fully  determined  by  values  of  physical  quantities  (at  this  instant  of  time), 
presented  mathematically  by  real  variables 

*1.  . . . 

■mil  fully  determines  motion  of  system  in  a  subsequent  interval  of  time.  Such  systems 
are  'ailed  dynamic  [15]. 

To  dynamic  systems,  in  particular,  belong  mechanical  conservative  systems  [15]. 

In  this  case  variables  x^,  xn  are  generalized  coordinates  (i.e.,  a  certain 

i lumber  of  independent  physical  quantities,  simply  determining  coordinates  of  all 
elements  of  system  [16])  and  their  first  derivatives  with  respect  to  t.  Full  system 
of  generalized  coordinates,  in  particular,  can  constitute  k  of  certain  coordinates  of 
Its  elements.  In  this  case  their  derivatives  with  respect  to  t  are  corresponding 
speeds  of  displacement  of  these  elements. 

I'o  dynamic  systems  also  belong  electrical  systems  composed  of  passive  circuits, 
i.e..  systems  consisting  of  a  certain  number  of  electrically  connected  capacitors, 
nduetors,  and  chokes.  Such  systems  are  electrical  analogs  of  mechanical  systems 
•nsihered  by  theoretical  mechanics.  Role  of  generalized  coordinates  here  is 
y.ccu!  od  !  y  k  of  independent  physical  quantities  determining  distribution  of  charges 
ii  system,  in  particular  charges  of  a  certain  number  of  capacitors.  In  the  last  case, 
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derivatives  of  generalized  coordinates  are  the  intensities  currents  flowing  through 

capacitors. 

In  different  regions  of  technology  are  encountered  dynamic  systems  very  varied 
in  their  physical  nature.  Frequently,  they  constitute  a  combination  of  interacting 
mechanical,  electrical,  and  magnetic  elements  and  contain  internal  sources  of  energy, 
essentially  affecting  their  properties.  During  determination  of  physical  quantities 
x^,  ...,  xn,  characterizing  the  state  of  such  systems,  in  many  cases  is  expedient  an 
essential  idealization  of  the  laws  of  work  of  certain  elements  of  the  system  or  com¬ 
binations  of  elements,  without  which  mathematical  description  of  the  system  can  le 
unnecessarily  complicated  and  difficult  for  analysis.  Such  idealization  frequently 
is  connected  with  disregard  of  small  masses  and  inductances  and  hypothetical  acknowl¬ 
edgement  of  directivity  of  interaction  of  certain  elements  of  system,  i.e.,  acknowl¬ 
edgement  of  direct  influence  of  one  element  on  another  and  disregard  of  Influence  of 
the  latter  on  the  first. 

The  simplest  example  of  a  dynamic  system  is  a  mechanical  system  consisting  of  a 
body  of  mass  m,  a  rod  and  two  springs,  united  so  that  the  body  under  the  action  of  the 
springs  can  accomplish  horizontal  motions  along  the  rod  (Fig.  1).  State  of  such  a 
system  is  determined  by  displacement  x  of  center  of  gravity  of  body  about  position  of 
equilibrium  and  speed  of  displacement  x. 

The  simplest  example  of  a  dynamic  system  is  also  an  electrical  oscillation  cir¬ 
cuit  constituting  of  a  closed  circuit  composed  of  capacity  C,  resistance  R,  and 
inductance  L  (Fig.  2).  State  of  such  a  system  is  determined  by  charge  of  capacitor 
and  current  intensity  in  circuit. 

1  xamples  of  more  complicated  dynamic  systems  under  certain  conditions  can  be  an 
aircraft  flying  in  calm  atmosphere,  a  vacuum-tube  oscillator,  and  an  elastic  mechanl  -a.) 
system  with  dynamic  extinguisher  of  oscillations. 


t 


pies t  mechanical 
dynamic  system. 
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Fig.  2.  Floctri  al 
oscillation  circuit 


An  aircraft  flying  in  a  calm  atmosphere  is  a  dynamic  system  If  the  speed  ol‘ 
its  flight  exceeds  the  speed  of  sound1  and  rudders,  elevators,  and  ailerons  an 
secured  or  controlled  by  means  of  an  automatic  pilot.  In  the  first,  simpler  case 
(secured  rudders,  elevators,  and  ailerons)  the  state  of  the  system  Is  determined 
1  y  linear  and  angular  coordinates  of  the  aircraft,  characterizing  its  position 
relative  to  land  (all  six  coordinates)  and  the  first  derivatives  of  these  coordinates 
(  •orrespond ing  linear  and  angular  velocities).  Thus,  the  number  of  magnitudes 
1 1 '  termlnlng  state  of  system  is  equal  to  twelve'.  In  spite  of  the  fact  that  this 
rrumber  Is  very  great,  it  cannot  be  decreased  (in  examining  general  case  of  moi  1  n) 


without  disturbance  of  correct  presentation  of  system.  Moreover,  even  the  presented 
treatment  of  the  system  is  based  on  a  series  of  simplifying  assumptions  concern  1  nr 
interaction  of  the  aircraft  with  air  flow,  and  is  practically  correct  only  in  that 
•ape  when  thrust  of  motors  and  consumption  of  fuel  are  fully  determined  by  the 
at  >ve-mentionod  magnitudes. 

A  vacuum- tube  oscillator  of  the  simplest  form  consists  of  two  batteries,  an 
electron  tube,  a  choke,  and  an  oscillation  circuit  inductively  connected  with  It, 

(I  if.  3).  During  the  study  of  this  system,  usually,  we  will  disregard  drops  >  f 
v  Hage  in  choke  and  inductive  winding  of  circuit,  called  grid  current  |1Q],  Under 
this  condition,  the  state  of  the  system  is  determined  by  charge  of  capacitor  ui  1 
•unvnl  intensity  passing  through  inductive  winding  of  oscillation  circuit., 

lilt  simplest  elastic  mechanical  system  with  a  dynamic  extinguisher  of  use  ilia - 
'  i  ns  [!',  20]  ctnslsts  of  a  body  with  mass  secured  on  art  elastic  support  (lari 

piivalent  to  spring  with  rigidity  connecting  this  body  with  fixed  :;u(  i  r'.j,  ■  i  l 


1ftatc  of  an  aircraft  flying  with  subsonic  speed  is  determined  ly  magnitudes 
muni  rated  bel^w  and  angle  characterizing  change  of  direction  of  air  flow  aft<  r  fl  jW- 
;  ng  around  the  w  i  n  r  ("drift  angle  of  flow")  f  18  J.  The  latter  doper  is  on  vnlut  f 
"aut*l<-  ■  f  attack"  of  aircraft  a  (see  below  big.  h)  at  a  moment  f  ’  Inn  ,  prcc  i  air 
tha'  consider''  i  for  certain  finite  riant  i  ty  of  t.  Therefore,  Ui*'  id' a  f  a  i.yt  a  i  ’ 
ys'em  r  es  not  fi'  subsonic  aircraft.  However,  if  one  were  to  repla  i'urif  1  ■  n 
'(  -  t  '•  ey  its  appr  ximatlon  of  the  form  o(t)  -  i-i(  t) ,  as  V.  .  .  Vr  ir  v  ]  t  .•  1 1  1 , 

iien  •!  situation  may  !  p  corrected  and  the  idea  of  a  dynamic  system  may  n  spn-ni 
o  t  :  :.i  .•  at  rcraf  . 


i 


i 
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an  extinguisher  of’  oscillations  constituting  a  body  with  mass  mr,  <<n^  connected  by  a 
spring  and  damper  (the  latter  not  obligatory)  with  the  first  body  (Fig.  4).  An  example 
of  a  mechanical  system  idealized  as  a  body  with  mass  m^  elastically  connected  will 
fixed  support  can  be  a  machine  fixed  on  an  elastic  support.  The  dynamic  extinguisher 

of  oscillations  is  introduced  for  the  decrease  of  amplitudes 
of  oscillations  of  base,  caused  by  unbalanced  forces  of 
variable  directivity,  appearing  in  the  process  of  work  of 
the  machine.  The  considered  system  is  a  dynamic  system  if  not 
one  of  the  bodies  is  subjected  to  action  of  forces,  besides 
the  forces  created  by  shown  elastic  couplings.  In  the  m<  n- 
tioned  example  of  a  machine  the  considered  system  Is  dynaml  •  i 
the  machine  is  not  working  or  if  in  the  process  of  work  of  tic 
machine,  the  base  Is  not  subjected  to  the  influence  of 
unbalanced  forces. 

State  of  the  considered  system  is  determined  by  four 

magnitudes:  displacements  x  and  y  of  masses  m^  and  and 

•  • 

the  speeds  with  which  they  shift,  x  and  y. 

Basic  characteristic  of  a  dynamic  system  which  is 
theoretically  sufficient  for  studying  processes  occurring 
in  it  Is  a  differential  equation  or  a  system  of  dif feror  1 1  a  1 
equations  expressing  its  law  of  motion. 

Since  the  state  of  a  dynamic  system  at  an  arbitrary,  I'i  -o; 
moment  of  time  determines  its  motion  in  a  subsequent  inter  •  l 
of  time,  speed  of  change  of  magnitudes  x^,  ...,  x  at  a 
eon  •ldored  moment  of  time  have  to  be  determined  by  values,  at  this  instant  of  time,  of 
hewn  magnitudes.  Because  of  this,  the  law  of  motion  of  the  system  may  be  express. u 
by  means  of  n  first  order  differential  equations  [ID], 

xtr=Xt(x, . x,)  (i-1 . II).  il.l 

Thus,  for  instance,  in  the  above-considered  system  const  ting  of  a  certain  lody, 
rod,  and  two  springs  (see  Fig.  1),  as  variables  dete  rmining  state  of  system  then  wr 
hewn  di  placement  x  of  center  of  gravity  of  body,  relative  to  position  of  e  pj  I  1 i  i  ri  u:  , 
■it  peed  of  displacement  x.  We  will  designate 

*  =  X|, 

X=-Xi. 


Fig.  ?.  Fundamental 
diagram  of  vaccuum- 
tube  oscillator. 


Fig.  4.  Funda¬ 
mental  diagram  of 
simplest  elastic 
mechanical  system 
with  dynamic  ex¬ 
tinguisher  of 
os  -i  1  la  t.  i  ons  . 
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Wo  will  assume  that  in  a  certain  bounded  domain  of  change  of  variable  x 

— «<x<a  (1-2) 

(■whore  a  is  a  positive  number)  forces  of  springs,  effective  on  body,  are  proportional 
to  displacement  of  its  center  of  gravity  x.  Let  us  assume  also  that  the  system  during 
motion  experiences  only  dry  friction,  the  force  of  which  is  constant  in  magnitude  and 
is  defined,  with  respect  to  direction,  by  sign  of  speed.  Then  condition  of  equilibrium 
of  forces  effective  on  body  is  reduced  to  equation 

mxt+l  »lgn  jfi+*xi«0, 

where  f  is  magnitude  of  frictional  force; 

k  is  positive  coefficient  depending  on  elasticity  of  spring; 
sign  u  is  conditional  designation  of  signum  functions 


■  1  nhin  8^0, 


SlgflR 


■■0  irhan  K  0, 

■  —  1  whtn  II  ^  0. 


If  one  were  to  supplement  this  equation  by  evident  equality 

then  law  of  motion  of  system  in  region  (1,2)  will  be  expressed  by  system  of  two 

differential  equations 


•  /  *  •  f  " 

■**=  --~t\gn  x,-  -  x,.  j 

In  case  of  an  electrical  oscillation  circuit  (see  Fig.  2)  state  of  system,  ns  was 
noted  above,  is  determined  by  charge  q  and  current  Intensity  in  circuit  i.  Equating 
poientinl  difference  on,  connected  in  series,  capacity  and  resistance  of  electromotive 
form  of  induction,  we  will  ootain  equation  (21) 


After  designating 

nd  taking  into  account  that 


*+*'— lv- 


?-»x,,  i-ijr, 


i.ii 

it  ' 


<•  wilt,  obtain  the  following  system  of  differential  equations  expressing  the  law  of 
•  ion  of  the  system: 

*.-*!•  ) 

X, 


•  £l  R*1 

x *  CL  L' 
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Characteristic  property  of  the  law  of  motion  of  a  dynamic  system  is  its 


independence  from  external  influences:  motion  of  the  system  in  a  certain  interval  >  r 
time  is  fully  determined  by  initial  values  of  variables  x^,  .  ..,  x  ,  and  form  of 
functions  X^(x^,  . ..,  x  )  (i  -  1,  . ..,  n)  is  determined  by  fundamental  diagram  and 
structure],  parameters  of  the  system.  In  this  meaning,  it  is  possible  to  call  a 
dynamic  system  "closed  for  external  influences"  or  simply  a  "closed"  system. 

In  nature  and  technology  widespread  also  are  systems  not  answering  the  de fin  1 i .lot 
of  a  dynamic  system,  but  close  to  it  in  essence.  Such  systems  are  systems  who. a  fate 
at  arbitrary  fixed  moment  of  time  t,  from  certain  interval  of  observation  1  ful  l.v 
(t()»  ti)»  determined  by  values  at  this  instant  of  time  of  n  physical  quantities 

presented  by  mathematical  real  variables  x^,  ...,  xn,  but  motion  of  system  In  a 

subsequent  interval  of  time  is  not  determined  by  them. 

As  an  example  of  such  a  system  it  is  possible  to  consider  supersonic  aircraft 
flying  in  calm  atmosphere  with  deflecting,  in  the  process  of  flight,  rudders,  elevator 

and  ailerons,  if  motion  of  the  mentioned  controls  does  not  depend  on  motion  of 

aircraft,  for  instance,  occurs  on  n  given  program.  In  spite  of  the  fact  that  the  slat, 
of  this  system  is  determined  by  the  same  magnitudes  which  were  Indicated  in  examin i ■ g 
the  motion  of  an  aircraft  with  secured  rudders,  elevators,  and  aileron  -,  the  vai  <  f 
these  magnitudes  at  any  moment  of  time  is  not  determined  by  subsequent  motion  of  the. 
system.  In  order  to  determine  law  of  motion  in  this  example.  It  is  necessary  to 
consider  dependence  of  deflections  of  rudders,  elevators  and  ailerons  oi  time. 

Law  of  motion  of  systems  of  considered  form  may  be  expressed  by  means  of  tin: 
i'<  [lowing  system  of  differential  equations: 

*,=*,(*, . . r„.„l  (i~l . n ).  U.4) 

In  this  system  variables  xn+^,  ...,  xn+m  do  not  depend  on  process.  In  the  considered 
example  these  variables  were  deflection  of  rudders,  elevators,  and  ailerons. 

Inasmuch  as  laws  of  change  of  variables  xn+^,  ...,  xn+m  do  not  depend  on  pr 
of  motion  of  system,  they  can  be  represented  as  a  function  of  time.  If  the  last 
are  ki  own,  then  th<>  law  of  motion  may  be  determined  in  the  form 

■*,— *V((jr, . .«„./)  ((=  1 . «)  il.1 

Thus,  for  instance,  motion  of  a  supersonic  aircraft  with  define l  a g 
( Independently  of  flight)  rudder,  elevators,  and  ailerons  during  -ymmetric  flight.  • 
•onstai.t  I  trust  -on  forms  to  the  following  system  of  several  Ido-  1  l  '.od  d i  fforeni  i  a  i 
ecu at  ions: 
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mV=  Peon,  mV\ »=  ~  &,(•)?(//)- Q  cos  *  +  P$ln*; 


(1.6) 


?<//)* 


//-I' tin  6;  i^Vcosti, 


;  pre  V  in  speed  of  flight;  1  is  pitch  angle  (Fig.  5);  e  is  angle  of  inclination  of 
rnjocf  ^ry;  H  i.  height  of  flight;  L  horizontal  distance  of  flight;  m  is  mass  of 
ircrafl;  3  is  wing  area;  P  is  thrust;  Jz  is  moment  of  inertia  of  aircraft,  with 
■poet  to  an  axis  passing  through  its  center  of  gravity  of  perpendicularly  to  plane 
symmetry;  b.  is  average  aerodynamic  chord;  a  =  $  -  9  is  angle  of  attack;  b  is 

oJ , 

Levn  or  angle,  cv,  cv,  my,  m?"  is  aerodynamic  coefficients  which  are  function  of 

p  is  air  density  (function  of  height  of  flight). 

Variables  determining  state  of  system  here 
are:  speed  and  height  of  flight  V  and  li,  angles 

of  pitch  and  trajectory  $■  and  9,  speed  of  change 
•  of  pitch  $,  horizontal  flying  range  L.  A 
variable  not  depending  on  process  is  elevator 


a  y  a  c. 

ignl tudes  shown  in  parentheses; 


Kinematic  parameters  of 

i'  ■  raft.. 


angle  6. 


Designating 

1  *=X|,  //■A'j,  OhXj,  0  -  Xy 

i.  possible  to  record  equation  (1.6)  in  the  form 

(*|.  Xj,  Xy  *4), 

Jf4). 

> 

Xy  .tji 

Jfj®  X-{Xy  Xj,  Xy  Xy  Jfj,  .Tj), 

(^f|»  ^4)' 


It’  elevator  1.  deilected  according  to  a  known  program,  then,  after  replacing 

■Li  Lo  Xy  with  function  of  time,  there  can  be  obtained  a  system  of  the  form  (!.'.  . 

t’lnrnctori  t  L property  of  laws  of  motion  (1.4’i  and  (1.6)  is  t.helr  depen  len-e  mi 

t  Clint,  influences.  In  the  case  of  law  of  motion  (1.4),  ,a  source  of  external  influence 

’Inure  of  variables  x  . ,  . . . ,  x  ,  .  In  the  case  of  law  ol'  motion  (1.6),  an 

n+i  '  n+m 

>'<  •!  f  external  Influences  Is  hidden  in  the  functional  dependences  of  magnitudes 
(■  =  1 . n)  on  time  t. 


Motion  of  ys terns  of  the  considered  new  form  in  a  certain  Interval  of  time  1. 
terminod  by  ii  ItJaL  values  of  variables  x^ ,  ...,  x  and  external  I  nl'lnemes .  Ii 
i  •  meaning,  ysi.oms  01  given  form  it  is  possible  to  call  "open  for  oxterne L  ini  iuen  : 


or  rimply  "open"  systems.  We  will  call  them  dynamic  just  as  were  called  earlier- 
considered  systems,  and  subsequently,  when  speaking  of  dynamic  systems,  we  will  keep 
mind  that  these  may  be  both  closed  and  open  dynamic  systems. 

In  the  example  of  a  supersonic  aircraft  it  was  shown  how  a  closed  dynamic  system 
by  means  of  increasing  number  of  moving  elements  (releasing  rudder,  elevators  and 
ailerons)  can  be  turned  into  an  open  system.  On  the  same  example  it  will  show  how, 
during  further  increase  in  number  of  moving  elements,  from  this  system  we  can  again 
make  a  closed  dynamic  system. 

In  the  considered  example  it  was  mentioned  that  motion  of  elevator  does  not. 
depend  on  change  of  other  variables  characterizing  motion  of  system.  We  will  reject 
this  condition  and  will  connect  motion  of  control  surface  with  change  in  pitch  angle 
of  aircraft  with  the  help  of  the  automatic  pilot.  Let  us  assume  that  an  equation  of 
the  latter,  with  a  certain  degree  of  idealization,  has  the  form 

l+rc=/,o+<l*. 

where  T  is  time  constant  of  automatic  pilot;  iQ,  its  transmission  ratio. 

Assuming  that  magnitudes  T,  iQ  and  i^  are  constants,  it  is  possible  to  record 
this  equation  (in  earlier  taken  designations)  in  the  form 

Jtj,  x,).  (l.Hl 

.Supplementing,  with  this  equation,  system  (1.7),  there  can  be  obtained  a  system  of 
equations  expressing  the  law  of  motion  of  a  closed  dynamic  system. 

The  dynamic  system,  aircraft  —  automatic  pilot,  in  the  considered  it  rm  is  li  i  i 
•loscd.  Its  state  is  determined  by  seven  magnitudes,  x^,  ...,  x^.. 

Above  it  was  indicated  that  for  closed  dynamic  systems  thorn  is  a  character!  t  1  • 
independence  of  laws  of  their  motion  on  external  influences,  i.o.,  a  certain  "aul. 
of  processes  occurring  in  them.  Therefore,  closed  dynamic  systems  frequently  art; 
called  autonomous  and,  correspondingly,  open  dynamic  systems  —  nonautonomous  systems. 

The  automatic  pilot  in  the  considered  example  is  an  open  dynnmlc  system.  Tn  it  i 
•are,  the  closed  dynamic  system  consists  of  two  open  systems  with  laws  of  motion 
expressed  by  equations 

x,-Xt(x . .  *«♦!,.  .  .,*•♦»)  (/=1 . «) 

and 

. . . .  *)(;  «•!  i . «-{-«). 

which.  In  totality,  express  laws  of  motion  of  systems  on  the  whole. 

f.V  'terns  of  this  form,  at  present,  have  obtained  very  wide  propagntior  in  d.i  i  n 


-26- 


erions  of  technology  as  systems  of  automatic  control. 

§  2.  Linearity  of  Large  and  Small  Systems 

As  was  shown  above,  the  law  of  motion  of  an  open  dynamic  system  may  be  expressed 
y  system  of  equations  (1.4).  Since  system  of  equations  (1.1),  expressing  law  of 
otion  of  a  closed  dynamic  system,  it  Is  possible  to  consider  as  a  particular  case  of 
hi.  system,  subsequently  we  will  consider  that  system  (1.4)  expresses  law  of  motion 
a  dynamic  system  of  general  form. 

If  functions  Xi(x^,  ...»  xn,  t)  (i  =  1,  ...,  n)  in  equations  (1.5)  in  a  certain 

egi  n  of  variation  of  variables  x4 ,  ...,  x,  ,  t 

l  n+m 

(1.9) 

I 

i  -  1,  . . . ,  n  +  m,  t^  §  a>,  t^  -  tQ  ?  b,  where  b  is  final  positive  value)  are  linear 
nl.ative  to  variables  x^,  ...,  xfi),  then  for  any  given  set  of  functions  xn+^(t),  •••» 
(t.)  equations  (1.4)  in  region  (1.9)  it  is  possible  to  present  in  the  form 

•  •  •  +  fli« (0 *»  +  (0  m  ^  )\ 

(/*  1 . «). 

lio.ro  ‘ 1  ^  j ( t )  and  Y^(t)  (  i,  j  =  1,  ...,  n)  are  real  functions  from  t. 

Dynamic  systems,  whose  law  of  motion  in  region  of  variation  ol’  variables  (l.j) 

■  .•pressed  by  equations  (1.10),  are  called  linear  in  this,  region, 
i'or  real  linear  dynamic  systems,  the  region  of  variation  of  variables,  in  which 
:  system  is  linear,  must  be  limited.  It  may  be  either  finite  of  infinitesimal. 

«  i 

I  region  (1.9)  is  finite,  i.e.,  if  a^  =  ( i  =  1,  . . . ,  n  +  m)  are  finite  number.  , 

hoi.  system  is  called  linear  large. 

,  » 

If  in  region  (1.9)  all  or  certain  intervals  (a^,a^)  (1  =  1,  n  +  m)  arc 

nf.1  ii i t.osimal,  then  system  is  called  linear  small. 

I  he  idea  of  linearity  large,  in  view  of  its  clarity,  does  not  require  further 
vj  Inna  lion.  We  will  explain  somewhat  in  greater  detail  the  idea  of  linearity  small, 
hot  us  assume  that  there  is  known  a  certain  particular  solution  of  system  (1.4) 

.« (i—  1 . «).  (1.11) 

hi  hi  In  purlieu] ir  cases  may  be,  for  instance,  solution 

**•»(*)- C|  (/=  I . n) 
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[  where  Cj  (  i  =  1,  .  .  . , 


n)  are  real  constants]  of  system  of  equation. 


Xf  —  X^  (X|»  •  •  •  «  Aji  Xn  + 1  «  .  «  •  *  Jfi  n)  —  ^ 

(<«=  1 . «). 

expressing  interrelation  between  variables  x^,  . ..,  xn+m  in  a  state  of  rest  (see  §  5) 
Considering  solution  x^(t)  (1  -  1,  . n)  not  coinciding  with  solutions  xj^  \t), 
we  will  introduce  variables  x^(t)  by  formulas  [15]: 


jc;  (t)-x[»'u) 

(i-i . *  +  «). 


Carrying  out  substitution  (1.12)  in  system  (1.4),  we  will  obtain 

.r,’  —  .V,'  (.v| . x\.  X^4  ; . •*«+„) 

(f-1 . H). 


(1.1  ’ ) 


/  1  . 

where  Xj(x^,  ...»  xn,  xn+^i  . ..,  xn+m)  are  certa*n  new  functions. 

We  will  assume  that  functions  X^(x^,  . ..,  x'  )  (i  -  1»  ...»  n)  in  a  certain  j» 
of  variation  of  magnitudes  x^(t) 


— ^<jc;  (/)<A 
(i—i, .  .  •  .*+«. 


(1.141 


[where  A1  (i  -  1,  ...,  n  +  m)  are  finite  numbers]  are  expandable  into  an  absolutely 
converging  Taylor  series  in  degrees  of  these  magnitudes  [6], 

Assuming  that  considered  solution  x^(t)  (i  =  1,  n)  is  included  in  regj.  - 

(1.14)  and  carrying  out  mentioned  expansion,  we  will  obtain  from  system  (1,1.5)  ,\v  t..;m 

**  =  ««  (<)■*!+  •  •  ■  +aM(/)*i  +  fl,lllTi(/)xi*i  J-  .  .  . 

remainder  (#=  1 . n).  (1- 


With  thi; 


and  remainder  contains  second  and  highest  degrees  of  magnitudes  , 
In  any  finite  interval  (tQ,  t^)  remainders  approach  if 

*;<'.) -0  (/-| . n)  j 

and  ! 

~ '  0  (<=«•]*  I,  .  .  .  , n  +  m).  ) 


(1.1  < 


this  gi  >s  can. a  to  affirm  that,  while  considering  oscillation  in  a  finite  Inter  ••  i , 


iurlng  numerically  rather  small  magnitude.  x^( tQ)  (  i  =  1,  ....  n)  and  (1  =  n  +  1, 

.  ..,  n  +  m)  it  i.  possible  to  disregard  them. 

Such  affirmation  is  indeed  true:  however,  the  correctness  of  it  is  not  evident, 
l'ho  fact  i-  that  during  condition  (1.17),  along  with  the  remainders,  also  approaching 
zero  are  all  other  magnitudes  in  the  right  sides  of  the  equations  (1.15).  Consequently, 
on  the  ba, is  of  this  property,  we  cannot  ray  that  solution  of  systems  of  equations 
(1.1 b)  with  remainders  and  without  them  are  in  some  meaning  close. 

In  order  to  clarify  the  possiblility  and  meaning  of  disregarding  remainders  in 

i  i 

cqu1  t.ions  (1.15)  during  condition  (1.17),  we  will  present  variables  x^,  ...  xn  in 

the  form 

x\-re,  (1=.  I . «),  (1.18) 

where  r=  j/’(*l)y+  *,(<**  1 . n)  are  magnitudes  numerically  not  exceeding 

uni t y . 


I  r:  rtn 


Carrying  out  substitution  (1.18)  into  equations 
by  term  by  r,  we  will  obtain 

t’l~(ail  +  ai»‘’l+  *  •  *  +al.*’»  + 

remainder 


(1.15)  and  divi  iing  the 

r 


la tier 


(1.19) 


+  +  .  .  .  +  (««»*-  + . » + 4.  remainder  j 

We  will  estimate  remainders  of  these  equations.  Let  us  consider,  for  concrete¬ 
ness,  remainder  of  first  equation. 

In  accordance  with  substitution  (1,18),  remainder  of  i-th  equation  of  system 
(1.1'  ),  divided  by  r.  Therefore,  instead  of  remainders  of  equations,  of  system  (1.19), 
li  is  tts.sJhle  to  consider  remainders  of  equations  of  system  (1.15). 

Komainder  of  first  equation  of  system  (1.15),  according  to  the  rule  of  expansion 
of  a  function  of  '’everal  variables  in  Taylor  series,  has  the  form 

VV /»(,„<, . /»+.»)  (*!)'•(*! >'’  •  •  • 

i--’  . '»+m-n 

■/here  •oeff icients  P(i^,  i^,,  ...,  in+m)  are  determined  for  every  value  of  t,  are  real 
■  n  i  Limited. 

bet  us  assume  that  M(t)  is  a  certain  upper  bound  of  modulus  of  difference 

.  .  .  .x,  „./)—■  an*i“  ...  - 
t  1 

luring  a  1  L  |  sib  Le  values  of  magnitudes  -y  ,  ...,  x  +  ,  moduli  of  will")  ,  respect!  ve  I.,/, 
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are  equal  to  A^,  .  .., 


and  as  a  result 


.  Then,  by  known  theorem  of  analysis,  we  will  obtain 

l^(4.4 . .  .A‘**m<AI(t) 


*M4-4 . .  .  •(<+„)'*  "  <Af(0. 


(1.20) 


Numbers  of  members 


^(4-  4 . <«-»)(.«;)■ .  .  .  " 


with  the  same  value  of  sum 


4+4+  •  •  •  +4>m“i 


does  not  exceed  number  (n  +  m)*.  Therefore,  because  of  inequality  (1.20),  equalities 
(1.18),  and  condition  | ei  |  s  1,  modulus  of  sum  interesting  ut.  does  not  exceed 


magnitude 


A1(t)  V(„  +  m)‘  {max  |r  (/).  A,  , . 


Assuming  that  (n  +  m)(max[r(t),  An+1,  ...,  An+m])  <  1,  after  designating 

mix(r,A,  +  i . A,*.)— .V 

and  applying  formula  of  sum  of  geometric  progression,  we  will  find 

2  (ft  +  «)'  (max  (r,  A,  . A.  T  «)|‘  — J*±££L.-  * 

l-(n  +  <n)AT 

Consequently,  modulus  of  estimated  sum  during  expressed-above  assumption  does  not 


exceed  magnitude 


MM(n  pi 
l-(n  I*) S' 


Dividing  this  expression  by  r,  we  will  obtain  appraisal  for  modulus  of  remainder 
of  first  equation  of  system  (1,19), 

Analogous  appraisals,  obviously,  can  be  obtained  for  remainders  of  other  oq  , ■  1 1 1  ■ 
of  systems  (1.19)  and  (1.15). 

Now  it  is  possible  to  compare  solution  of  system  (1.15)  with  solution  of  ry -1,0.1;. 
obtained  from  it,  as  a  result  of  disregarding  remainders.  It  is  natural  to  assume  the 
following  criterion  of  proximity  of  mentioned  solutions:  comparable  solutions  ar 
close  as  possible  during  condition  (1.17)  only  when  for  any  (as  small  as  desired 
positive  number  e  there  can  be  designated  an  initial  value  of  magnitude  r  and  value 
of  magnitudes  An+^,  ...,  An+m,  so  small  that  difference  of  analogous  magnitudes 


in  those  solutions  for  all  i  will  not  numerically  exceed  ?. 

Because  of  formulated  criterion,  proximity  of  comparable  solutions  Is  dot.  rmin. 
by  proximity  of  corresponding  solutions  of  system  (1.19)  and  a  system  obtained  from 
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the  letter  as  a  result  of  disregarding  remainders.  If  one  were  to  consider  that 
magnitude  r/r  during  sufficiently  small  initial  values  of  r  is  limited  in  any  finite 
interval,  then  it  is  possible  to  show  that  during  condition  (1.17)  the  mentioned 
solutions  of  system  (1.19)  and  the  simplified  system  corresponding  to  it  are  as 
close  as  possible.  From  this  follows  the  possibility  of  disregarding  remainders  of 
equations  (1.15)  in  examining  oscillations  in  a  finite  interval  on  the  assumption  that 
initial  values  xj(tn)  (i  =  1,  ...»  n)  and  intervals  (-Ai,  A^)  (i  ■  n  +  1,  ...»  n  +  m), 

i  i 

in  which  are  included  variables  xn+^,  ...»  xn+m  are  sufficiently  small. 

f,uch  a  possibility,  in  general,  is  lost  during  transition  to  open  interval  of 
time.  Exceptions  are  cases  when  during  certain  finite  values  of  magnitudes  A, 

An+1’  An+m*  r°r  s°lutions  satisfying  conditions 

0  <r(b)<A. 

(i*=n  ~  1,  .  .  .  ,  it  4-*1). 

during  t  -*  cd,  magnitude  r(t)/r(tQ)  has  finite  upper  limit.  Oscillations  at  which 
this  condition  is  executed  are  stable  according  to  Lyapunov  (see  §  1,  Ch.  V)  with 

•  i  i 

respect  to  magnitudes  x^,  ...,  xn,  if  *n+1  =  ...  =  xn+m  =  0,  and  at  x^(tQ)  =  ...  - 

i  ii 

=  x  (t0)  =  0  they  are  limited  in  change  of  variables  x^,  ...,  xfi  in  such  a  way  that 

the  1  * i . •  t  ones  do  not  emerge  beyond  boundaries  of  interval  (-e,  e)  as  small  as  desired 

(hiring  sufficiently  small  values  of  magnitudes  An+^,  ...,  An+m.  Considering  both 

1 1 if; re  properties,  the  oscillations  satisfying  the  above-mentioned  condition  it  1  ■ 

possible  to  call  double  stable  with  respect  to  magnitudes  x^,  ...,  xn.  It  is 

noon. vary  to  note  that  in  the  case  of  closed  dynamic  systems,  because  of  absence  of 

variables;  x„  ,  ...,  x  ,  the  idea  of  double  stable  oscillations  loses  meaning  and 
n+x  n+rn 

only  stability  according  to  Lyapunov  can  be  discussed, 

!■  rom  that  presented  it  follows  that:  a)  a  dynamic  system  is  linear  small  during 
ini  t  la  1  values  of  magnitudes  x^,  ...»  xn,  close  to  values  ( t^) ,  ...»  x^'(t,^), 

and  small  deviations  of  variables  xn+^,  ...»  xn+m  from  variable:-  x^|,  ...,  in 

-ud  ll.rary  finite  Interval  (tQ,  t^),  if  functions  X^(x^,  ...,  xn+m)  (*■  *  1»  ...»  ri ) ,  are 

i 

ox[ andable  in  this  Interval,  in  degrees  of  magnitudes  x^,  ...,  xn,  into  an  absolutely 
•or:  urging  Taylor  scries;  b)  a  dynamic  system  is  linear  small  with  those  same 
■an  iit ions  of  proximity  of  variables  x^  and  x|°^  (i=  1,  ...»  n  +  m)  in  open  Interval 
(t  ,  "),  j_r  fun"  t  ion.  X  ^  ( x  ^ ,  ...,  xn(.m)  are  expandable  In  this  inlorvtl  Into  an 


ai’.'i"  lutol.y  -on  urging  Taylor  series  and  oscillation  presented  by  silut!  -n  >f  system 


(1.15) 


*i°‘<0  (i-l . n) 


are  double  stable  in  the  above-indicated  meaning  with  respect  to  magnltuder  x 


V 


If  there  is  given  system  of  function  x^+1(t),  ....  x^+m(t),  the  values  of  which 
in  the  considered  interval  of  change  of  variable  t  are  sufficiently  small,  then  after 
disregarding  remainders,  the  system  of  equation  (1.15)  can  be  rewritten  in  the  form 


Dropping  primes  for  variables  xi  and  Y1  (i  =  1,  n),  we  will  obtain  system  t' 

equations  (1,10),  Allowing  this  freedom  in  designations,  the  law  of  motion  of 
dynamic  systems,  both  linear  large  and  linear  small,  it  is  possible  to  express  hy  a 
system  of  differential  equations  (1.10).  With  this,  however,  one  should  not  Cornet 
about  the  difference  in  physical  meaning  of  variables  x^^  and  Yj  (i  =  1,  ...,  n),  in 
these  cases. 

Subsequently,  speaking  of  linear  systems,  we  will  not  discuss  what  kind  of  region: 
are  the  regions  variation  of  variables  x^,  ...,  xn+m  in  which  they  are  linear,  hut  we 
will  assume  that  values  of  variables  x^,  ...,  xn+m  in  oscillations  considered  K  ir 
do  not  exceed  the  bounds  of  these  regions.  In  connection  with  this,  considering 
oscillations  of  linear  systems  unstable  we  will  consider  that  unlimited  growth  of 
moduli  of  variables  x^,  ....  xn  does  not  have  a  physical  meaning  and  that  the  i  l-  r.  >f 
instability  one  should  physically  consider  only  so  that  the  moment  of  time  will  net 
in,  which  may  be  any  amount  distant,  when  any  of  the  variables  x^,  ...,  x  will  go 
beyond  the  boundaries  of  the  region  of  linearity. 

Example  1,  Mechanical  system,  consisting  of  body  with  mass  m,  rod,  and  two 
springs  (see  Fig.  1),  given  as  the  simplest  example  of  the  dynamic  system  in  i  ho  |  >  ;- 
ceding  paragraph,  has,  under  the  assumptions  made  there,  a  law  of  motion  expressed  t 
the  following  system  of  differential  equations, 

*i  -  *t.  ) 

(see  §  1),  where  x^  is  displacement  of  center  of  gravity  of  body  relative  t  position 
)f  equilibrium.  Region  of  variation  of  variables,  for  which  this  system  of  1 1  i  t’f .  r- 
ont ini  equations  was  limited  by  one  condition  (1.2) 

—a<x<a. 

wh'  re  •  i  Is  a  positive  number. 
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Obviously,  the  considered  dynamic  system  is  not  lipear  large,  since  not  even  in 
one  bounded  domain  of  change  of  variables  x^and  x^,  is  the  right  side  of  the  second 
equation  a  linear  function  of  variable  x?.  This  dynamic  system  is  also  not  linear 
email  since  function 

V  ,  .  *  / 

■  '■*!■  *-) - - | - sign  x-. 

m  m 

not  being  differentiable  with  respect  to  Xg,  cannot  be  even  in  one  bounded  domain  of 
change  of  arguments  expanded  into  Taylor  series. 

Thus,  this  dynamic  system  is  nonlinear. 

Example  2.  Electrical  oscillation  circuit,  depicted  on  Fig.  2,  has  the  law  of 
motion  expressed  by  system  of  differential  equations 


Jf|  «=  X.. 


where  Xj  =  q  is  charge;  x^  =  i  is  current  intensity. 

Tf  parameters  of  circuit  R,  L,  and  C  are  constant  in  a  certain  bounded  domain  f 
change  of  charge  q  and  current  intensity  i,  then  this  dynamic  system  is  a  system 
litr  -ir  large. 

Example  3.  Supersonic  aircraft  with  c  recting  (independently  of  flight) 
•Elevator  during  symmetric  flight  in  assumptions  expressed  in  the  preceding  paragraph, 
in  a  particular  case,  can  fly  rectilinearly,  horizontally  with  constant  speed.  In 
u  i  case  P  =  j  =  V  =  0.  Values  of  variables  J,  V,  H  and  function  L(t)  are  defined 
elutions  of  system  of  equations 


r»Sc, " 

- - +  /'co»3  = 

— - -  - —  O  +  A*  »|n  I  = 

1 

i-  V. 


0. 

=  0. 


id:’  which  is  transformed  system  (1.6)  for  the  mentioned  case  of  flight,  and  they 
depend  on  assumed  value  of  elevator  deflection  5.  Designating  these  values  of 
arlahles  and  junction  L(  t)  by  symbols  x£'^ ,  x^°^ ,  x^‘  ■  ,  x/,'  \  xy'  ^  the  ;,h  iwn 

in  §  1,  assuming  that  functions  cx($),  c  (>),  m7(J.  b),  p(H)  are  expanded  into 
•onv : r.eing  Taylor  series  in  a  certain  bounded  domain  of  change  of  vnriat  les  1,  <■ , 
found  alues  of  which  are  its  center,  and  considering  that  xjj  '  =  ,  vie  will 

obtain  from  system  (1.7)  a  system  of  linear  differential  equations  with  constant 
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coefficients  relative  to  x^  =  (i  =  1,  7).  This  system  of  equations  will 

express  law  of  motion  of  the  considered  dynamic  system  which  is,  thus,  a  system  linear 

small. 

§  3.  Forced  and  Free  Oscillations  of  Linear  Systems 

We  will  define  state  of  rest  of  a  linear  dynamic  system,  whose  law  of  motion  1  ;• 
expressed  by  system  of  equations  (1.10),  by  condition 

X,~  0  (/=  1 . «).  (1.2?) 

From  this  condition,  because  of  mentioned  system  of  equations  it  follow.-  that 

-  •  •  +ata{l)x„^-YlU){i  1 . /»).  (I.?7) 

Let  us  assume  that  under  certain  influences  Y^(t)  (i  ■  1,  . . . ,  n)  at  initial 
moment  of  time  t  =*  tQ  the  system  was  in  a  state  of  rest.  Let  us  assume  further  that 
determinant  of  system  (1.23) 


an(0 . «.„(<)  | 

«*•<'> . •«,«)! 

does  not  turn  into  zeroes  at  t  *  tQ  or  at  least  at  t  =  tQ.  Then  values  of  influences 
Yj  (i  =■  1,  .  ..,  n)  at  initial  moment  of  time  simply  determine  values  of  magnitudes 
X1 ’  •••*  xn  at  th*3  instant  of  time.  After  determining  value  of  these  magnitude, 
and  placing  them  in  equations  (1.23),  it  is  possible  to  determine  simply  that  "o..„ 
of  influences  Y^(t)  at  which  system  remains  in  state  of  rest  in  the  subsequent.,  con¬ 
sidered  interval  of  time.  We  will  designate  these  influences  by  symbols  Y^'  -(t) 

(i  -  1,  ...»  n).  From  determination,  obviously, 

Y,  (f,)=  K!#,(/0)  (i-1 . ")  (1.24 

Let  us  assume  that  xj^ (i  =1,  ...»  n)  is  value  of  magnitudes  in  considered 

state  of  rest.  We  will  introduce  new  variables  Ax^  and  AY^: 

AY'-Yjo-Yru)  (ii 

•  (/=! . It). 

I'licn  system  of  equations  (1.10)  in  new  variables  will  take  the  form 

.  .  .  +«,„(<)  A*. +  AK,(/)  (1.2' 

<i  -  1 . «). 
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With  thin,  according  to  determination, 

*  >'i  ('.)-<>  «- 1 . «).  (1.27) 

If  in  considered  interval  of  time 

Y,(t)  =  Y?'(t),  (1.28) 

Mien  also,  according  to  definition,  the  state  of  rest  of  the  system  in  this  interval 
i  not  disturbed.  If,  however,  there  exist  intervals  of  time  belonging  to  the 
'■•on.  ’  dered  interval,  when  equalities  (1.28)  do  not  hold,  then  the  system  comes  to  a 
si  a te  of  motion. 

This  motion  is  called  forced  oscillations. 

Now,  preserving  the  introduced  designations,  we  will  assume  that  in  the  initial 
mon.  :ii t  of  time  the  system  war  not  in  a  state  of  rest,  determined  by  initial  values 
of  influences  Y.  (t)(i=  1,  .  ..,  n),  but  form  of  influences  is  such  that  they  satl.  fy 
con  iition  =  Y^.  Then  system  will  come  into  a  state  of  motion  which  is  caller) 
free  oscillations. 

fystem  of  equations  (1.10),  in  this  case,  in  new  variables  takes  the  form 

(0  **.  +  ••  •+<*„  (0  A.V.  ( 1 .  ?o ) 

(/“l . It). 

Cases  of  forced  and  free  oscillations  are  particular  cases  of  motion.  In  the 
(■on.) nl  case  of  motion,  there  simultaneously  exist  causes  provoking  forced  and  free 
"  i  llatlonr.  Because  of  linearity  of  system,  its  motion  in  this  care  constitute:-  the 

.■  .ir,  of  forced  and  free  oscillations  determined  independently  from  each  other. 

§  4.  Equation  of  Free  Oscillations 

r.ually  during  the  study  of  free  oscillations  of  a  linear  system,  not  ail 
v ;  1 1  •  i  ■  i  i It's  Xp,  ...,  xn  present  interest.  In  practice,  very  frequently  we  are 

interested  in  th<  beiiavior  of  only  one  variable,  more  rarely  of  two  variables,  -ml 

sorely  of  a  large  number  of  variables. 

If  the  subject  of  study  is  the  behavior  of  variable  x^ ,  then  during  certain 

um  lit  ions  a  system  of  differential  equations  (1.29)  may  be  reduced  to  one  dl  f  fo  ror  i  i  a  L 

■motion  (0.1)  of  n-th  order 

S+».W-Sr+. ..+».(')  Jt-o. 

ii  wi  ioh  ’oei’flclents  T^(t),  ....  Is  n  ( t )  are  functions  of  coef  f  ic  i  ents  a  j  .(t)(i.  J  1  , 
...,  ■,)  •in:  t  heir  ier  i  vat  Ives..  This  conversion  may  he  carried  nut  In  r,l  •  follow  I » 
n,  a  liner. 
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Differentiating  first  equation  of  system  (1.2°),  we  will  obtain 


^*1“  *11^1  "t"  •  •  •  +  4- . . .  +  almbjct. 


Placing  instead  of  derivatives  Ax^,  ...»  Axn  right  sides  of  corresponding  equal  Ions 
of  system  (1.29)»  we  will  find 

**«-(«..  +  2a.'fl'.)Ajr.+  •  '  +(•«. 


Differentiating  this  equation  and,  liberating  it,  analogously,  from  derivative. 
Ax^,  ...,  Axn#  we  will  obtain  an  equation  expressing  third  derivative  of  magnitude 
Ax^  through  magnitudes  Ax^,  ...,  Axn,  etc. 

Carrying  out  such  an  operation  n-1  times,  we  will  obtain  a  system  of  equat  on.- 
of  t tie  form 


€5L- *b**.  +  •••+». 


( i  .  '  - 


in  which  coefficients  b^  (i  =  1,  ....  n)  are  polynomials  from  coefficients  a^.(i, 

-  1,  ...,  n)  and  first  derivative  coefficients  a^,  ...,  aln;  coefficients  b01  (i 

....  n)  are  polynomials  from  coefficients  a^.  (i,  j  =  1 . n),  theii  first 

derivatives  and  second  derivatives  of  coefficients  a^,  ...»  a^r5  •••  coefficient . 
bnl  (1  =1,  ....  n)  are  polynomials  from  coefficients  a5  .  (i,  j  *  1,  ....  n),  ti.- ■  i  »• 
derivatives,  from  first  to  n-2nd,  inclusively,  and  n-lst  derivatives  of  coefficient 


11' 


,  a 


In’ 

if  determinant  of  system  (1.30),  considered  as  algebraic  system  of  linear 


equat lour  relative  to  unknowns  Ax^  ...,  Axn>  at  all  values  of  t  from  interval  I>  (cr¬ 
esting  us,  is  different  thai  zero,  then  we  will  assume  that  solving  this  system 
relative  to  Ax^  and  considering  Ax^  =  x,  we  will  obtain  equation 


».  .  •,-!  4—'M 


B  •  4m 


k  4tm  k  41* 


in  which  A  in  determinant  of  system  (1.30), 


•  •  • 

•  •  • 

•  •  •  • 

*<- 1.1.  • 

•  •  • 

1.9.  • 

•  • . 

*aV  •  •  • 

(<■1 . 


After  assuming  additionally  that  B  ft  0  for  all  values  of  t  from 


■  1  ier-' :  i 


interval  .and  multiplying,  term  by  term,  the  latter  equation  by  a/!-  ,  w<  will  or.t.al- 
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equation  of  the  forrr.  (0.1),  in  which 


(* —  a  —  1) 

*•— £ 


Thun,  for  instance,  system  of  the  second  order  is  reduced  to  equation 

x+t,x  +  btx*=0. 


It  v.'hicli 


*i*=  —  — a„— aa. 


•n 


from  that  presented,  it  follows  that  conversion  of  system  (1.29)  into  equation 

(  .1'  Is  possible  if 


■i.  certain  relationships  are  satisfied  between  coefficients  a^j(i,  j  -  i,  » 

at  which  Fj  ^  0  and  A  ^  0; 

h)  coefficients  a^j  (i  =  1,  n)  n-1  multiple  are  differentiable; 

o)  coefficients  a^  (i  -  1,  ....  n;  j  =  2,  ....  n)  n-2  multiple  are  different. I abl 
We  will  consider  that  there  are  considered  only  such  laws  of  motion  at  which  the.- 
•o!  iitions  are  carried  out.  Moreover,  subsequently,  we  will  assume  that  coefficients 

t cj  t  . b  (t)  values  of  t  from  the  considered  interval,  which  may  l  o 

either  interval  (0,  oo)  or  a  part  of  it,  are  continuous  and  are  differentiable,  where 
ti.<-;.  -ire  limited  at  t  -  t^. 

.[nation  (0.3'  we  will  call  equation  of  free  oscillations. 


§  5.  1. Inear  Systems  with  Variable  Parameters 

If  the  dynamic  system  is  linear  in  large  and  variables  x . .  x  ,  in  |  roc*,  s 

of  ’v'l ion,  do  not  exceed  the  bounds  of  the  region  of  linearity,  then  coefficient. 

i' ^ . b  of  the  equation  of  free  oscillations  arc  determined  by  construct. lot  <  ■'  i  he 

and  law  of  change  of  magnitudes  x  x„ ,  If  the  system  Is  linear 

n+l  n+m 

'  ■  -  I  1 .  Mien  these  coefficients  are  determined  by  construction  of  system  and  topes  i-  ce  ] 

t' . >:n4T^t',  characterizing  change  of  variables  . x,  h  tic  j.r« 

ti..at  motion,  small  oscillations  near  which  are  investigated.  We  will  call 

ef  f  I  •  1  ent  s  ( t  ' . t  .( t.l ,  following  accpeted  terminology ,  para::et  nr  __ 

. . .  remembering,  however,  their  real  physical  meaning. 

•  ll  coefficients  of  the  equation  of  free  osci  lint.  ions,  are  eo»  tee  t,  t.|  <•».  Me 
i 1  nea r  system  with  respect  to  variable  x  is  a  linear  system  with  constant  [  aramet ors . 
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If  in  the  equation  of  free  oscillations  at  least  one  of  coefficients  is  inconst 
then  the  linear  system  with  respect  to  variable  x  is  called  a  linear  system  win 
variable  parameters. 

Parameters  b^(t),  . ..,  bn(t)  natural  and  technical  linear  systems  with 
variable  parameters  can  have  the  most  diverse  form.  If  the  form  of  parameters 
put  in  the  basis  of  classification  of  linear  systems  with  variable  parameter  , 
from  the  general  class  of  systems  it  is  possible  to  separate  two  subclasses,  rej 
tatives  of  which  are  encountered  very  frequently  in  nature  and  technology.  Fir 
subclass  is  formed  by  linear  systems  with  periodically  variable  parameter.  ,  i.u 
such  linear  systems  for  which  coefficients  b^(t),  ...»  t»n(t)  are  periodic  fuivt 
of  time  of  one  and  the  same  period  ft  (certain  coefficients,  in  particular,  eat 
constants).  The  second  subclass  is  formed  by  linear  systems  for  which  coefflcl 
b^(t.),  ...,  t>n ( t )  of  the  equation  of  free  oscillations  are  power  or  compos  1  | 

functions  of  time,  i.e.,  have  the  form 


or 


iV" 


— . 

*c,/« 

where  ,  B^j,  0 j  j ,  (3^,  (3^.,  for  all  possible  values  of  indices  1  and  ,i 

const  ants. 


a  r> 


Theory  of  oscillations  of  linear  systems  with  variable  parameters  of  g, 
t'orm  Is  expounded  in  the  following  four  chapters.  More  detailed  research  <  f 
oscillations  of  the  systems  of  above- indicated  special  form  :u’c  present ed  In  if 
t  w >  chapters. 


§  6.  Certain  Ideas  and  Determinations  from 
a  Theory  of  bifferentlal  Equations 

Let  us  assume  that  tQ  is  any  value  of  t,  belonging  to  considered  interval. 
.  ....  P  ^  is  a  given  system  of  complex  numbers.  Then,  there  exists  one 
only  one  particular  solution  x(t),  satisfying  in  this  interval  eqird ion  (  . 
which  t.  t(1  derivative  of  i-st  order  (i  -  0,  1,  P ,  ■  ,  .  ..,  n-'i  i  irns.  Into  f 
If  functions 

.«">(/).  jt-’MO . (1. 


ant . 
h 


is 

t  h  e  i 
res.  t 
■st 

•  • 

I  t;. 

I  ■ 

■■tils 
i  >we  r 


•I  •  I 

r  i  ■  i 
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i?W> 

^  ■« 


are  j^trticular  solutions  of  equation  (0.1),  then  any  linear  combination  of  them  with 

constant  coefficients 

«.i 

also  is  its  particular  solution. 

Solution  (1.51)  is  called  linearly  independent  if  such  constnat  C^,  Cg,  C^,  C^, 
....  0  do  not  exist,  among  which  at  least  one  is  different  than  zero,  for  which 
occurs  identity 

(1.32) 

*»l 

If  this  condition  is  not  executed,  solutions  are  called  linearly  dependent.  There 
exl  tr  a  system  of  n  linearly  independent  particular  solution^  of  equation  (0.1). 

’  ioh  n  system  of  solutions  is  called  fundamental  [25]. 

Function  x(t),  depending  on  n  arbitrary  constant  C^,  Cg,  ...,  0  ,  satisfying 
equation  (0.1)  and  transformed  at  corresponding  values  of  these  constants  into 
•my  particular  solution,  is  called  the  general  solution  of  this  equation  [25], 

If  particular  solutions  (1.51)  form  fundamental  system  of  solutions,  then  m  =  n 
•a  I  general  solution  is  given  by  formula 

x  (/) - C.jt'1 '  (t)  +  <?,*'-■>  (0  a-... Cmx<"  (/).  ( 1 . 57’ ) 

In  the  process  of  studying  properties  of  equation  (0.1),  in  the  following 
chapters  will  appear  linear  differential  equations  of  the  form  (0.1)  with  complex 
coefficient  bn(t),  which  is  a  continuous  and  differentiable  function  of  argument.  I, 
.and  systems  of  first-order  differential  equations,  solved  relative  to  the  derivative 

Xl>  **•••••  **)  -Ijl'i 

(<-1.2.3 . *).  '  *  1 

T!  i  right  sides  of  these  derivatives  are  continuous,  complex-valued  functions  of 

argument  t  and  unknown  variables,  definite  in  a  certain  region  G  of  space  (t,  x^,  x?, 

....  xn). 

’omplexity  of  coefficient  bn(t)  of  equation  (0.1),  as  any  other  coefficients 
of  (his  equation,  does  not  change  above-mentioned  ideas  of  theory  of  linear  uniform 
i  i  f  cnront  lal  equation;  all  above-indicated  formulations  are  valid  also  in  this,  case 

I  ■  1. 

Part]  uil.ar  solution  of  system  of  differential  equations  (1,-0|)  Is  a  system  of 
i  ng  L  - a  I iici i  i'unc  t  1. onr- 

■MO.  MO . MO. 
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satisfying  (during  joint  substitution)  these  eq  intions. 

Pet  of  functions 

l>  Cj . Cm) 

(i-1.  2,  3 . «). 

depending  on  arbitrary  constants  C^,  C 2>  . ..,  Cm,  is  called  general  solution  of  system 
(1.5)  in  region  G,  if  selecting  in  the  appropriate  way  constants  ...  c  ,  there 

can  be  obtained  any  particular  solution  occurring  in  this  region. 

Particular  case  of  system  (1.34)  is  a  system  of  linear  uniform  differential 
equations 

flu*«+flutj+ •  •  •+|*i**«  n 

«-l.  2.  3 . n), 

coefficients  of  which  are  continuous,  but  not  necessarily  real. 

Linear  combination  of  particular  solutions 

*!♦'</) . *"»(/)  <4-1.  2.  3....  m) 

of  system  (1.36)  is  set  of  functions 

5Xx;*mo.  £ (m . 

»  I  *=!  k  *- 1 

where  0^,  Cg.  Gy  . ..,  Cm  are  certain  constants. 

Linear  combination  of  particular  solutions  of  system  (1.36)  also  Is  its  pari  leul-ar 
solution.  Particular  solutions 

*'"</)  (1-1,2 . «). 

<1-1.2 . n) 

are  called  linearly  dependent  on  each  other  if  there  exist  such  constants  C^,  c . 

,  among  which  there  is  at  least  one  different  than  sero,  which,  luring  any  1. ,  i  -ih 

the  place  of  identity 

MV 

=0(1  =  1.  . rt); 

»=l 

i  f  shown  conditions  do  not  hold,  particular  solutions  are  called  linearly  uidej  et  hr  1  . 

Pystera  of  n  linearly  independent  particular  solutions  of  system  (l.^oi  l  ■  (••  |..i 

Its.  fundamental  system  of  solution.  Fundamental  system  of  solutions,  musl  ex!  m  , 

General  solution  of  system  (1.36)  may  be  presented  In  the  form  of  a  1. 1 »  • : •  r 
cott.h  i  nation  with  arbitrary  constant  coefficients  of  particular  solutions  compos  I  ng  •• 
I'undamental  system. 

f  7.  Transformation  of  an  Equation  ol‘  Free  Oscillations.  Into  a 
Gy stem  of  Linear  First  Order  Differential  Equations 

or  convenience  of  analysis  of  free  os.eillat  Ions  presented  hy  equal. lot  (  .1  , 
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v' 


it  frequently  turn?  out  to  bo  expedient  to  replace  equation  (0.1)  by  an  equivalent 
r y  '■  of  linear  first  order  differential  equations.  With  this  goal,,  it  is  possible 
either  to  return  to  system  (1.29)  from  which  is  obtained  equation  (0.1)  or  to  cross 
from  variable  x,  which  is  the  unknown  variable  of  the  latter,  to  a  system  of  new 
arlables  x^,  ...»  with  the  help  of  nonsingular1  (for  all  t)  linear  substitution 


XmeuxiT  •  •  •  + 
4. r 

—  I 

di 


•cvxl-...  +  euxlt, 


4*~*X 


(1.37) 


dt* 

v!  i  re  c^  =  Cj.(t)  are  any  continuous,  differentiable  functions  from  t,  real  or 

•enplex-vnlued. 


.'inee  the  first  method,  returning  to  initial  system  of  equations,  does  not 
fvllitnte  problem  of  analysis  of  oscillations,  we  will  center  our  attention  on  the 
s  ■ ' * i  i  method. 

Dlf ferenti.ating  equations  of  system  (1.37),  we  will  obtain 


dt~  “* f  +  •  •  •  -f +  e>  v *t  +  •  •  • + 


(1.38) 


-  jjr—- *.i*i  +  •  •  •  +  rjt'  +  *.i*.  +  •  •  •  +  V.  ■  | 

Hnvinr  compared  i-th  equation  of  system  (1.3?)  with  i  +  1-st  equations  of  system 
and  n-th  equation  of  system  (1.38)  with  equation  (0.1),  we  will  find  system 
<  f  equations,  which  variables  x^,  ...,  x  satisfy.  It  has  the  form 


i.i^n  •...  +  (<■„  r,.  |<(l) xm. 

1  •  •  •  +  +  •  •  •  +  C„ X,) 

•••'  ••  :  ‘  fuX,. 


(1. 


’on.-] derinp  this  system  as  a  system  of  linear  algebraic  equations  relative  l.t 

c  .'ii;'  Xj . .  and  solving  it  relative  to  these  unknowns  (which  is,  always 

a- .■  it  1  e  since  determinant  det  ||  c .  ,  II  is  different  than  zero;,  we  will  obtain  a 

t  J 

I  o"  it'  d  i  t'ferent.  1  a  1  equations  of  the  form 


incar  bst.it  ih. ion  (1  . -7)  Is  called  nuns .lngula r ,  if 
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( 1.40) 


•ri“^nxr.  •  •  • 

(/-I.  2.  3 . »). 

System  (1.40)  and  equation  (0.1)  are  equivalent:  because  of  equations  ( 1 .  T7  . 
between  their  solutions  there  exists  a  one-to-one  conformity.  Formulas  of  transit. Lot 
from  one  solution  to  an  other  depend  on  coefficient  of  system  (1.57)  and  have  shut  le 
form. 

The  above-stated  determines  method  of  construction  of  system  of  linear  first 
order  differential  equations,  equivalent  to  investigated  equation  of  free  <vc  1  1  Latin: 
Since  selection  of  coefficients  c^j  of  equations  (1.37),  to  a  great,  degree,  is 
arbitrary,  by  modifying  these  coefficients  there  can  be  obtained  different  systems 

(1. 40)  whose  coefficients,  corresponding  to  each  other  in  indices,  essentia  LJ,\ 
differ. 

There  appears  the  question:  what  functions  are  expedient  to  select  nr  coeffi¬ 
cients  C^j(t)? 

Since  final  result  of  transformations  is  system  (1.40),  then  the  stake  ii  the 
search  for  an  answer  to  the  set  question  must  be  that  form  of  system  (1.40)  wl  If  l  s 
the  most  desirable.  Obviously,  the  problem  of  analysis  of  free  oscillations  wo<  l.d 
be  basically  solved  if  substltutuion  (1,37)  brought  equation  (0.1)  to  system  (:1.4 
with  diagonal  or  triangular  matrix  of  coefficients.  Consequently,  during  select h» 
of  coefficients  c^j  it  is  necessary  to  try  to  have  matrix  of  coefficients  of 

(1.40) ,  in  some  meaning,  close  to  matrix  of  diagonal  or  triangular  form. 

Many  different  methods  are  possible  to  determine  coefficients  <•  ra 1 1 f,v  i  i  f 
mentioned  requirement,  Such  methods,  in  particular,  include  methods  connect.o  i  !  1 1 
transforming  the  equation  of  free  oscillations  with  the  help  of  special  (calf  *  i 
us  canonical)  expansions  of  the  solution  of  the  equation  of  free  oscillations,  Ihe/n 
methods  are  presented  in  the  following  chapter. 
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CHAPTER  II 


CANONICAL  EXPANSIONS  OF  SOLUTION  OF  AN  EQUATION 
OF  FREE  OSCILLATIONS 


§  1.  Local  Approximation  to  a  Solution 
of  an  Equation  of  'Free  Oscillations 


Lot  us  assume  that  T,  tQ  and  tQ  +  At  are  certain  fixed  moments  of  time,  connected 
Vy  relationship 


r  "/«</«+ a/, 

an i  lot  us  assume  that  roots  of  algebraic  equation 

>•■  +  A,  (0 1-' (<)*=n 


(?.o) 


(1*  which  t  Is  considered  as  a  parameter)  are  different  during  t  -  tQ.  We  will 
*ot  Mtutn  equation 

(?.D 


■ii'tcf  determining  coefficients  bj  (i  ~  1,  2,  n)  in  section  [T,  tQ  +  At)  in  1  he 

iv<  1  l  owing  manner: 

*>•(<)  MO  /</,). 

*;<o w  (/.<<</.+ am. 

wliure  bj  (!  ••=  1,0.  .  .  .  ,  n)  coefficients  of  equation  (0.1), 

'on. -1  dering  Initial  conditions 

i. 


V  «*■'  /«,/.  \  A.*. 


(0.0 
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common  for  equations  (0.1)  and  (2.1),  we  will  compare  their  solution  in  interval 

(t0»  tQ  +  At). 

Let  us  assume  that 

X|«»,  >.•»> . >.<«>- 

are  values  of  functions  X^(t)  (i  =  1,  . . . ,  n)  at  t  =  tQ.  Then  solution  of  oquutiot 
(2.1)  in  interval  (tQ,  tQ  +  At)  may  be  presented  in  the  form 


Assuming  continuity  of  coefficients  b^(t),  it  is  always  possible  to  indicat  ; 
such  positive  constants  t  and  B,  so  that  in  interval  (tQ,  tQ  +  At)  are  execufi  i 
inequalities 


\K  <  i. 

(/*=■- 1.2 . *).  / 

Bui'Ing  conditions  (2.7),  on  the  basis  of  ono  of  t,ho  theorems  of  ap|  missis  |,  1 

solution  for  a  system  of  linear  differential  equations  the  following  inequality  i 
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valid 


V|jr4(o  -.x;w  <  * 

1?t  I  V  w  flu 


(2.8) 


From  inequality  (2.8)  there  ensues  the  following  system  of  inequalities, 


4  I 

U  — jr*|< 

0  ^ 


—  -  —  *■*-!  !<fiV  I*.  « 

4t  it  *"8— ‘ 

I  -*l 


I  _  . 


«-| 

_  _  _  I 

*  — — - -  ^  ~  ~  ^  ||  .•i.’JUnjr 

1  '  *  A,-1, 


(2.9) 


4f  1  </#• 

a/) 


Tt  follows  from  this  that  for  a  given  value  t  =  tQ  and  given  positive  constant 

ii  it  is  always  possible  to  indicate  such  a  value  of  t  =  tQ  +  At  that  at  any  point 

* 

of  the  interval  (tQ,  tQ  +  At)  difference  of  values  of  functions  x  (t)  and  x(t),  and 
•tiro  differences  in  values  of  their  derivatives  from  the  first  to  n-l-st,  inclusively, 
toer  not  exceed  ^ 

Because  of  equation  (2.5),  from  that  proven  it  follows  that  for  mentioned 
■-Ivan  numbers  tQ  and  it  is  always  possible  to  indicate  such  number  tQ  +  At  (At  >  0), 
iiiai  there  will  be  executed  inequalities1 


"K  4  I 

I .  rt-I) 


(2.10) 


'  >r  any  valuer,  of  t  from  interval  (tQ,  tQ  +  At).  Consequently,  there  always  exists 
'Ini  to  interval  (t^,  tQ  +  At),  in  which  solution  of  equations  (0. 1 )  allows  an  approxi- 
r  1  presentation  in  the  form 

•*  n  (?.ii ) 

<**=(>.  I . n-J). 

In  i.  maximum  interval  for  which  its  validLty  is  guaranteed  ir  determined  by  ln1f.nl 


o 


Here  and  subsequently  under  zero  derivative  of  arbitrary  magnitude'  u  with  reaped 
t,  there  ir  understood  this  actual  magnitude,  i.e.,  then'  is  implied  ('quality 

fu 
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conditions  and  given  accuracy  of  approximation  in  accordance  with  Inequal] tie:  (  .  "). 


§  2.  Approximation  of  Solution  of  an  Equation  ol’ 

Free  Oscillations  in  a  ctiven  Finite  Interval 

Formulas  (2.11)  for  approximation  of  a  solution  of  an  equation  of  free  ore  Illa¬ 
tions  are  valid  for  a  certain  rather  small  interval  (tQ,  tQ  +  At),  adjoining,  on  tin- 
right,  point  tQ.  If,  besides  accuracy  of  approximation,  is  given  also  interval 
(t0,  tQ  +  At),  then  formulas  (2,11),  in  general,  are  incorrect.  Approximate  pivsenta 
tion  of  a  solution  of  an  equation  of  free  oscillations  for  a  given  finite  Into  r  al 
can  be  obtained  on  the  basis  of  the  theorem  of  S.  M,  Alferov  [26], 

Theorem  of  Alferov.  Solution  of  system  (2,5)  may  be,  with  scnn  degree 
accuracy,  obtained  in  a  given  finite  Interval  by  means  of  dividing  the  latt-  r  t  •> 
finite  number  of  equal  subintervals  and  by  replacing  variables  of  coel'f lcients  ins!  i- 
each  Interval  by  constants  equal  to  any  values  of  corresponding  variables  of  ■•i.a-i’fl- 
clcnts  inside  or  on  boundaries  of  considered  subintervals.1 

Thus,  on  the  basis  of  the  given  theorem,  in  order  to  obtain  approximate  on  I  t  it  > 
of  system  (2.5)  in  a  given  interval  (tQ,  tQ  +  At)  during  arbitrarily  giver  I n i  i  ■  1 
conditions  x1(t0)  -  (i  «  1,  ...,  n),  it  is  sufficient  to  break  down  interval 

(tQ,  t()  +•  At)  into  a  sufficiently  large  number  m  (determined  by  required  degree 

approximation)  of  equal  subintervals  (tQ,  t^),  (t^^,  t^?^) . ( i  ( 1,1  ~ 1  ,  . 

where  =  tQ  i  At),  and  to  solve  system  of  equations 

•  » 


where  for  every  1  =  1,  ...,  n  b^(t)  =  b^(t)  (t  s  t()) . 

. JUH,.. 

Initial  conditions  ^(t)  =  =1,  2,  ...,  n).  Solution  of  this,  system  It  i 

possible  to  consitler  as  approximate  solution  of  system  (2.5). 

By  excluding  variables  Xp,  ...,  x  ,  system  (2.12)  is.  reducen  in  equal.  I  or 

‘Tn  formulation  of  the  theorem  given  by  S.  M.  Alferov,  the  possibility  .if  on  .■  ' 

constant  eoef  f  Ie  lent  s  to  values  of  variable  coeffic  lents  on  the  botirrmr  ins  n> 

oseii  Intervals  l.  not  mentioned;  However,  such  po.v  I  hi  I  I  iy  ful  lows  l'r  >m  it,,  t  >■  »  ■' 
theorem,  given  It  work  [  ?t  ] . 
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(2.13) 


**x  .  r  rf'-'jr  . 

IT ' 


when 


x  —  x,. 


°wing  to  the  above-considered  relationship  between  particular  solutions  of  systems 
( , V  )  and  (2.12)  determined  by  identical  initial  conditions,  the  particular  solution 
r  t  i nation  (2.13)  and  its  first  n  -  1  derivative  during  arbitrary  initial  conditions 
■  ■an  ti  considered  as  functions  approximating  solution  (corresponding  to  it  in  Initial 
•mid  It  ions )  of  equation  (0.1)  and  n  -  2  derivative  of  this  solution. 

Solution  of  equation  (2.13)  in  interval  (tg,  tQ  +  At)  during  absence  of  multiple 
r  is  of  equation  (2.0)  during  Initial  conditions 


‘•■-I 


may  be  built  in  the  following  form. 

Let  us  find  solution  of  equation  (2.13)  in  interval  (tQ,  t^  );  as  It  was  shown 
in  'he  preceding  paragraph,  it  may  be  recorded  in  the  form 


~  "  ii-i  >«'*• 

x(/)-VC,e  *  . 

1*1 


(?.1'0 


win  n  (\  are  constants  satisfying  conditions  (2.4). 
bur  derivatives  of  solution  we  will  find 


,l'" 

(h  )  C,. 

it- ! 

(*-  I . n  —  1) 


(2.1ro 


w '  1 1  define  value  oi  function  x(t)  and  derivatives  — .  d'l  If  at  the  end  f 

41  <f«— • 

u  idered  inti  rval  and,  using  them  as  initial  values  of  corresponding  magnitudes  In 
interval  (t^  ,  t^').  we  will  find  solution  of  equation  (2.13)  In  tills  Interval, 
w 'll  write  It  in  the  form 


i-i 


I !  <  '  I’i 


■  () 


ar'  •  nstanls  satisfying  c  nd  it  ions 


(2.ir) 
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tmi 

Derivatives  of  solution  x(t)  in  interval  (t^1),  t^?^)  have  the  foi 

(*“1 . n-l). 


(2.17) 


Continuing  the  process,  we  will  reach  interval  (tm-1,  t^),  in  which  solution 


of  equation,  obviously,  can  be  recorded  in  the  form 

x  (/)  «=  V  Cl"“  (/i— b  ( 

flS 

and  formula  for  derivatives  of  solutions  have  the  form 

j*  ■ 

■  ^  _  Vln  /<  .fa.lit  a 


(*“l . «-l). 


where 


ere  Cj  '  (i  a  1,  n)  are  constants  satisfying  conditions 

2>, -(f), _ it.  £  cr-1’-;, 


(2.1«) 


(2. ID) 


Having  compared  formulas  (2.14) -(2.19) ,  we  will  find  that  solution  of  equal i  t 
(2.12)  and  its  derivatives  in  the  whole  interval  (t^,  t^  +  At)  can  be  present  d  by 

formuLas  „  ■  _ 

■x(0“  ,W  ,V", 

4-1 

"  (2.  0) 

I  I 

(*=l . «-!)• 

when  C  j ( t ) ,  i(t)  and  A^(t)  are  step  functions  satisfying  conditions 
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fig* 

.Artipv  re 


c,u) -c;*"". 

MO 

On  the  basis  of  the  theorem  of  Alferov  during  any  given  positive  value  of  q. 
Interval  (tQ,  tQ  +  At)  can  always  be  broken  down  into  such  a  finite  sequence  of 
I  -  m<  ntar.y  Intervals  that  the  following  inequality  will  hold: 


;JC— *)<*,. 


\ \<r 

I  *'  • 

I*  -I . H-l i’i 


Consequently,  any  given  finite  Interval  (t^,  tQ  +  At)  can  always  be  broken  down  into 
a  finite  number  of  equal  subintervals  at  which  solution  of  equation  (0.1)  and  Its 
ii  r iv.'it ive s  allow,  in  this  Interval,  approximate  presentations  in  the  form 


■MM  st 

*'*  — 
it * 


(2.21) 


(A-l . «-D.  I 

w)i  r.  C1(t)  ,  i(t)  and  *  (t)  are  step  (tQ  s  t  <  tQ  +  At)  functions,  the  process  of 
const, rue t ton  of  which  is  described  above,  the  minimum  number  of  nublntervals  at  which 
i.:  guaranteed  the  validity  of  such  presentation  is  determined  by  initial  conditions 
and  /riven  accuracy  of  approximation.  Corresponding  numerical  ratios  can  be  obtained 
from  relationships  given  in  above -quoted  work  [26]. 


§  .5.  I'ii'Gt  Form  of  Canonical  Expansions  of  Solution 
of  Equation  of  Oscillations-' 

Ar  follows  from  Alferov's  theorem,  it  is  always  possible  to  designate  m,  so 
1 1’g'  i  h at  magnitudt  r|  will  be  as  small  as  desired.  Therefore,  directing  q  to  zero, 
in  -i  ■i'ord'ino  with  formulas  (2.21)  we  will  obtain 
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(2.2?) 


*£Vt 

41 


<*•-» 


iim  Ymoc^V 


iin,yS-'l,oe, 

l»l 


We  will  Introduce  into  consideration  magnitudes  (t),  ....  yn(  t),  alter 
ing  them  by  equations 

<<-! . n). 


We  will  prove  that  at  “*  0  limits  of  these  magnitudes  exist. 

Heally,  during  tQ  s  t  <  tQ  +  At,  magnitudes  y^,  ....  yn  satisfy  system  ol 

tions 


*!+•■•  X, 
^ 


(2 


irl 


Determinant  of  system 


|  I  ...  I  i 

-  *  | 

I  l.  ...  K  1 

•  I*-  Ls  known  determinant  of  Vandermonde;  (2 


it  1.-  equal  to  product 

. . . IT, - 15)  17. - T.) 

and,  consequently,  because  of  assumed  difference  of  roots  ,  . ..,  A  is,  ci 1 1* I 
than  ro. 

from  condition 

4/0 

follows  tlic  solvability  of  system  (2.24)  relative  to  magnitude  •  ,y^}  ...,  ,y(j. 
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determin- 


2  '>) 


'  oquu- 


241 


.  2‘;i  1 


r  id 


Al'lei  solving  this  system,  we  will  find  formulas  expressing  shown  magnitudes 


x',  ~,  d  rt^|'  .  Considering  that  limits  of  the  latter  exist,  on  the 

d  t 

basis  of  known  theorems  from  the  theory  of  limits  we  will  conclude  that  limits  of 
magnitude  y^  . ..,  yn  also  exist. 

We  will  designate  limits  of  magnitudes  y^,  ...,  yn  by  symbols  y^,  yn,  i.e., 


“mi-jp,  (i-i . *). 

Considering  that 


Hm (<-i . it),  Hmjr»x. 


llm  *■*  - 


Km  *—*  -  4"'* 
••  £?.««  '  4trr 


41 


41 


\>i>  •  will  find  that  they  satisfy  system  of  equations 


(2.26) 


'■.y>  ■*  •  ■** . 


4,o -f 


(2.27) 


-'.y.'.ti  m  (2,27),  obviously,  is  soluble  relative  to  magnitudes  y^,  ...,  y  .  « 

In  llif!  future  we  will  be  interested  in  magnitudes  y^,  but  not  y^.  Equalities 
(2.2o)  establish  the ' r  analytic  meaning;  nowhere  further  are  they  used.  For  deter- 
i  i nation  of  the  connection  cf  these  magnitudes  with  solution  (0.1),  subsequently  there 
i.  applied  only  system  (2.27). 

luations  (2.27)  place  the  following  set  of  functions  in  unique  correspondence 
to  a  -it  :olution  of  equation  (0.1)  x(t)  in  interval  (t^,  t^  +  At). 

ViV) . 9.(0. 

1  b v i  >usly,  values  of  these  functions  at  any  point  of  the  interval  do  not  depend  on 
I '  ngth  of  interval . 


On  tilt  basis  of  the  1'irst  equation  of  system  (2.27)  sum  y^(t)  + 
■.  'nei.de’  with  solution  x(t): 


yn(t) 


(2.28) 


.  s' 


Pr  mat  Lon  ol‘ 
l'une '  '  on  ■  y  ,  ... 


solution  of  equation  of  free  oscillations  in  the  form  of  sum 
,y  ,  satisfying  condition  (2.27),  we  will  call  canonical 
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expansion  of  solution  of  equation  of  free  oscillations.  Application  of  this  term  1;' 
Justified  by  the  fact  that  during  constant  coefficients  b^,  . ..,  b  such  expansion 
coincides  with  known  expansion  of  solution  of  equation  (0.1),  reducing  this  equation 
to  a  system  of  "canonical  form"  [15]. 

Let  us  agree  also  to  call  functions  y,  (t),  . y  ( t )  canonical  components  of 

aolutlan  x(t) . 

Canonical  components  of  solution  can  be  both  real  and  complex  functions  t,  even 
If  solution  x ( t )  is  real.  The  case  of  real  solution  x(t)  is  especially  interesting 
since  in  practical  applications  of  the  theory  of  free  oscillations,  real  solutions 
namely  usually  present  interest.  We  will  pause  on  this  in  greater  detail. 

Let  us  assume  that  A^,  A^,  ,,,,  A  (w^ere  m  an  integer,  smaller  than  or 
equal  to  number  n/2)  are  real  roots  of  equation  (2.0);  xn_2m+i  and  Xn-2-  -t ? »  •••»  A 
and  A^  are  pairs  of  conjugate,  complex  roots.  Then  on  the  basis  of  equations  (2.27), 
it  is  simple  to  establish  that  for  real  solution  x(t)  canonical  components  y.^(t),  .... 
yn-2m^t^  are  real»  and  canonical  components  yn_2mfl(t),  •••>  yn(t)  are  comPi('x> 
where  magnitudes  yn_2m+1i  yn-2m+2*  •••'  yn-l  and  yn  are  conJuEate>  i.e.,  that,  during 
real  x(t),  real  roots  correspond  to  real  canonical  components  and  conjugate  complex 
roots  correspond  to  conjugate  complex  canonical  components. 

Really,  solving  system  (2.27)  relative  to  canonical  components  y^,  we  will  obtain 


(2.20) 


Let  us  assume  that  A^  is  a  res.  1  root.  Then,  in  order  that  compom  nt  y j  hi  1  -i.  1 , 
It  is  necessary  and  sufficient  to  execute  condition 

We  will  satisfy  ourselves  that  this  condition  indeed  Is  executed.  With  thl.: 
goal ,  Let  us  note  that  transition  in  the  right  part  of  formula  (2.2  1)  to  oomph 
conjugate  magnitudes  may  be  carried  out  with  the  help  of  transposi'  Lon  (  In  d>  t*  rmlnani 
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JHSr%> 


of  numerator  and  denominator)  of  columns  corresponding  to  conjugate  complex  roots. 

This  does  not  lead  to  change  of  numerator  and  denominator  if  m  is  even,  and  changes 
their  signs  if  m  is  odd.  Consequently,  magnitude  of  the  right  side,  on  the  whole, 
remains  constant,  and  hence  -  y^. 

Obviously,  the  given  reasonings,  in  equal  measure,  are  valid  for  all  other  real 

roots. 

Let  us  assume  now  that  roots  and  Xn  are  conjugate  complex,  and  we  will  solve 

system  (2.27)  relative  to  canonical  components  yn_^  and  yn»  We  will  obtain 


A-i' 


1 


y„ ** 


X  1 


l  £L  \ 

*•  — -.'3T 


tf-'  »•-' 


1  ...  t 

tl-l  t««l 

*|  ...Afl 


...  1 


*  "_i 


I  ...  1 

?«l  ... 

v'-l  \r~\ 

... 


(2.50) 


We  will  cross,  in  the  right  part  of  the  first  formula,  to  complexly  conjugate 
magnitudes.  The  new  denominator  will  be  equal  to  the  old  multiplied  by  ( -1) m,  and 
the  numerator  will  be  turned  into  the  numerator  of  the  right  side  of  the  second 
formula  also  with  cofactor  (-l)m.  Consequently,  a  magnitude  complexly  conjuate 
with  all  the  right  side  of  the  first  formula  will  coincide  with  the  right  side  of 

i 

the  second  formula,  and  hence 

H-i  -«r 

Obviously,  the  same  property  is  possessed  by  other  pairs  of  canonical  components 
corresponding  to  conjugate  complex  roots. 

We  will  consider  that  functions  b^(t),  ...,  bn(t)  not  only  are  continuous  but 
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also  are  differentiable.  With  this,  functions  X^(t)  ,  Xn(t)  also  are  differen¬ 

tiable,  Differentiating,  term  by  term,  equations  of  system  (2.27),  we  will  obtain 


*iji + •  •  • + Ky» +xl<y( + . . . • 
'yi  +  • . . + 

+(■-*)  *?"Vi +...+<•- 1)  kJAr,  -  ^  • 

After  supplementing  system  (2.27)  by  equation 


(2.31) 


»ir, +»&.+.. -+>Sr.-5r.  (2*52) 

which  follows  from  system  (2,27),  equation  (0.1)  and  equation  (2.0),  and  having 
compared  obtained  system  with  system  (2.31),  we  will  find  a  system  of  differential 
equations,  which  canonical  components  y^  ...,  yfi  satisfy.  This  system  has  the  form 

•  .la  ■  a  .1  1  ••  t 


» ,yk+ . .  • + >,y, -  (>;  -  +  ...+(>;  -  >„» >v 


x"  'i'i  +  •••+>!' >'«”  j 

iji?  («—  1 1 >?  I + . . . •  !*!—(«-■  0 *2  *i«bv ! 


(2.33) 


Considering  system  (2.33)  as  a  system  of  linear  algebraic  equations  relative  to 

•  • 

unknowns  y^  ...,  y^  and  solving  it  relative  to  these  unknowns,  will  give  it  the  form 


y>  ■  \yt + 2^  tijyj 
(«==  i . «). 


(2.34) 


whore 


1  . 

..  1 

0  1 

1 

'•I  • 

•  •  *1-1 

i  \ - ,  .  • 

>, 

! 

k,-'. 

(n  —  1 )  >" 

f-  ! 

•  •  ** 

W  Is  determinant  of  matrix  of  coefficients  of  left  part  of  system  (2.27), 

In  system  (2.34)  variables  y^  ...,  and  coefficients  and  gj.(l,  ,j  1,  .. 
n)  an  complex-valued  functions  of  t.  Considering  the  above  indoxat  Ion  of  real  I 
complexly  conjugate  roots,  W  will  obtain 
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MpM  t-  /  '«  2*. 

!./—£<./*  i  npii  /  <  «  —  2w; 

^"’n  --"  +  *•  *"  2«  +  3 . *  I. 


Hit  Rt+t,i  +  i 
Kl.l* 


npii  i.j—n-  2*  +  l.  »— . n  1. 


Introducing  canonical  components  y^,  . ..,  yn  as  a  limiting  form  of  functions 
y,j  ,  . y  ,  contained  in  formula  of  approximation  of  solution  of  equation  of  free 
one  illations  in  a  given  finite  interval,  we  thereby  constructed  canonical  expansion 
of.  -elution  in  a  finite  interval.  Digressing  from  formula  of  approximation,  assuming 
l  li'i.t  conditions  of  absence  of  multiple  roots  of  equation  (2.0)  are  executed  in  half- 
open  Interval  (T,  co) ,  and  determining  formally  canonical  components  as  solution  of 
system  (2.27)  for  given  functions  x,  dx/dt,  ...,  dn"1x/dtn“1  in  this  interval,  we  will 
xp-md  introduced  idea  of  canonical  expansion  into  open  interval  tQ,  od)  . 

Necessary  and  sufficient  condition  of  absence  of  multiple  roots  of  equation  (2.0)  , 
during  a  fixed  value  of  t,  has  the  form 

W-/0.  (2.35) 

Inequality  (2.35)  is  equivalent  to  inequality 

IP  /  ri. 

2 

Magnitude  W  ,  presented  as  a  function  of  roots  of  algebraic  equation  (2.0), 

1  •  called  discriminant  of  this  equation  and  is  calculated  by  the  formula 


(2. 3b) 


*0 

*. 

•••Vi 

...  t, 

l 

Vl 

Vi 

•••*».  i 1 

>; 

(*«= 

1.2. 

met  Ion  W  (X^,  ...,  A^)  is  polynomial  from  roots,  A^,  A.  This  polymtil  M 

..  im  ~  i  ic  [28],  l.e, ,  does  not  change  during  any  transposition  of  magnltud 

. *  .  Because  of  the  fundamental  theorem  on  symmetric  polynomials  It  may  b 

I  I'-  '  nted  in  the  form  of  a  polynomial  from  coefficients  b^ ,  ...»  b  .  The  latte  r  w 
"«n  I  t*m  in  us  ing  equality  (2.3^),  If  l'or  calculation  of  magnitudes  we  u  i  ,  fur 
’a  -t  ••me  .  formula  Varing  [27] 
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*«  “  *  Zj - r~ ; — ; - ;  J  '  J  •  •  •  •  *  h  ’ 

where  sum  is  taken  with  respect  to  all  combinations  of  positive  integers  or  equal  to 
zero  of  numbers  •••>  M-n*  satisfying  condition 

and  magnitudes  f^  (i  =  i,  . ..,  n)  are  connected  with  coefficients  b^  by  relationships 

/,-< -O'*,- 

In  particular,  at  n  =  2,  the  necessary  and  sufficient  condition  of  absence  of 
multiple  roots  of  equation  (2.0)  has  the  form 

At  n  =  },  the  necessary  and  sufficient  condition  of  absence  of  multiple  roof  • 
has  the  form 

W*  -  b]b]  -  2 b\  + 1 -  4 b)  -  27 /  0. 

At  n  =  4,  the  necessary  and  sufficient  condition  of  absence  of  multiple  root,  ha 
the  form 

ur*~  m'r- 1200,+  (54i/*i-82*4)-  ioi2fr>A,f- 

+  <>?(-- 1 1 16*)+ 455ft1, +h-'V«>  +  bU'XMb:bt  -  6i6ft,ft4|  -~ 

•;  ftf  ( 1 1  *Wftj  -  21 1 4  bfi  -  1 4iC.ft;»,  14‘j/»i)  4-  ft?  ( •  -  25.52  bib, 

.548*1 + 24W5fttftJft4)  ft;  (21 77ft:ft;  -  2%ft?~  MJft.V- 
-4«Mft,ft;  -  1038^)  J  ft,  (592fr>,-Gf)6ft1fr]-  JC96 

-  27b\-'*>:b)bl-\  768ftJftift4-64ft]ft;  + 256ft?  /  0. 

Considered  canonical  expansion  of  solution  of  equation  of  free  oscillation.-  with 
continuous  differentiable  coefficients,  besides  the  shown  properties,  possesses  a 
series  of  interesting  peculiarities.  We  will  pause  on  some  of  them, 

1.  Canonical  components  are  linearly  expressed  through  solution  x(t)  and  it 

ri*l 

derivatives  d  j  this  property  directly  follows  from  form  of  system  (2.  7). 

dt  *” 

2.  Canonical  component  y^(t)  of  solution  x(t),  which  is  sum  of  solutions  x  (i) 

and  x  (t),  is  equal  to  sum  of  canonical  components  y.(t)  and  y.(t)  of  these  solufioi  . 

J  J 

5.  Canonical  components  are  continuous  differentiable  function-  of  time  t. 
the  last  two  properties  follow  from  the  first. 

As  an  example  we  will  define  canonical  components  of  known  solution  of  oquatinr 
of  free  oscillations. 

Ex amp  to.  In  equations  of  Euler  [25] 

£•’•«  .  *  .  r; 

J,  *“  V'"0 
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roots  of  equation  ^  +  b?  =  0  are  different  during  all  t  >  0,  if  c  >  0.  Equation 

-  •'  "  >  i 

has  solution 


.  -i  Q 

whan  I  —  U  >  0 


*  **  j  “  C|  y'i  +  C*  i''  Tin  /  npH  1  —  |r  .  o 

1  -  C,  /f  to*  (i  ta  t)  ■  C,  /run  (i  In  /)  wh.n  I  —4c  <  0. 


where  s  =  ^  V|l  -  4c | . 


Formulas  of  connection  between  canonical  components  and  solution  for  second  order 


equation  have  the  form 


Since  in  this  case 


Jt>)  —  x 

£>[-•£ 
»,-JU  * 


j  •  w  * 

«  j  « 


where  i  =  V-l,  then  for  y^  and  y2  we  have 


■"  ”7  ('-?/') ' 

»-7K'4 


In  accordance  with  formulas  of  solution  we  will  obtain 


wh?n  t  —  4r  >  0, 

.*’1  -  y  (C,  i-  c, Ini) (I  -•  i)  |  v '  -  1C,  /i , 

I  wh  ;n  I  —  4c  0, 

.*•*  -  7  <c,  C:  In  Ml  I  r  0  |  7  1C.  |  r 

.‘I  ~  ——  |C|  —  — V  (C|  -  2C.J)  jc  (s  In  o  . 

+  “  [ct (C|  —  2C  1 1 J  »in  1 1  In  I). 

y t~  r  I  1  »'«!  I  —  4c  ••  0 

ys  m  -j-  •*-!  '  2C;\(Ji,,s  n  In  /)  • 

+  ~2“[c»  , ^lC;  — 2C,wJ»l^(%  Inn 


§  4.  Second  Form  of  Canonical  Expansions  of  Solution 
of  Equation  of  Oscillations 


Cons id  red  In  1  he  preceding  section,  canonical  expansion  of  solution  of  an 
mat  ion  with  differentiable  coefficients  places  system  of  equations  (2.34)  in 
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conformity  to  equation  of  free  oscillations.  Coefficients  of  this  system  form  a 
matrix,  on  the  main  diagonal  of  which  stand  magnitudes  +  g^,  and  in  the  remaining 
places  are  placed  coefficients  g^  (i  f  j) .  It  is  not  difficult  to  see  that  coeffi¬ 
cients  (i  /  j) ,  during  changeability  of  at  lc-ast  one  of  the  coefficients  b^,  .... 
bn,  cannot  all,  simultaneously,  turn  into  zero.1  Consequently,  i-  the  matrix  of 
system  (2.34),  outside  the  main  diagonal,  there  must  be  element.-  different  from  zer. 
or,  in  brief,  this  matrix  has  nondiagonal  form.  It  follows  from  this  that  system 
(2.  .54)  does  not  allow  a  fundamental  system  of  particular  solutions  of  the  form 


" .  n. 

o.  .  •>. 

" . y„(n 

Consequently,  canonical  components,  during  whatever  conditions  are  found,  cannot  form 
a  fundamental  system  of  particular  solutions  of  an  equation  of  free  oscillations. 

If  coefficients  of  the  equation  of  free  oscillations  possess  stronger  propertj  .- 
than  differentiability,  for  instance  have  differentiable  first  derivatives,  then  it 
is  possible  to  improve  construction  of  canonical  expansion  in  such  a  way  that  for 
certain  class  of  equations  of  free  oscillations  the  matrix  of  coefficients  of  th<- 
system  of  equations  relative  to  canonical  components  obtains  a  diagonal  form.  It 
this  case,  the  mentioned  system  of  equations  is  broken  down  into  n  first  order 
equations,  each  of  which  contains  one  variable  and  gives  a  particular-  solution  .  tin 
equation  of  free  oscillations. 

We  will  construct  improved  constructions  of  canonical  expansions  assuming  that 
coefficients  of  equations  of  free  oscillations  have  differentiable  derivatives  from 
first  to  p-th  order  inclusively  or,  as  a  limiting  case,  differentiable  derivative  ■  ,.1- 
all  orders. 

In  order  to  explain  meaning  of  constructions  given  below,  we  will  assum  i ha'  f.  i 
a  certain  equation  general  solution  is  presented  in  the  form 

x-Clixp(;i<//4-...  +  C(le\p  j;  «/,.  (2. 57) 

*  • 


wher  c^,  ...,  Cn  are  arbitrary  constants;  ^(t),  ...,  Cn(t)  an  n  -  i  multipl<  . 
differentiable,  complex-valued  functions,  whose  method  of  construction,  with  resp.  d. 

1  He  cause  of  formulas  for  coefficients  g.^,  this  could  tak'  plac-  only  If  A. 

f°r  all  i,  which  is  possible  only  during  constant  value-  of  all  co  f:\ici-  nts  b„ ,  .... 
h  . 
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to  coefficients  of  equation  (0.1),  is  shown. 

Differentiating  equation  (2.37)  1,  2,  ...,  k,  ...,  n  -  1  times  we  will  obtain 


i'x 
dt » 


-  C,C,  exp  f  :,(//  +  ...+  C.'.exp  f dt. 

-^7  =  C,(C,+Ci)exp  ..  +  C,  exp  J  :,<//. 

•  C,  1C,  +  D)'-' I  exp  J  c,  dt  + ...  +  C.IC.  +  D)*'  ;,|exp  |*C„  dt. 


d’-'x 
dt*- ' 


BCilCi+^)  »il exp  J* dt  +  . . .  + 
+  C.|(C,  +  0)«--:.| exp  f  '„<//. 


where  (Cj  +  D)1-1^  (i,  j  =  i. 


..,  n)  are  expressions  of  the  form 

(Cy-fP)...(Ci-fPK, 

i-i  »». 


D-- 


dt 


is  symbol  of  differentiation. 


After  designating 


C/exp  JCyrf/  — Zy  (y=  1 . n). 

wilL  unite  found  equations  and  equation  (2.37)  in  system 


(2.58) 


dt 


<f-X 


7/i  “1C,  +  D) |  z.  + . . .  +  |<c„  +  D) | 


dr 


'ic,  +-  or  % i .  +icn +/vc.iz,. 


(2.39) 


y  tem  (2.3‘j)  connects  arbitrary  solutions  of  considered  equation  and  its  deriv- 
•U  lv<  [to  n  -  1st  inclusively]  with  its  particular  solutions  z^(t) ,  ...,  zn(t)  of  the 
!  Passing  from  given  particular  equation  to  general,  and  taking  system 

(2.  ■)  during  the  same  method  of  construction  of  functions  £^(t),  ...,  £  (t),  after 

■  termination  of  canonical  expansion,  we  will  obtain,  thus,  such  a  construction  of 
v  i  non  Leal  expansion  by  which,  at  least  for  one  form  of  equation  wiih  variable  coeffl- 
ei  lit.-  oi  Junction  z1(t),  ...,  zn(t),  there  are  particular  solutions  of  this  equation 
iiu  will  form  together  a  fundamental  system  of  particular  solution.-.  If  one  were  to 
now  digr-n's  from  method  of  construction  of  functions.  C  ^  ( t ) ,  ...,  CM(t),  then  about 
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canonical  expansion  of  the  form  (2.39)  it  is  possible  to  say  that  it  a  Hows  the 


possibility  of  such  cases  at  which  set  of  functions  z^t),  ...,  z  (t)  will  form 
fundamental  system  of  particular  solutions  of  equation  (0.1).  In  this  property  of 
canonical  expansions  of  form  (2.39)  also  is  included  the  meaning  of  below  mentioned 
constructions. 

We  will  define  the  first  canonical  expansion  of  the  solution  of  an  equation  or 
oscillations  by  system  of  equations  (2.39),  after  putting  £j(t)  =  Xj(t)  (j 
n) : 


*  Mi  +  •  •  •  + 


'  .  -  K> ,  -r  Dr  \\z,  i<i. + nr  - 5  .% 


(2.4o) 


We  will  apply  this  expansion  only  when  determinant  of  matrix  of  coefficient.'  of 

the  right  side  of  system  (2.40)  W^  is  different  than  zero  during  all  values  of  t  o'' 

the  eonsidered  interval  and  coefficients  during  variables  z.  are  differentiable  In  Mi 

J 

interval.  Let  us  note  that  for  differentiability  of  coefficients  during  variabl 
n  -  1-multiple  differentiability  of  roots  Aj(t)  is  necessary  and  sufficL  nt.  Apply 
ing  formula  of  Viete  [27],  we  will  establish  conditions  which  must  be  satisfied  b,v 
coefficients  of  equation  (0.1)  so  that  function  Aj(t)  possess  these  proper!  !•  ■, 
Differentiating  left  and  right  side  or  formulas  of  Viete,  we  will  obtain 

I 

9 1  (*•?  :•  •  •  •  *r  ^*1+  •  •  •  +  K  (*i  +  •  •  •  +  i  >  3  i  ( ^  ^  ' ) 

i 

. . ; . :  I 

Thin  system  it  is  possible  to  consider  as  a  system  of  linear  algebraic  equation 
relative  to  unknowns  A^,  ...,  A  It  is  soluble  relative  to  then'  unknowns  Lf 
dot. i  rminant 


I  ...  I 
i.+  ...  +),...  X,  +  ...  +*„-! 


i  dlf  f-s  rent  than  zero.  We  will  show  that  this  determinant  is,  mum  rival  ly  •  .pm 
i  tt'iTi  iirmt  of  Van  I  I'monde 
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W'- 


1  ...  I 


X-' 


Actually,  with  the  help  of  formulas  of  Viete,  it  may  be  reduced  to  the  form 


(-1) 


H—  1 


1 


*,  +  >, 


+*r' j 


After  designating  last  determinant  by  symbol  Y,  we  will  present  its  second  line  in 
the  form  of  the  sum  of 

(6| . Ai)  +  ().t . X«). 

W<  will  obtain  two  determinant  components.  The  first  of  them  is  equal  to  zero,  as  a 
determinant  with  proportional  lines  (first  and  second).  Consequently,  determinant 
Y  coincides  with  second  determinant  component.  Presenting  this  latter  in  the  form 
of  the  sum  of  three  determinants  with  different  third  lines 


(Aj.  ....  6|), 

(V . V.>. 

W . *2). 


)'  t  us  note  that  the  first  two  turn  into  zeroes,  as  determinants  with  proportional  lines, 
etc.  Continuing  the  process,  we  will  find  that  not  turning  in  zeroes  the  remainder 
coincides  with  determinant  Vandermonde  W. 

•  • 

Thus,  system  (2.41)  is  soluble  relative  to  unknowns  X^,  ...,  X^,  if  determinant 
of  Vandermonde  W  is  different  than  zero.  But  conditions  of  solvability  of  system 
relative  to  shown  magnitudes  are  equivalent  to  conditions  of  differentiability  oi 
functions  X^(t),  ...,  X^(t).  Hence,  it  follows  that  for  differentiability  of 
function-  X,(t)  (j  =  1,  ...,  n)  it  is  necessary  and  sufficient  that  the  following 
condition  be  fulfilled: 


Wf  0. 

Lot  us  assume  that  condition  (2.42)  is  executed  and  coefficients  b^ , 
twice  15  fft  rt  ntiabl  e .  Thai,  solving  system  (2.41)  relative  to  unknown.;  X 
w.  will  obtain  formulas  expressing  these  magnitudes  through  roots  X  ,  ..., 


(2.42) 


b  are 
n 


•  •  . , 


X 

n 


X  and 
n 
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derivatives  of  coefficients  b^,  ...»  b  .  Differentiating  "hese  dependences  w1t.li 

•  • 

respect  to  t  and  excluding  in  right  sides  magnitudes  X^,  .  ..,  X  according  to  found 

formulas,  we  will  obtain  formulas  expressing  second  derivatives  of  roots  X^,  ....  \ 

through  values  of  the  roots  themselves  and  first  and  second  derivatives  of 

coefficients  b^,  b  .  These  dependences  have  the  character  of  fractional- 

•  •  ••  •• 

rational  functions  from  magnitudes  X^,  X^,  b^,  . ..,  b^,  b^ ,  bn;  the 

2 

denominator  depends  only  on  roots  and  is  equal  to  W  .  Consequently,  for  double' 
differentiability  of  functions  X^,  ...,  X^  it  is  sufficient  that  coefficients 
•  ••»  bn  be  tw^ce  differentiable  and  that  condition  (2.4?)  be  fulfilled. 
Continuing  this  process,  there  can  be  obtained  analogous,  sufficient  condh  i  -nr. 
of  existence  of  continuous  highest  derivatives  of  roots.  Executing  correspond i  tig 
constructions  and  uniting  particular  results,  we  will  formulate  the  f  llowing 
general  conclusion. 

For  p-multlple  differentiability  of  roots  X^(t)  P-multlple  different i a b  ilH y 
of  coefficients  b^ ,  ....  bn  is  sufficient  and  condition  (2,42). 

In  particular,  at  p  =  n  -  1  we  w^ll  obtain  the  condition  interesting  ns. 
Considering  the  obtained  result  and  returning  to  the  above  conditions  of  applicatl  ? 
of  expansion  (2.40),  we  will  find  that  the  latter  are  equivalent  to  the  following 
conditions : 

a)  coefficients  b^(t),  ...,  bn(t)  belongs  to  class  (n  -  l)-multiple  of 
differentiable  functions, 

b)  W  /  0; 

c)  W1  /  0. 

l'Ulfillment  of  first  condition  is  checked  simply.  Feasibility  f  last  tW' 
conditions,  If  first  is  fulfilled,  it  is  possible  to  check,  without  determining  r  >tu 

^  ,  •  •  •  » 

Really,  the  system  of  Inequalities  shown  in  conditions  of  (b)  and  (c)  Is 
t  |ui valent  to  the  following  system: 

IP  *0.1 

srr,  4  n.  I 

2 

Magnitude  W  ,  as  was  Indicated  in  §  J,  may  t  e  represented  In  '.he  f  rm  )'  a 

p 

polynomial  from  coefficients  l^,  ....  bn>  Therefore,  inequality  V. 1  /  u  d<>t.( ■nnlme 
parameter  spaces  b^ . L  a  family  of  open  domains,  m  the  1.  undari<'S  f  wi  i  •! 

O 

equal Ity  W‘  -  0  Is  satisfied.  If  the  trajectory  of  a  point  with  rdinate: 
i* . i  .  c  nstructed  during  change  t  In  tlif  c  nr. ldered  interval.  1  es  c  mpl«  '  * •  L.y 
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vi 


r  partially  outside  these  regions,  the  considered  canonical  expansion  is 
inapplicable.  In  particular,  it  is  inapplicable  if  the  mentioned  trajectory  passes 
from  one  region  to  another. 

Product  WW^  (after  replacement  in  expression  for  determinant  of  first  and 
highest  derivatives  of  functions  X^(t),  ...»  X  (t)  by  corresponding  functions  of 
these  magnitudes)  of  coefficients  b^,  ...,  bn  and  their  first  and  highest 
derivatives  (method  of  obtaining  necessary  dependence  is  presented  above)  may  be 
presented  in  the  form  of  fractional-rational  function  of  roots  ,  ...,  X  ,  the 
•  efficients  of  which  are  polynomials  from  derivatives  of  coefficients  b^,  ...»  bfi 
starting  with  the  first  and  up  to  (n  -  2)nd  inclusively.1  This  function  possesses 
such  a, property  that  it  is  not  changed  during  any  transposition  of  magnitudes 
x± ,  ....  X  ,  i.e.,  it  is  symmetric  [28).  In  accordance  with  the  theory  of 
symmetric  functions  [27],  it  may  be  presented  in  the  form  of  a  fraction,  the 
numerator  and  denominator  of  which  are  polynomials  from  magnitudes  b^,  ....  bn> 
where  coefficients  of  these  polynomials  do  not  depend  on  roots  X^  ,  ....  X^  and 
are  integers.2  The  denominator  of  such  a  fraction,  if  it  is  different  than  unity, 
can  contain  only  positive  integers  of  the  degree3  of  magnitude  W  . 

Revealed  dependence  of  product  WW^  on  coefficients  of  equation  (0.1)  allows  us 
t  make  the  following  conclusion.  Inequality  /  0  determines  in  n(n  -  1)- 


il  linens  Iona  1  space  of  magnitudes  h . A,  6 . 6 . a  family  of  open 

4t*~i  4t*~l 

i  mains,  so  that  in  all  cases  when  the  trajectory  of  a  point  with  shown  coordinates, 
r  nstructed  during  change  of  t  in  the  considered  interval,  lies  completely  or 
partially  outside  these  regions,  the  considered  canonical  expansion  is  inapplicable. 
'  ml  1 1  1  n  WWj  -  0,  obvio  '.sly,  is  an  equation  of  boundaries  of  these  regions. 

p 

1-  rrnulas  of  dependence  of  magnitude  W  on  coefficients  of  equation  (0.1)  in 
part  icular  cases,  during  n  =  2  and  n  =  5,  were  given  in  the  preceding  paragraph. 

I'  rmulas  f  dependence  of  magnitude  WW^  on  coefficients  and  derivatives  of 

p 

r  a  second  order  equation  this  function  is  polynomial  (x^.  -  X^)f.  At  n  =  .5, 

after  certain  simplifications,  tills  function  als  is  turned  Into  a  polynomial. 

?C\  rrespond !  ng  transformations  can  be  carrh  d  out  with  the  help  of  the  formula 
f  Vnrlng  given  In  the  preceding  paragraph. 

’Thus,  for  Instance,  for  n  4  this  degree  does  not  exceed  unity,  fur  n  *  5 
i  <e  net  exceed  three,  and  for  n  6  does  not  exceed  l'ive. 


4 
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coefficients  of  equation  (0.1)  in  the  same  cases  have  the  form 

a)  for  n  =  2 

r,r-i 

b)  for  n  =  5 

r,r~  r*+26,(6j-36,6,)-63(6,6,-  96, >  +  26, [b] - 36,) -= 

=  b]b\  -  46)6,  +  1 86, 6,6,  -  46]  -  2761  + 

+  26,  (6j  —  36,6,)  —6,  (6,6,— 96,)  +  26,(61—36,).' 

Consequently,  at  n  =  2  it  is  possible  to  apply  expansion  (2.40)  if  coel'f i c 1  cuts 
b^(t)  and  bp(t)  are  differentiable  and  the  following  is  fulfilled: 

6-;-l6,/0; 

at  n  =  3  expansion  (2.40)  will  apply  if  coefficients  b^(t),  b?(t)and  b7(t)  are  twi-e 
differentiable  and  the  following  inequalities  hold: 

0  /  6*6]  - 46)6,  + 186,6,6,  — 46]  — 2761  /  -26, (6? -36,6,)  + 

•  +6,  (6,6. -96,) -26,(6* -36,). 

Let  us  note  that  for  n  =  2,  conditions  of  applicability  of  first  canonical 
expansion  of  second  form  coincide  with  conditions  of  applicability  of  canonical 
expansion  of  first  form. 

Using  system  (2,40)  and  equation  (0.1),  we  will  construct  a  system  of  equal]  -ns 
relative  to  canonical  components.  After  differentiating  equations  (2.40)  and 
having  compared  obtained  system  of  equations  with  equations  of  system  (2,40), 
augmented  by  equation  (0.1),  we  will  find 

x,*,  + . . .  +  . 

<it  +>?)*,  +  ...+  .-)*)?,-!,(*,  if) *,  +  ...  +  >,(>„+>  2) -v 

|(Xl  +  D)-,»,|i,  +  .  ..  +  -•>.,!  > 

-  -  iO  (>,  +  D)m  X,  +  6,  (»,+  O)*  +  6„  _,X,  +6.)*,-... 

. . .  -  [D  (X,  +  0)-*  >.  +  6,  |>,  +  Df  -*  >.  + . .  +  K  x  6.)  . 

Considering  this  system  as  a  system  of  linear  algebraic  equations  relativ 

•  • 

to  unknowns  z^  ,  ....  z^  and  solving  it  relative  to  these  unknowns,  we  will  >1  ’a  it 

+  £  *!<"-/ 

/- 

<1-1 . «). 

where 

*'/  .= - !(',+  D)"  ,#l  +  6,U/+0»*--XJ4.A1a/+/i)-»x<  .... 
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nm 


is  cofactor  of  element  of  n-th  line  of  1-th  column  of  matrix  of  coefficients 
r.i 

of  system  (2.40) . 

In  system  (2.43)  variables  z^,  ...,  z n  and  coefficients  X^  and  hij  -1  = 

1,  ...,  n)  are  complex-valued  functions  of  t,  with  which  variables  z^,  ...,  zn> 
a)  linearly  are  expressed  through  solution  x(t)  and  its  derivatives 

ix 

it . it— 1  * 

1))  are  differentiable  functions  of  t,  and  coefficients  h^j  satisfy  condition 

A|, ™ A1(,  if  =  i*  and  >.y  —  lt. 

Let  us  assume  that  (j^(t) . ^^^(t)  are  roots  of  characteristic  equation 

of  matrix  of  coefficients  of  right  side  of  system  (2.43) 


X, +  *!!'- C" 

a!!' 

AJV  . . 

AUI  ll 

II 

as'/ 

x,T  a 

A)!'.. 

All* 

>=  0, 

c 

A*1.1 

jlIM 

•  • 

determined  as  a  function  of  parameter  t.  Then  we  will  define  second  canonical 

<  xpanslon  by  system  of  equations  (2.39),  having  assumed  £j(t)  *  £^^(t)  (J  =  1 . 

n).  Thus,  system  of  equations  determining  second  canonical  expansion  are  written 
In  the  form 


ix 

it 


X 

it— 


iic!"4-or 


2rll» 


(2.44) 


This  expansion  we  will  use  only  when  determinant  of  matrix  of  coefficients  of 
'lx  right  side  of  system  (2.44)  (we  will  designa’e  it  by  symbol  W  ,)  is  different  than 
i r  during  all  values  of  t  in  the  considered  interval  and  coefficients  during 
variables  Zj  are  d ifferential  le  in  the  interval.  In  view  of  full  analogy  with 
e  ndltlons  of  appllcal  ility  of  first  canonical  expansion,  it  may  be  concluded  that 
those  c  ndltlons  are  fulfilled  if 

a)  coefficients  1  ,  ....  b^^  of  alget  rale  equal  ion 


in 


a!!' 


A« '  A*.  ■  ■  ' « 4"  A**  • 
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j|  -  Kfe*  -  Ms  ** 


are  (n  -  l)-fold  differentiable; 

( i  )  / 1  ) 

b)  determinant  of  Vandermonde  relative  to  roots  1 ,  ....  ^  ' 


«  .. 

'  i 

G-  •• 

►tit  ! 

ip"’- 

# 

is  different  than  zero; 

c)  W2  /  0. 

Feasibility  of  conditions  (a),  (b),  and  (c)  it  is  possible  to  check.,  without 
determining  roots  of  equation  (2.45).  Actually,  as  will  be  shown  lower,  coefficient 
b^1^,  ...,  are  rationally  expressed  through  coefficients  b^ ,  ...,  b  and  their 

derivatives  from  first  to  n  -  1-st  inclusively,  and  are  limited  in  any  finite 
interval  if  in  this  interval  among  roots  X^,  ...»  x^  there  are  no  multiples,  ill  nee, 
according  to  conditions  of  applicability  of  first  expansion,  multiplicity  of  roots 

/ 1  )  (i) 

Xj  is  excluded,  then  coefficients  b£  ’ ,  ...,  b^  ' ,  because  of  shown  dependence  n 
coefficients  b^,  ...,  l>n,  can  be  n  -  1-multiple  differentiable  in  the  case  wh<’r 
coefficients  b^ ,  ...,  b^  will  be  2(n  -  l)-multiple  differentiable. 

If  condition  (a)  is  executed,  then  for  checking  fulfillment  of  conditl  nr  (:  ) 
and  (c)  it  is  necessary  and  sufficient  to  check  fulfillment  of  inequalities 


0. 

r^ir./o 

Magnitudes  (Wv  ;)  and  W'  'W0  it  is  possible  rationally  to  express  through 
coefficients  of  equation  (2.45).  The  latter.  In  turn,  are  rationally  expressed 
through  coefficients  b^,  ....  I  and  their  derivatives  of  the  first  and  highest 
orders.  Therefore,  recorded  Inequalities  will  determine  the  requirement  that 
certain  1'racti  onal-rat  lonal  functions  from  coefficients  ,  ...,  b  and  their 
derivatives  do  not  turn  into  zero  when  t  belongs  to  the  considered  interval, 
because  of  formulas  for  coefficients  h^j'  the  denominators  of  these  tract  !  nal- 
raticnal  functions  contain  whole  degrees  of  magnitudes  W  and  W^.  Mince,  ace  rdiri, 
to  conditions  l-  applicability  of  first  canonical  expansion  W  /  and  /  O,  t.h» 
mentioned  requirement  leads  to  inequalities  which  must  be  satisfied  by  certain 
polynomials  from  coefficients  1^,  ...,  b  and  their  derivatives. 

In  particular,  at  n  2  V  and  for  execution  of  condi'  i  ns  (I  )  and  (c) 
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it.  is  necessary  and  sufficient  to  fulfill  inequality1 

(ft!  -  ■»»,)’  +  2b,  (»•;  -  »*,)*  -  (ft, ft,  -  2ft,)1  /  0. 

We  will  return  to  the  determination  of  second  canonical  expansion.  Let  us 

note  that  in  it  are  used  functions  £^(t)  (1  =  1 . n),  obtained  as  a  result  of 

certain  operations  from  system  of  equations  relative  to  canonical  components  of 
first  expansion.  Consequently,  we  approach  construction  of  second  canonical  expan¬ 
sion  only  if  first  expansion  is  constructed.  There  exist,  however,  cases  when  condi- 
ti  ns  of  applicai  llity  of  first  canonical  expansion  are  not  executed,  and  second 
expansion  it  is  possible  to  construct.  Therefore,  it  is  expedient,  having  left 
without,  change  the  method  of  finding  functions  £^(t),  ...,  £n(t),  to  determine 
■  nditions  of  applicability  of  second  canonical  expansion  so  that  it  is  possible  to 
ui-u  them  independently  of  whether  the  first  expansion  is  applicable  or  not. 

This  requirement  corresponds  to  the  above-mentioned  (in  initial  formulation) 

/  A  \  O 

o  nditions  of  applicability  of  second  expansion  and  also  conditions  (W'  ')<L  /  0 
and  W^W0  /  0,  which  replaced,  later,  conditions  (b)  and  (  ■>.  Regarding,  however, 

•  inclusion  concerning  possibility  of  replacing  condition  of  n  -  1-multiple 
ill  fferent  lability  of  coefficients  ....  b^  by  condition  2(n  -  i)-multiple 

differentiability  of  coefficients  t^ ,  ...,  b  ,  then  it  is  necessary  to  reject  it 
as  Itained  during  the  use  of  conditions  of  applicai  llity  of  the  first  expansion, 
rims,  condition  (a)  one  should  leave  in  initial  form. 

Ln  accordance  with  that  presented  we  will  define  conditions  of  applicability  of 
3'v  nd  canonical  expansion  in  the  following  form: 

a)  coefficients  b£  ....  )  of  equation  (2.45)  n  -  1-multiple  are 

i  i  fferent  lable;  b)  (W^)^  /  0;  c)  W^W0  /  0. 

,m  will  clarify  cases  in  which  first  canonical  expansion  is  inapplicable  and 

sec  ind  is  applicable. 

1 viously,  for  application  of  second  canonical  expansion  there  Is  not  required 
fulfillment  of  condition  WW^  /  0.  Therefore,  there  are  possible  cases  when  this 
‘.iid !  ‘  n  Is  not  executed  and,  consequently,  first  canonical  expansion  is  Inapplicable , 
and  second  canonical  expansion  it  is  possible  to  construct. 

Another  possibility  is  connected  ith  coses  in  which,  in  all  the  considered 
ino  rvnl,  there  is  executed  equality  W  =  0,  and  coefficients  t ^ ,  ....  I  are  such 
'hn'  e  efficient  ij  ^  ,  ....  b^  and  magnitudes  (W^)'  and  1  ^W,,  cl*  general,  o  into 

1  his  inequality  is  obtained  from  c  ndi*  i  n  {«•'")*  —  with  the  help  of 

L  :-ment  ’  med  f  rmulas  (  ..52). 
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indeterminate  forms.  In  a  number  of  cases,  introducing  additional  parameters  and 
using  passage  to  the  limit,  it  is  possible  to  evaluate  these  indeterminate  forms. 

It  can  happen  that  conditions  of  applicability  of  second  canonical  expansion  will 
be  carried  out. 

Using  system  (2.44)  and  equation  (0.1),  we  will  construct  a  system  of  equations 
relative  to  canonical  components.  After  differentiating  equations  (2.44)  and  having 
compared  obtained  system  of  equations  with  equations  (2.44)  and  (0.1),  we  will  find 


(2.4t  ) 


;!?*, + . . . + + . . . + (UV 
!:l"+(c!V|il+...+|ci"+r.VV|i,- 

|;'"+(C|I,)*|*1  + . . . 

+  Z^Cl")  i,  + . . .  +  ICi"  +  i,  - 

-  i-D)-5:!" + or ' + . . . 

. . +*.!*,-.  --IZ) (C + or -1  ci" + 


Considering  system  (2.46'  as  a  system  of  linear  algebi’alc  equations  relat  1  vc 

•  t 

to  unknowns  z^,  . . . ,  z^  and  solving  it  relative  to  these  unknowns,  we  will  obtain 

*  _  rn,»  •  V 


ft 

(Z-=l . *). 


(2.47) 


who  re 


*<7‘ -  - n:}"+z>r bt c;"+D)"-'c}"  + 
+  Df-'H"  +  ...  +  +  M  -5- ; 


«(*> 

r.i 

matrix  of  coefficients  of  the  right  side  of  system  (2.44). 

In  system  (2.47)  variables  z^,  ...,  zn  and  coefficients  and  h^  (i,  ,i 

1,  ...,  n)  are  complex-valued  functions  of  t;  variables  z^ . z  and  coeffi¬ 
cients  possess  the  same  above-indicated  properties,  which  are  possessed  1  ,y 

corresponding  magnitudes  of  system  (2.4 3). 

Absolutely  analogously  it  is  possible  to  construct  third  and  subsequent  canoni¬ 
cal  expansions  of  the  solution  of  an  equation  of  oscillations.  .System  of  (  quat  i  ms 
determining  k  +  1-st  canonical  expansion  we  will  determine  ty  a  system  obtained 
from  system  ( 2 . 4 g )  by  means  f  replacing  magnitudes  . i  ./  magnitudes 

f  Ir  \  /  ir  ^ 

O  ’ . Cv  ;  which  are  characteristic  numlers  >f  matrix  of  cuel'f  i c  i erits  >i  tic 

i  n 
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right  side  of  system 


*J«=c!*""*1+V  *;/’<*>  («— i . *). 

/5 


(2.48) 


which,  In  turn,  is  constructed  according  to  system  of  equations  determing  k-th  canoni¬ 
cal  expansion.  With  this  k  +  1st  canonical  expansion  will  apply  only  in  the  case 
when  determinant  Wx+1,  conforming  to  matrix  of  coefficients  of  system  determining 
k  1st  canonical  expansion,  does  not  turn  into  zeroes,  and  coefficients  during 
variables  Zj  in  this  system  are  differentiable  during  all  values  of  t  from  the  con¬ 
sidered  Interval.  Feasibility  of  these  conditions  it  is  possible  to  check  Just  as 
this  is  done  for  second  canonical  expansion,  without  determining  roots  of  corre¬ 
sponding  characteristic  equations.  With  this  goal,  while  investigating  k-th 
canonical  expansion,  it  is  necessary,  first,  to  be  convinced  of  (n  -  l)-multiple 
differential  lllty  of  coefficients  b^)f  ,<tJ  b^)  0f  equation  determining  magnitudes 

...»  and>  secondly»  to  investigate  determinant  W^+^  and  determinant 

of  Vandermonde  about  roots  ,  ...»  £^)w^.  Product  W^+1w(k^  will  be  rationally 
expressed  through  coefficients  and  derivatives  rf  coefficients  of  characteristic 
equation,  corresponding  to  matrix  of  the  coefficients  of  the  system  determining 
the  preceding  k-th  canonical  expansion;  coefficients  of  each  subsequent  characteris¬ 
tic  equation  are  rationally  expressed  through  coefficients  and  products  of  coeffi¬ 
cients  of  preceding  equation  (see  lower).  As  a  result,  product  W^W^)  will  be 
rationally  expressed  through  coefficients  b^(t),  ...,  bn(t)  and  their  derivatives, 
first  and  highest.  Magnitude  (w(^))?  is  rationally  expressed  through  coefficients 
...»  b^'.  If  Inequalities 

M 

are  fulfilled,  then  determinants  and  W^)  do  not  take  zero  values.  Fulfillment 

f  these  Inequalities  jointly  with  condition  of  (n  -  l)-multiple  differentiability 
i  coefficients  bj*^,  ...,  bj^)  is  sufficiently  for  above-mentioned  conditions 
i.  l  e  fulfilled. 

System  of  equations  relative  to  canonical  components  for  k  +  1st  expansion 
wc  will  construct  using  system  of  equations  determining  this  expansion  and 
«  i .at  ion  (0.1)  (just  as  this  is  done  for  second  canonical  expansion),  and  we  will 
- i v <  to  it  the  form 


i,-cr*,+VAj; 

r?\ 

(i—i. 


(2.49) 
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where 


*;;♦ " — 1C.;*' + or  -'c/» + cp + or  :c ,  • 


+*,(7+0)-,:r,+..  +M-^— ; 

»**i 

is  the  cofactor  of  the  element  of  the  n-th  line  of  the  i-th  column  of  the 
matrix  of  coefficients  of  the  system  determining  k-th  canonical  expansion. 

In  system  (2.49)  canonical  components  z^,  ....  z^  and  coefficients  a 


»nd 


(J*  *  ~  n)»  as  *-n  earlier  considered  cases,  are  complex-values 


. z^  also  are  differentiable  functions  of  t  and 


functions  of  t;  variables  z^, 
are  linearly  expressed  through  sulution  x(t)  and  its  derivatives  dx/dt,  .... 
d^’^x/dt11-^  and  coefficients  possess  properties  hj^+^  =  if 


ij 


pq 


—  I  .  \  ,  —  A  . 

n'  i  n 


A  •  —  /v  •  /v  , 

i  p  j  q 

Fi  d  recurrence  relationship  between  constructed  canonical  expansion  determines 

the  sequence  of  canonical  expansions.  This  sequence,  depending  upon  form  of 

investigated  equation,  can  have  finite  or  iniinlte  number  of  members. 

An  important  circumstance  facilitating  construction  of  canonical  expansions  f 

the  highest  orders  consists  in  the  fact  that  for  construction  of  k  +  1st  canonical 

/ 1  \  fk-li 

expansion  there  is  no  necessity  for  calculation  of  roots  Xj,  ^  ' . Cj 

(,1  =1,  ....  n)  determining  the  preceding  canonical  expansions.  This  follows  from 
the  fact  that  coefficients  of  the  characteristic  equation  connected  with  k  +  1st 
canonical  expansion  are  rationally  expressed  through  coefficients  and  derivatives 
of  coefficients  of  characteristic  equation  connected  with  the  canonical  expansion, 
i.e.,  in  the  end,  through  coefficients  and  derivatives  (first  and  highest)  of 
coefficients  of  equation  of  free  oscillations. 

In  order  to  establish  dependence  between  coefficients  of  characteristic 
equations 

C*V 

and 

+ ft,"-" (r 

the  roots  of  which  determine  k  +  1st  and  k-th  canonical  expansions,  we  will  turn 
system  (2.48)  and,  in  accordance  with  form  of  matrix  of  its  coefficients,  will 
write  tne  firs'  of  the  shown  characteristic  equations  in  the  form 
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f (•  - 11 

A!?‘~r' 

a!!*.. 

...a::1 

A**’ 

c5*-"+aS?-" 

-cm . 

"In 

-0 

! 

Air 

".+  AiV- 

r«*> 

. 

Evaluating  determinant,  we  will  find- 

/»;*’  -  -  <«*-'■  j  . . .  +cl*'"  + A'*'  + . . .  - 

-ft!* 

•  «  |  »(♦  •  !>><♦  —  "  i 

+  •  •  •  T  ••  1  • 


k<»— 


win  re 

//;*’-(c!*~V  'Ai*,+...+(tf~")'  '*« 

(/=  I . n) 

(]r) 

By  the  formulas  mentioned  above,  coefficients  h j y  are  rationally  expressed 

through  coefficients  . br ,  roots  ,  ....  and  derivatives  of 

these  roots  from  the  first  to  n  -  1st,  inclusively.  These  depedences  can  be 
•  nverted  after  ridding  them  of  derivatives  of  roots  with  the  help  of  Viete's 
f  rmulas. 

Actually,  from  Viete's  formulas  follows 


(2.50) 


rl*-l|  .  «ii*— ll  LI*  li 

,1  -f-  .  .  .  -f-»»  “  —  1>I 


,  ,|*-I|.W(*  II 


k'»-  ll  •  « i  n  ll 


-  -A" 


|j,l»  ’1  i  •  I  - 1  •  ,  .  I  •  *iri«  I* 

I&H-I  +  ii  b„  :  +  .  .  +  ((.I  )  I  .1 

i  || .f*  I)  i  I  •  /•!*-- 1»|» 


(2.51) 


it  is  not  difficult  to  be  convinced  that  determinant  of  system  (2.51)  is 

/  >_-1  \ 

in.  U  rininant  of  Vandermonde  Wv  Really,  after  presenting  second  line  of  this 

determinant  in  the  form  of  the  sum  of 

(*!*'" . Ai*-") . 

we  fain  tw  component  determinants.  The  first  of  them  is  equal  to  zero,  since 
tin  first  and  second  lines  of  it  are  proportional;  consequently,  determinant  of 
system  will  c>  incide  with  second  component  determinant.  Presenting  this  latter  in 
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the  farm  of  the  sum  of  three  determinants  with  different  third  lines 


" . 

i»*<*-b  .I*  1 1 »»i *— 1 1 

» . .  «m  '* 


we  find  that  the  first  two  turn  into  zeroes,  as  determinants  with  proportional  lines, 
etc.  Continuing  the  process,  we  will  find  that  the  remainder  not  turning  into 
zeroes  coincides  with  determinant  of  Vandermonde. 

If  the  following  inequality  holds 

•  /  lr«i  \  •  /  \ 

then  system  (2.51)  may  be  solved  relative  to  magnitudes  ' . f'  ;  and, 

consequently,  derivatives  of  roots  can  be  expressed  through  roots,  coefficients 
b|k”l),  ....  ,  and  first  derivatives  of  the  latter. 

After  obtaining  corresponding  formulas,  differentiating  them  term  by  term, 
and  repeatedly  applying  them  for  elimination  in  right  sides  of  derivatives  of  roots, 
we  will  obtain  formulas  expressing  second  derivatives  of  roots  through  roots. 

/  v-i  i  ( ir ) 

coefficients  b|  b^  ' ,  first  and  second  derivat  ives  of  the  latter'. 

It  is  possible  to  proceed  analoguusly  with  highest  derivatives  if  roots, 
entering  into  expression  for  coefficients  h^,  After  executing  all  these 

(  lr  \ 

transformations,  we  will  be  convinced  that  functions  H7  '  are  symmetric  fundi  ns 

f  k  - 1 )  (  k  -  M 

of  roots  with  coefficients  rationally  depending  on  coefficients  t  j  ' . I 


and  their  derivatives,  from  fi''st  to  n  -  1st,  inclusively.  This  all  -ws  us  ' 
express  coefficients  ,  ...,  b^^  in  the  farm  of  fractional.  rational.  fun  ■ '  i  ns 

f  coefficients  ....  b^~^  and  their  ah'  ve-ment I uned  derivatives. 

1  ’  n 

In  particular,  at  n  -  2  relationships  betwren  coefficients  of  algebraic 
equations  ,  ...,  and  b|^-^'',  ....  ,  connected  with  k.  +  Is*  and  k-'! 

canonical  expansions  have  the  form 


*,,*~"*j *■"— 2*',*  '• 


I 

I 


< . 


Above  It  was  noticed  that  canonical  components  can  to  1  th  n  al  and  ■  rnpJ< 
functions  of  t  even  if  solution  x(t)  is  real.  For  real  s  lut i  ns  x(t)  i c t w< >  r 
can  nlcal  components  z^,  ....  z  and  roots  determining  given  can  ni  -a  1.  expans  i  r  , 

the  same  relationship  occurs  as  between  can  -nlcal  c  mp  nents  y . . .  a  r.d  r 

\± . A  :  canonical  component  z  ,  Is  c  al  is  1  r respond  i  n  '  r<>  >t  is  •  >mp !<•;<; 
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c  mjugate  roots  c  rrespond  to  conjugate  canonical  components. 

During  c  instruction  of  c  nsidered  sequence  of  canonical  expansions  of  solution 
f  equation  of  oscillations,  there  are  possible  cases  when  l-th  canonical  expansion 
changes  equation  of  oscillations  into  a  system  whose  matrix  of  coefficients  is 
diagonal.  Fvery  i-th  equation  of  such  a  system  constitutes  a  linear  uniform 
differential  equation  relative  to  variable  z^,  solution  of  which  is  also  solution  of 
f  mation  of  oscillations. 

ior  clarification  of  whether  the  matrix  of  coefficients  of  any  system  of  equa- 
'  ions  relative  to  canonical  components  is  diagcnal,  there  is  no  necessity  for  deter¬ 
mining,  coefficients  of  this  matrix;  because  of  formulas  of  transition  from 
o  *  t'flcients  of  algebraic  equation  determining  parameters  of  k-th  canonical 
expansion  to  analogous  coefficients  of  equation  determining  parameters  of  k  +  1st 
(  xpansion,  matrix  of  coefficients  of  system  of  equations,  obtained  as  a  result  of 

O 

k-th  canonical  expansion,  is  diagonal  if  and  only  if 

>“(« . «>• 

Example.  hr  equation  of  Fuler 


t'x  t 

ii  +  7»  *  -° 


(2.5?) 


as  in  general  for  any  second  order  equation,  first  canonical  expansion  of  the  form 
(  .VI)  coincides  with  canonical  expansion  considered  in  preceding  paragraph. 

Py  the  formulas  (2.52)  for  coefficients  of  algebraic  e  juation,  from  which  are 
do' ormlned  functions  /^-(t)  and  Co  (t),  we  obtain 

'  f-f 


■  !'  il  ws  from  this  that 


•in 

•1.3 


_L_  i  ,r~, 

a  T  »  *  '-4f- 


l  lrst  canonical  expansion  for  considered  equation  is  inapplicable  if  c  =  0. 

■  nd  -anonical  expansion  is  inapplicable  if  1  -  4c  =  0.  Fxcluding  the  latter 
•are,  we  will  obtain  system  of  equations  determining  second  canonical  expansion 
r  t  >  u  in  the  form 

7T  “  +  i  (•  -  »'  r~V)r,  ,  y  (I  +  V\  -  Ir)/,  | 

in  arc  rdance  with  equations  (2.47)  we  will  constitute  system  of  equations 

i‘i  la  t  i  v  •  '  ■  can  nical  components.  With  this  g  al,  preliminarily  vie  wl  11  caleuiai 
t  ' 

ef fid i  i  nts  h( .  : 
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whence 


(cl1’)*  {J’'  ~ -o;  <:;'')*+ ~o. 

Because  of  the  last  equality,  system  of  equations  relative  to  canonical 
components  takes  the  form 

i,  =  3  U)/, 

i:~  J-ll  +  i'f+TfU.- 

i.e.,  is  broken  down  into  two  independent  equations,  each  of  which  is  simply 
integrated.  After  finding  solutions  and  summing  them,  wo  will  obtain  a  general 
solution  of  the  investigated  equation  (see  example  in  §  3). 

Thus,  in  the  considered  example,  application  of  the  second  canonical  expand  >n 
has  allowed  us  to  find  exact  solution  of  equation  of  free  oscillations.  This  cam  . 
of  course,  is  exceptional.  However,  it  indicates  the  wide  possibilities  which  ’ h* 
application  of  the  construction  of  canonical  expansions  given  in  this  paragraph 
conceals . 


§  5.  Canonical  Expansions  of  Solution  of  Equations  of 
Oscillations  During  disturbance  of  Condition 

Nonmultiplicity  of  Roots  A^ft)  or  cl[^(t) 

Till  now  we  have  only  considered  such  canonical  expansions  of  the  solm  i  n 
if  an  equation  of  free  oscillations,  whose  region  of  application  is  limited  by  the 
requirement  that  during  all  values  of  t  from  the  interval  Interesting  us  all 
functions  X^(t)  or  ^j^(t)  had  different  values.  This  section  is  devoted  to  case¬ 
in  which  this  requirement  is  not  fulfilled. 

Excluding  such  specific  cases  when  in  the  interval  Interesting  us  equal 
values  take  two  or  more  pairs  of  functions  A^(t)  or  ;(t),  we  will  assume  that 
coincidence  ol  values  of  functions  A^(t)  or  f;j^(t)  takes  place  »nly  for  one  pair 
f  these  functions.  Without  disturllng  generality,  we  will  ascrlle  to  these 
functions  indices  "n  -  1"  and  "n." 

Introducing  functions  Xn_^(t)  and  *n(t)  or  Cr^|(t)  and  ( t, )  ty  c  nditl  ns 

*.-.W-**  ijn*  o.  (  t  y, 

:"<n  .  , 
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we  will  replace  in  the  system  of  equations  of  canonical  expansion  (2.27)  functions 

An-l(f')  and  Xn^  ‘y  functions  xn_i(t)  and  xn(t)»  and  in  the  system  of  equations  of 

(k  +l)-st  canonical  expansion  of  the  form  (2.39)  we  will  replace  functions 

and  C^k)(t)  by  functions  ^  and  £(k)(t).  We  will  obtain,  instead  of  system 
(2.27),  system 


Xmmyri  ■  -  t  y.-t+y.-,+ym 
u 
4/ 


(2.56) 


4^-K  'y, +  +(*-•- -':± 

and,  instead  of  system  of  the  form  (2.39),  system 


"a,  **  '•!*'*.+  •  - 

=  Id*' +0)  cj*'|  *,+  ...  -r  I  ( V .  +  D)  ::*JJ  + 


JT 
itt 


=!(•!*’ +0)--c;**|  g,  + . .  ■ +|C;%+£>)--v,U.- 

4^'+<>p^|w 


(2.57) 


Determinant  of  matrix  of  coefficients  of  the  right  side  of  system  (2.56)  is 
equal  to  magnitude 


r=(-i)v  r(>., . i,.,). 


(2.58) 


/>• 

■ '>'  >■'  W(X1,  ...,  Xn-1 ,  Xn-1)  is  determinant  of  Vandermonde  for  magnitudes  X,^  .... 

x  .  ,  X  .  . 
n-1  n-1 

Determinant  W(X±,  ...,  X^,  Xn_±),  because  of  the  expressed-above  assumption 
ai  ut  multiplicity  of  only  one  pair  of  roots,  is  different  than  zero.  Therefore, 

A 

magnitude  W  is  different  than  zero  in  all  cases  besides  the  case  when  one  of  the 
magnitudes  a^,  ...,  Xn_^,  X^_^  is  equal  to  zero. 

We  will  assume  that  all  magnitudes  X±,  ...,  X^,  X^  are  different  than  zero, 
.akin.'  into  account  this  limitation,  it  is  possible  to  derive  from  system  of  equations 

(.  .  i  'i  and  equat  ion  (0.1)  a  system  of  equations  which  canonical  components  y1 . . 

sat.Lsiy.  obviously,  it  may  be  obtained  from  system  (2.43),  if  one  were  to  produce 


-75- 


In  it  replacement 


-  MO  ('  1 . «) 

Determinant  of  matrix  of  coefficients  of  the  right  side  of  system  (2.57)  is 
equal  to  magnitude 


C**' 


W'.M-C- 

1)*X 

VI: 

,l-1 

1  i  •» 

2 

| 

+  0)Ci*Ja| 

!(• 

)V+D) 

1 

•  •  •  •  • 

.  ••*»  \» 

LV 

r  ♦•) 

"2  li  (?.")) 

A 

Being  limited  by  cases  in  which  for  all  t  magnitude  W^+i  /  we  will  derive 
from  system  of  equations  (2.57)  and  equation  (0.1)  a  system  of  equations  relative 
to  canonical  components  z^,  zn>  Obviously,  this  system  can  lie  obtained  from 

system  of  equations  (2.49),  if  the  latter  we  replace  variable  C^|(t)  by  variai  le 

^n-1  ( t )  anc*  variable  by  variable  C^k^(t). 

Canonical  components,  obtained  as  a  result  of  the  above-indicated  modified 
canonical  expansions,  possess  the  same  properties  which  canonical  components  of 
corresponding  unmodified  canonical  expansions  possess  (see  §§  5  and  4). 

In  order  to  explain  the  meaning  of  the  presented  modifications  of  structures 
of  expansions,  we  will  assume  that  C^|(t)  =  £^*^(1)  and  that  functions 

C, exp *.;»>(/)  (/-- 1 . n ) 

are  solutions  of  equation  (0,1).  Then  system  of  equations  relative  to  canonical 
component  for  k  +  1st  expansion  will  have  the  form 


*•-1* 


•  (*1  .  - 
’•-•*»-l *1 


•*♦11 


(  TOI 


Blnee  matrix  of  system  (2.60)  is  triangular,  this  system  may  1°  solved  i  ,/  mean; 
of  consecu  ive  determination  of  unknowns.  In  this  case,  the  last  equal  ions  f  Uk 
system  may  be  used  for  determination  of  solution  with  respect  t  variai  le  z.  ( t ) . 
.‘Solution  with  respect  to  anotlier  variaile  is  oltaincd  by  means  of  separate 
integration  of  the  other  equations,  in  wnich  unkn  wn  z  is  nnLa-eci  iy  tin  alrtau 
found  solution  with  respect  to  ’his  variaile. 
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From  that  presented  It  may  be  concluded  that  modified  structure  of  canonical 
expansion  of  solution  of  equation  (0.1)  to  components  z^,  . ..,  zr  allows  the 
possibility  for  the  matrix  of  the  system  of  equations  relative  to  canonical 
components  to  have  triangular  form,  which  allows  this  system  to  be  integrated  into 
quadratures.  It  is  possible  to  expect  that  for  a  certain  class  of  equations  (0.1) 
such  structure  of  canonical  expansion  is  reduced  to  a  system  of  equations  relative 
to  canonical  components,  which  is  not  integrated  in  quadratures,  but  is  in  some 
meaning,  close  to  a  system  with  a  matrix  of  coefficients  of  triangular  form. 

Modified  canonical  expansions  of  solution  of  equation  (0.1)  to  components 


..,  y^  is  not  due  to  the  modifications  but  is  a  general  deficiency  of  canon. cal 


•yl’ 

expansions  of  this  form.  Such  expansions,  however,  have  advantages  connected  with 
the  comparative  simplicity  of  their  practical  application. 

For  illustration  of  the  method  of  construction  of  systems  of  equations 
relative  to  canonical  component  during  application  of  the  considered  modified  canoni¬ 
cal  expansions,  we  will  consider  an  example. 

Example .  Equation  of  Euler 

rftr  .  r 
—r  4-  —  jr  «=  •> 

dt '  P 

at  c  =  1/4  does  not  allow  second  canonical  expansion  of  the  unmodified  structure, 
since  in  this  case 


I 

21 


(see  example  in  §  4).  We  will  construct  a  modified  canonical  expansion  corresponding 
to  these  roots. 

We  have 


:|"<0  -  l .  c?"(n-o. 

( 2) 

In  accordance  with  formulas  for  coefficients  h^i'  of  equation  (2.47)  we  will 
t  • ain  these  coefficients  in  the  form 


V.f  »  *}f»  o.  -  *<{•  __  -L. 

2f 

System  of  equations  relative  to  canonical  components  will  take  the  form 


1 


I 


»  *•“  »  '*• 


Jr'- 


F’rom  second  equations  we  will  find 


C,  tip  —  In  /  ■=  r,  |T 


whore  is  arbitrary  constant. 
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Substituting  found  solution  for  variable  zg  in  the  first  equation,  we  will 
obtain 

I  C, 

Py  the  formula  of  solution  of  an  equation  of  the  first  order  we  will  find 

Summarizing  z^  and  z^,  we  will  obtain  known  formula  of  general  solution 
of  equation  of  Fuler  for  considered  case: 

•»-*!  +  *:-  (C,  -f  C,  la  l) 

t  i 

where  and  C2  are  arbitrary  constants. 
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CHAPTER  III 

ELEMENTS  OF  THEORY  OF  SYSTEMS  OF  LINEAR  UNIFORM 
DIFFERENTIAL  EQUATIONS 

§  1.  Class  of  Considered  Systems 

Considered  in  the  preceding  chapter,  canonical  expansions  of  the  solution  of 
an  equation  of  free  oscillations  allow  us  to  set  up  in  conformity  to  this  equation, 
certain  systems  of  linear  uniform  first  order  differential  equations,  solved 
relative  to  derivatives  whose  coefficients  are  continuous,  differentiable,  and,  in 
•’•eneral,  complex.  In  this  chapter  are  expounded  certain  elements  of  a  theory  of 
systems  possessing  the  shown  properties. 

Thus,  let  us  assume  that  system  interesting  us  is  recorded  in  the  form 

<1=1 . «).  (3.1) 

where  coefficients  a^  are  continuous,  differentiable,  and,  in  general,  complex- 
alued  lunctions  of  real  variable  t,  definite  in  region  [a,  0),  where  ago  and 

li  oo. 

§  2.  Questions  of  Existence  and  Singleness 
of  Solutions 

It  Is  known  that  if  coefficients  (i,  j  =  1,  ....  n)  are  continuous  in 
r.ali -open  interval  [a,  (3],  then  system  of  equations  (3.1)  has  in  this  interval  only 
par' icular  solution,  satisfying  given  initial  conditions 

V—  1 . n).  (3.2) 

whore  £.  (i  =  1,  . . . ,  n)  are  given  numbers.  With  this,  functions  x.(t)  are  limited 

in  any  finite  interval  belonging  to  interval  (a,  0)  [22-24]  and  are  differentiable 
in  interval  (a,  0). 
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Of  Interest  Is  one  more  property  of  system  of  equations  (3.1).  The  presence 
of  this  property  establishes  the  following  theorem  of  Wintner. 

Wlntner  Theorem  [29],  If  all  coefficients  of  a  system  of  differential  equations,, 
recorded  in  the  form  of  (3.1).  are  continuous  and  absolutely  integrable  in  certain 
finite  Interval  (a,  P),  then  all  elements  of  fundamental  system  of  its  solutions  are 
limited  during  t  =  a. 

Because  of  assumed  (in  §  1)  properties  of  coefficients  a^  (i,  j  =1,  ...»  n)  the 
latter  satisfy  conditions  of  the  given  theorem.  Applying  this  theorem  and  consider¬ 
ing  the  relationship  between  fundamental  system  of  solutions  and  general  solution 
(see  §  6  Chapter  1),  we  find  that  system  (3.1)  has  only  such  particular  solutions 
at  which  function  x1(t)  (i  =  1,  ....  n)  take  finite  values  at  t  =  a. 

§  3.  Norm  and  Phase  Coefficients  of  Solutions 
We  will  agree  to  call  the  following  magnitude  norm  of  solution  of  system  (3.1) 

r— - - (  3.  "=)) 

rd)~V  •*,*,  + . . .  +  X'.X' 

and  phase  coefficients  of  solution  will  be  magnitudes  e1(t),  ...,  en(t),  connected 
with  variables  x^  ...,  xn  and  norm  r  equalities 

jt(  —  re,  (i=l . n).  (3.^) 

From  equality  (3.3)  it  is  easy  to  conclude  that  norm  of  solution  is  equal  to 
zero  if  and  only  if  all  variables  x^  are  equal  to  zero.  Since  the  latter  conditions 
are  executed  for  zero  solution,  then  norm  of  zero  solution  is  equal  to  zero;  norm 
of  any  other  solution  is  always  positive.  If  two  particular  solutions  of  system 
(3.1)  x^(t),  ....  x^(t)  and  x"(t),  ....  x^(t)  are  connected  by  dependences 

jc; (/>— c.v; (/>  (3.  ) 

(i=! . «). 

where  C  is  real  constant,  then  the  same  relationship  takes  place  between  norms  of 
solutions.  Thus,  norm  of  nontrivial  solution  is  a  certain  measure  of  deviation  >f 
this  solution  from  zero. 

Phase  coefficients  characterize  relationship  between  variables  x^,  ...,  X(  . 

t  H 

Analogous  phase  coefficients  e^  and  e^  (i  =  1,  ...»  n)  in  two  different  cases 

i  " 

coincide,  if  corresponding  functions  x^(t)  and  x^(t)  are  connected  by  proportional 
dependence  (3.3)  with  real  positive  proportionality  factor  0.  By  definitl  n  | set 
formula  (3.3)  and  (3.4)],  phase  coefficients  are  connected  by  dependence 
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Let  us  note  that  functions  r(t)  and  e^(t.)  (1  =  1,  n)  are  continuous  and 

m-multiple  dlfferentiatle  if  functions  x^(t)  (1  =  1,  .  ..,  n)  are  continuous  and 
m-mul^iple  differentiable,  and  that  these  functions  are  analytic  functions  of  t  if 
functions  x(t)  (i  -  1,  n)  possess  the  same  properties. 

§  4.  Connection  Between  Logarithmic  Derivative  of 
Norm  and  Phase  Ccef'f lc  ients 

From  equality  (3.3)  follows 


.1-1 


(3.7) 


Excluding  from  equality  (3.7)  derivatives  of  magnitudes  x^  and  x^  [using 
equations  (3.1)].  we  will  obtain 

(3.8) 

**l\  /-I  “l  / 

p 

After  dividing  term  by  term,  these  equations  by  r  ,  we  will  find 


f 

r 


\  t- 1  “l  1 


(3.9) 


Let  us  note  that 


—  m-~  |nr. 


'  nsequently,  formula  (3.9)  establishes  the  connection  between  logarithmic  derivative 
of  norm  of  solution  and  its  phase  coefficients.  This  formula  allows  us  for  arbitrary 
value  of  t  to  determine  logarithmic  derivative  of  norm  if  are  known  values  of  phase 
•  f  l  flclents  with  this  value  of  t. 

'■xample .  System  of  equations  relative  to  canonical  components  of  solution  of 
particular  form  of  equation  of  Euler 

d*jt  1 

t  ' ained  as  a  result  of  second  canonical  expansion  of  modified  structure,  has  the 

f  mi 


1  I 

*'-»*'-*** 

» 


(s«  §  5  Chapter  II.  Tt  is  assumed:  z.  0  =  x.  0). 

1 ,  c:  If  h 

Tts  coefficients  are  continuous  and  dlfferentiatle  in  Intrrvrl  (0,  cr) , 
ns i de ring  thir  interval  and  applying  formula  (3.9).  we  will  find 

4  ,  1  _  _  _ 

4i  —  *t*t  —  *l*t  +  l*yt). 
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§  5-  System  of  Differential  Equations  Relative 
to  Phase  Coeff lc lentF 

We  will  return  now  to  equalities  (3.4).  They  have  to  be  executed  during  all 
values  of  t  from  interval  interesting  us.  After  differentiating  both  parts  of  these 
equalities,  we  will  obtain 


Fquations  (3.13)  constitute  a  system  of  nonlinear  differential  equations 
relative  to  phase  coefficients.  From  all  its  solutions,  we  are  interested  only  in 
’hose  for  which  at  t  =  t^  there  is  executed  condition  (3.6).  Such  solutions  exist 
for  every  combination  of  initial  values  of  phase  coefficients,  satisfying  conditi  n 
(3.t>).  These  solutions  for  given  Initial  values  of  coefficients  are  unique  and 
satisfy  condition  (3.6)  also  during  all  t  >  tQ. 

i'xample .  For  particular  form  of  equations  of  F’uler,  considered  in  preceding 
paragraph,  system  of  differential  equations  relative  to  phase  coefficients  lias  Mu 
form 

I  r,  „  -  ..  _ 

rl  “  a"  ~u  ~  —  *!<■:+  2'?:)  ■ 
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§  6.  Elements  of  Theory  of  Quadratic  and 
Hermltian  Forms 


In  formula  (3.9),  expressing  connection  between  logarithmic  derivative  of  solu¬ 
tion  and  phase  coefficients,  and  in  equations  (3.13)  forming  system  of  equations 
relative  to  phase  coefficients  is  contained  expression 


This  expression,  considered  as  function  of  magnitudes  e^,  ...»  e^,  constitutes 
either  quadratic  form  [27]  (if  all  magnitudes  e^  ...,  en  are  real),  or  Hermitian 
f' it-m  [33]  (if  all  or  some  of  magnitudes  e^,  ....  en  are  complex).  Therefore, 
before  continuing  account  of  theory  of  systems,  we  will  consider  certain  known 
ideas  and  positions  from  theory  of  quadratic  and  Hermitian  forms  [33]. 

According  to  definition,  a  uniform  polynomial  of  second  degree  relative  to 
n  variables  e^,  ...,  en  is  called  quadratic  form.  Quadratic  form  can  always  be 
presented  in  the  form 

m 

\  ci/eiej  (ci/msCh’  . *)•  (3. 1*0 

U-l 

where  c^  .  are  elements  of  symmetric  matrix1 

c=iiv.ir- 

If  C  is  real  symmetric  matrix,  then  form  (3.1^)  is  called  real.  We  will 
assume  subsequently  that  matrix  C  is  real. 

Teterminant 

M;. 

is  called  discriminant  of  quadratic  form.  Form  is  called  singular  if  its 
discriminant  is  equal  to  zero. 

Real  quadratic  form  it  is  possible,  by  ar.  infinite  number  of  methods, 

i  present  in  the  form 

2  (3.19) 

i.t  <i  <=i 

win  re  r(-n)  is  rank  of  matrix  C,  called  also  rank  of  quadratic  form  (3.12*),  c^  /  0 

(i  1 . r)  are  real  numbers,  (j.| . n)  are  independent,  real, 

11. near  combinations  of  variables  e^,  ...,  e  . 

lA  symmetric  matrix  is  one  whose  coefficients  c^j  are  connected  by  the  dependence 
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If  one  were  to  introduce  new  variables  e^,  e  ,  c  mnec  tc 


d  with  vs  rial los 


e.  .....  e  by  formulas 
1  n 


0—1 . r). 


(5. 'll-  ) 


then  we  will  obtain 


(3.17) 


During  different  presentations  of  form  (3.14)  in  the  form  of  (3. 15)  or  (7>,17). 
the  number  of  positive  and  the  number  of  negative  coefficients  c^,  and  consequently 
also  the  number  of  all  coefficients  differing  from  zero  are  constant.  1  If fen  net 
o  between  the  number  n  of  positive  and  the  number  v  of  negative  coefficients  o .  is 
called  the  signature  of  form  (3.14).  Rank  r  and  signature  u  determine  simply 


numbers  rr  and  v,  since 


f-W+v,  o-r—  v. 


Transformation  of  quadratic  form  (3,14)  to  form  (3.15)  or  (3.17)  is  called 
its  reduction  to  sum  of  squares. 

Reduction  of  quadratic  form  to  sum  of  squares  can  be  carried  out  by  different 
methods.  As  an  example,  we  will  expound  method  offered  by  Lagrange.  Let  us 
consider  two  cases: 

a)  during  certain  k(l  §  k  §  n)  diagonal  coefficient  c^  Is  different  than  it 

b)  all  diagonal  coefficients  c^  are  equal  to  zero. 

In  the  first  case  quadratic  form  (3.14)  may  be  represented  in  the  form 


i  +  v 

1.1= •  '  i“l 


( 3.1")) 


in  the  second  case  —  in  the  form 


where  c ^  is  any  nondiagonal  coefficient  differing  from  zero. 

Ry  direct  check  of  equalities  (3.18)  and  (3.19),  one  can  mak<  certain  that 
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Jtf.l 


d  es  not  contain  varialle  e^,  and  form 

i  cV*ei  - 

I./-J 

variatles  and  e^. 

These  forms  it  is  possible  to  present  in  the  form  of  analogous  sums,  etc. 

As  a  result  of  consecutive  application  of  such  transformations,  form  (3.14)  is 
reduced  to  the  sum  of  the  squares. 

Heal  quadratic  form  (3.14)  is  called  nonnegative  (nonpositive),  if  during  any 
real  values  of  variables  (1=1,  . ..,  n) 

«).  (5.20) 

Criterion  of  nonnegati ■■  oness  of  quadratic  form.  So  that  quadratic  form  (p.14) 
is  nmnegative,  it  is  necessary  and  sufficient  that  all  main  matrices  of  its 
c  efficients  are  nonnegative. 

Criterion  of  nonposltlvity  of  quadratic  form.  So  that  quadratic  form  (3.14) 
is  nonpositive,  it  is  necessary  and  sufficient  that  the  matrix  of  its  coefficients 
Is  such  that  all  its  principal  minors  of  even  order  are  nonnegative,  and  all 
principal  miners  of  odd  order  are  nonpositive. 

Nonnegative  (nonpositive)  quadratic  form  is  called  positively  (negatively) 
u ; ermi ned  If  sign  of  equality  in  inequality  (5.20)  occurs  only  during  zero  values 
l  ’  all  a  rial les  e  j . 

If  quadratic  form  (3.14)  is  nonnegative  (nonpositive),  then  all  coefficients 
••  curing  presentation  of  it,  in  the  form  of  (5.15)  or  (5.17)  are  positive  (are 
■I-  -a'ive).  Thus,  moduli  of  signatures  of  nonpositive  and  nonnega^ive  quadratic 
rms  are  equal  to  their  ranks.  Nonnegativc  (nonpositive)  quadratic  form  is 
:>  . ■  i '  ively  (negatively)  determined  if  and  only  if  rank  r  and  order  n  are  equal  to 
ina  rlx  corresponding  to  it,  i.e.,  when  form  is  nonsingular. 

Criterion  of  positive  determlnacy  of  quadratic  form.  So  that  quadratic  form 
(  ,1<)  is  positively  determined,  it  is  necessary  and  sufficient  that  the  following 
1 1 ■«.  mality  is  executed 


D, 


*„>'>.  D.-- 


|  fn  •  •  ei» 

. 

cv  en  1 

!  ■  •  •  • 

>0 


(5.21) 


1 5,i  -  :■ 


;  (  i ' i  i 1  l'  negative  determinancy  of  quadratic  form.  So  that  quadratic  form 
s  ni  'a lively  di  u  min'd,  it  is  necessary  and  sufficient  that  the  fallowing. 
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inequality  is  executed 


D,<u.  Dt> 0.  0,<o .  (-1  )’Dm>0.  (5.22) 

Quadratic  form  (3.14)  always  may  be  thus  reduced  to  a  sum  of  the  squares, 
so  that  in  formulas  (3.15)  and  (5.17)  coefficients  c .  are  determined  by  equalities 

(*=1 . n).  (3.23) 

where  (i  =1,  ...»  0)  are  characteristic  numbers  of  matrix  C. 

Such  reduction  of  quadratic  form  to  a  sum  of  squares  is  called  reduction  to 

principal  axes. 

From  the  possibility  of  reducing  quadratic  form  to  principal  axes,  it  follows 
that  it  is  nonnegative  (nonpositive)  if  and  only  if  all  characteristic  numbers  of 
matrix  corresponding  to  it  are  nonnegative  (nonpositive),  and  that  it  is  positively 
(negatively)  determined  if  and  only  if  all  characteristic  numbers  are  positive 
( negative) .  From  the  mentioned  property  of  quadratic  form,  it  also  follows  that 
its  rank,  is  equal  to  the  number  of  (differing  from  zero)  characteristic  numbers 
of  matrix  corresponding  to  it,  and  the  signature  is  equal  to  the  difference  i  >  tw.-ci, 
the  number  of  positive  and  the  number  of  negative  characteristic  numbers. 

Two  real  quadratic  forms 

and  ^ (-.20 

‘7*i  i.j-i 

determine  one  parameter  family  of  forms 

m 

V  (5.23) 

•gal 

where  u  is  a  parameter. 

If  the  second  of  the  shown  forms  is  positively  determined,  then  the  parameter 
family  (3.25)  is  called  regular. 

Fquation 


det|cw— |u/yUr«0 

is  called  the  characteristic  equation  of  the  parameter  family  1'  forms  (3.25),  arid 
roots  of  this  equation  are  called  the  charac teristic  numbers  f  the  latter. 

Characteristic  equation  of  a  regular  parameter  family  of  forms  always  has  n  nal 
roots . 

Tf  parameter  family  is  regular,  then  ty  oroper  change  of  variables,  quadrate- 
forms  (3.24)  can  be  simultaneously  given  to  sums  f  squares  of  the  fallowing  form: 
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1./-1  <>i 

V  iy/tfi!**  y  **, 

<-i 


(3.27) 


where  u ^  (1  =  1,  ....  n)  are  mentioned  characteristic  numbers  of  a  parameter  family 


of  forms. 


Considering  the  parameter  family  of  forms  (3.25)  regular,  we  will  number  its 


■t laracteristic  numbers  In  nondecrcasing  order: 


(3.28) 


From  equality  (3.27)  follows 


ijZ\  _  i»i«i  +  ...  +  m; 

V1  .  *? +  *•■+'• 


(3.29) 


Fquality  (3.29)  leads  to  inequalities 


(3.30) 


where  there  exist  such  values  of  variables  e^  (i  =1,  ...»  n)  when  shown  equalities 
a iv  attained.  Consequently ,  the  minimum  of  the  considered  ra* lo  of  forms  is  equal 
v  characteristic  number  ,  and  the  maximum  to  characteristic  number  u  , 


If  parameter  families  (3.25)  and 


(3.31) 


arc  two  regular  parameter  familiar  of  forms  and  at  any  values  of  magnitudes 
(  i  1»  •••»  n) 


v  v1  ** 

^  '//'!*/  2* 

<./•!  ^  I./* I 

m  ~  ~  • 

\i  .  v* 

2t  *</<'/'/  2t 


(3.32) 


■in'll,  after  designating  by  u.  s  u  5  ...  s  a  and  [T.  s  u  s  ...  5  the  ccrre- 

i  '2  n  ±  c  n 

.p  nding  characteristic  numbers  of  these  parameter  families,  we  will  have 


•»,<!*,  («'=! . "h 


(3.33) 


Hermltlan  form  Is  a  uniform  polynomial  of  the  second  degree  with  respect  t  ' 


2n  variables  e^,  ....  e^,  e^,  ...,  e  ,  having  the  form 

Vl/A  o-Ji> 

coefficients  of  which  h^j  are  connected  by  relationships 

(*•  j~  I . «).  (  •  ' 

Matrix  H,  composed  of  coefficients  h^j  of  Hermltlan  form,  is  called  Hermit  Ian 
matrix.  Hank  of  matrix  H  is  called  also  rank  of  corresponding  form. 

If  all  coefficients  of  Hermltlan  matrices  are  real,  it  takes  the  f  rm  f  a  real 
symmetric  matrix. 

Determinant 

del  H 

Is  called  discriminant  of  form.  Hermltlan  form  Is  called  singular  if  Its  d Isc r Imi narn 
Is  equal  to  zero. 

Hermltlan  form  (3.3M  can,  by  an  infinite  set  of  methods,  be  presented  In  Hu 

form 


<./«  i  .»■ 

•* 

where  r  Is  rank  of  form;  h  5  /  0  ( 1  =  1 ,  , . . ,  r)  —  real  numbers;  £ ( «.  V  ,  n>  — 

i  i 

Independent  complex,  linear  combinations  of  variables  e^,  ...,  e  . 

Hence,  in  particular,  It  follows  that  Hermltlan  form  takes  only  real  values. 
Right  side  of  equality  (3.36)  Is  called  sum  of  Independent  squares. 

During  the  presentation  of  Hermltlan  form  (3.3J0  In  the  form  of  a  sum  of  itrb- 
pendent  squares,  the  number  of  positive  and  the  number  of  negative  coefficients 
does  not  depend  on  method  of  presentation.  Difference  o  between  number  n  of 
positive  and  number  v  of  negative  coefficients  h^  is  called  signature  of  f  rm 
(3.3J0*  Rank  r  and  signature  o  determine  simply  numbers  >r  and  v. 

Hermltlan  form  (3.3^)  Is  called  nonnegative  ( nonpos  i  t i ve )  if  during  any  values 
of  variables  e^ 

• 

(-.57) 

»./=i 

Criterion  .  f  nonnegat  Ivcnoss  of  Hermltlan  form.  '  hat.  Ilermi  [  tan  f  m  (  ,  >'■ 

is  nonnegative.  It  Is  necessary  and  sufficient  that  all  principal  minors  f  mavr]/ 
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of  coefficients  are  nonnegative. 

Criterion  of  nonpositivity  of  Hermit lan  form.  So  that  Hermltian  form  (3.34)  Is 
nonpositive,  it  is  necessary  and  sufficient  that  matrix  of  its  coefficients  Is  such 
that  all  Its  principal  minors  of  even  order  are  nonnegative,  and  all  principal  minors 
of  odd  order  are  nonpositive. 

Nonnegative  (nonpositive)  Hermltian  form  is  called  positively  (negatively) 
determined  if  sign  of  equality  in  inequality  (3.37)  takes  place  only  during  zero 
values  of  all  variables  e,. 

If  Hermltian  form  (3.34)  is  nonnegative  (nonpositive),  then  all  coefficients 
of  it  during  presentation  in  the  form  (3.36)  are  positive  (are  negative).  Signatures 
if  n 'npositive  and  nonnegative  Hermltian  forms  are  equal  to  their  ranks.  Nonnegative 
(n  nposltlve)  Hermltian  form  is  positively  (negatively)  determined  if  and  only  if 
it  is  not  singular. 

Criterion  of  positive  determinancy  of  Hermltian  form.  So  that  Hermltian  form 
(v,34)  is  positively  determined,  it  is  necessary  and  sufficient  that  the  following 
inequality  is  executed: 


D  -*„>«*  0,J  *!■ 


, . >n, 

. 


(3.3B) 


Criterion  of  negative  determlracy  of  Hermltian  form.  So  that  Hermltian  form 
(*.34)  is  negatively  determined,  it  is  necessary  and  sufficient  that  the  following 
ine  iuallty  is  executed: 


0,<O;  £)}>  0,  0,< 0 . (-I)*0,>O. 


(3.39) 


Hermltian  form  (3.34)  always  may  be  thus  converted  into  a  sum  of  Independent 
s  fiares,  so  that  in  formula  (3.36)  coefficients  h^  are  determined  by  equalities 

*,-tv  (/-i . *>.  (5,i|  l] 

i'c  1  (  i  1,  ....  n)  are  characteristic  numbers  of  matrix  11. 

Such  transformation  of  Hermltian  form  is  called  reduction  to  principal  axes. 
Connection  of  properties  of  Hermltian  form  with  properties  of  characteristic 
n uml  ers  of  its  corresponding  matrix  Is  the  same  as  the  above- ind ica ted  connection 
f  uiadratic  l'  rm  with  characteristic  numbers  of  its  corresponding  matrix. 

I’wc  IK  rm i  t  ian  f < .  rms 


•  .  _  - 
V  ki/elet  ana  ^  *«/<’,'/ 
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determine  parameter  family  of  forms 


(j-i 


where  u  is  a  parameter. 
If  form 


« 


u~  i 

Is  positively  determined,  then  the  parameter  family  is  called  regular. 
Equation 


(5.^1) 


detHAiy— [.A’/lir-O 

is  called  characteristic  equation  of  the  parameter  family  of  forms  (5.41),  and  the 
roots  of  this  equation  are  called  the  characteristic  numbers  of  the  latter. 

Characteristic  equation  of  a  regular  parameter  family  of  forms  always  has  n 
real  roots. 

All  properties  of  the  relationship  of  quadratic  forms  (forming  the  parameter 
family)  connected  with  expressions  (5.28)-(5.53) ,  stay  in  force  also  for  the  relation¬ 
ship  of  corresponding  Hermitian  forms. 

Example.  In  the  example  considered  in  the  preceding  paragraph,  two  members  of 
differential  equations  relative  to  phase  coefficients  contain  as  cofactors  to 
H'  rmitian  form 


:v,7,  —  e,~:  — 7,.\.  +  a.y> 

This  form  corresponds  is  Hermitian  matrix 


Tn  this  case,  all  coefficients  of  matrices  are  real  and,  consequent!  ,  the 
matrix  is  real,  symmetric. 

Discriminant  of  form  det  H  is  equal  to  3.  Consequently,  rank  of  matrix  is 
equal  to  its  order,  i.e.,  2,  and  form  is  nonsingular. 

Since  form  factors  satisfy  conditions  (3.38),  it  is  positively  determined. 
Characteristic  numbers  of  matrix  H  are  roots  of  equation 


who' nee  follows 

Mi=3 

Reduct i  n  of  form  to  principal  axes  converts  it  to  the  form 

£.£,+3ITt£! 
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Since  both  characteristic  numbers  and  u?  are  positive,  signature  of  form  is 

equal  to  2. 

Introducing  into  consideration  positively  determined  Hermit ian  form 

*i?i  +e*t. 

we  will  constitute  a  parameter  family  of  forms 

(2  —  l*J«|S|  -  «i<k-  +  (2  — 

In  construction,  this  parameter  family  is  regular. 

Characteristic  equation  of  parameter  family  of  forms  coincides  with  the 
above-mentioned  equation  for  determination  of  characteristic  numbers  of  matrix  H. 
Therefore,  characteristic  numbers  of  considered  parameter  family  coincide  with 
characteristic  numbers  of  matrix  H. 

Relation  of  investigated  Hermitian  form  to  form  e^e^  +  e2e2  satisfies  inequality 

i  =  p,  c  — ' A~*!?  *  _  3 

<V|  + 


§  7.  Boundaries  of  the  Region  of  Possible  Values 
of  Norm  of  Solutions  for  Class  of 
Solutions,  Determined  by  Given 
Initial  Value  of  Norm 

In  system  (3.1)  consists  of  one  linear,  first  order  differential  equation, 
functional  dependence  of  norm  of  its  solution  on  t  is  simply  determined  by  coeffi¬ 
cients  of  differential  equation  and  initial  value  of  norm  rQ.  If  order  of  system 
(3.1)  is  higher  than  first,  then  such  uniqueness  does  not  take  place;  to  the  same 
initial  value  of  norm  during  different  initial  values  of  phase  coefficients  here.  In 
general,  correspond  different  functions  r(t). 

If  one  were  to  modify  initial  conditions,  leaving  constant  initial  norm  of 
solution,  then  all  possible  values  of  functions  r(t)  on  plane  (t,  r)  will  occupy 
n  region  between  the  two  envelopes  of  families  of  these  functions.  Will  designate 
the  function  representing  the  upper  envelope  by  symbol  sup  r(t)  and  the  function 
representing  the  lower  envelope  by  symbol  inf  r(t). 

l xact  determination  of  functions  sup  r(t)  and  inf  r(t)  based  on  initial  value 
r,  and  coefficients  of  equation  (3.1)  is  very  complex  and  up  to  now  has  still  not 
been  solved.  However,  using  relationship  (3.6),  it  is  possible,  very  simply,  to 
establish  certain  functions  S(t)  and  I(t),  estimating  functions  sup  r(t)  and  inf  r(t) 
from  above  and  from  beneath  (correspondingly)  and  coinciding  with  them  in  definite 
particular  cases,  i.e.,  functions  presenting  curves,  limiting  on  plane  (t,  r)  a 
certain  region,  either  coinciding  with  region  of  possible  values  of  functions  r(t) 
or  being  its  expansion. 
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I-or  determination  of  functions  S(t)  and  I(t),  we  will  find  maxima  and  minima 
of  right  side  of  equation  (3.9)  during  condition  (3.6).  which  satisfy  phase 
coefficients.  The  latter  problem  is  solved  simply,  since  right  side  of  equation 
(3.9)  is  Hermit ian  form  of  phase  coefficients.  Maximum  and  minimum  values,  taken 
by  such  a  form  during  condition  (3.6),  coincide  with  maximum  and  minimum  values  of 


ratio  of  forms 


v^y,,v.V/) 

•  *  <-l  ^  /  -J _  )•»!  • 


V  - 


and,  consequently  (see  §  6),  with  the  largest  and  smallest  characteristic  numbers 
of  the  parameter  family  of  forms 


•  't  '  7*1  jj-\  •  i  —  i 


The  last  ones,  in  turn,  coincide  with  the  largest  and  smallest  characteristic 
numbers  of  the  matrix  of  form  factors 


1*1  J  .1  t-m\  / 


i.e.,  with  the  largest  and  smallest  characteristic  numbers  of  the  matrix 

1  *u  +  j  * 

J  2  ill' 

These  numbers  are  roots  of  equation 


!•«  +  •»  ,  " 


,  0. 


( V'/ 


where  6^  is  Kronecker  delta  (b^j  =  1  at  i  =  J,  =  0  at  i  /  J). 

Let  us  assume  that  is  minimum  and  un  maximum  roots  of  equal  ion  (3.JI3).  Thi  n 


in  accordance  with  above-stated 


min  -  — —  •«,,  max  -  - 

a  f  a  f 

S.vi  »  -  Vf1 

IS  I  isl 


(3.,*10 


Consequently,  at  any  t 


(5.'*'  ) 


Hence 


*  » 

r,exp  i*, dt<r<  r,cxp  \  \indt. 

v<  t 


( 3.^i  ) 
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w 


Prom  inequalities  (5.46)  follows 

» 

/(/)  -rtexp  j 
S(l)  r,exp  |*  ■»„<//. 

I'xample.  Canonical  expansion  of  first  form  of  solution  of  equation 

*-<<*  +  j)jt  =  0. 

where  a  >  0,  will  convert  this  equation  into  system 


-  ”  (' ,TT* + 2<fiT7>) x>  +  ’iiiw 
V7T7“^T^j)'5- 


(3.^7) 


(3.48) 


(3.49) 


Coefficients  a^j  (i,  j  -  1,  2)  of  these  equations  are  real.  Therefore,  equation 


(5.4J)  takes  the  form 


<•*'  II  nr  =0. 


In  the  considered  case  will  obtain 


(3.50) 


hT'1 


Solving  this  equation,  we  will  find 


2(#=+«!  <1)1  + 


i<cause  of  equalities  (3.47),  taking  tQ  =  0,  we  will  obtain 


j  1/  '*  +  (J  +  ,„ 

.V— a  r  +  *• 


» «  +  «*  .. 


I’.raphs  of  functions  I(t)  and  E(t)  at  0  '  t  s  1,  a  =  1  and  rn  =  1  >  re  presented 


n  i Lg.  6. 


At  a  =  1  there  is  known  general  solution  of  equation  (3.48)  [25]: 


r«|C|-f  C.Jeip (-«:)«! cip  y. 


(3.51) 


Using  given  formula  and  after  expanding  solution  x(t)  into  canonical  components 
y^(t)  and  y0(t),  it  is  easy  to  find  formula  for  norm  of  solution  of  system  (3.49) 
r(t).  Connecting  arbitrary  constants  C^  and  Cp  by  condition  r^  1  according  to 
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this  formula,  it  is  possible  to  construct  functions  In!'  r(t)  and  sup  r(t).  iap)i. 
of  these  functions  also  are  shown  in  big.  6.  by  divergence  f  functl  ns  !(*'  and 
inf  r(t),  S(t)  and  sup  r(t),  it  is  possible  to  evaluate  accuracy  ol  estimates  t 
I(t)  and  S(t). 


Fig.  6.  Boundaries  of  region  of 
possible  values  of  norm  of  solution 
of  system  (3.49). 


§  8.  Systems  of  Class  K 

The  class  (defined  in  §  1)  of  considered  systems  of  linear,  uniform 
differential  equations,  it  is  possible  to  separate  a  subclass,  presenting  a  special 
Interest  for  the  theory  of  free  oscillations  expounded  in  the  foil  >wing  chapter's. 
This  subclass  of  systems  we  will  call  class  K  and  will  define  It  In  the  foil  wing 
manner, 

Def init Ion:  Class  K  of  systems  ol'  linear,  uniform  differential  equations  of 
the  considered  form  will  be  a  class  of  those  systems  whose  coefficients  possess  the 
following  property:  there  is  possible  such  transposition  of  indices  for  variai  lor. 

Xj ,  x  ,,  .  .  .  ,  xn  and,  corresponding  to  it,  transposition  of  Indices  for  coeff  1  c  i  <  n1  r 

a^  (i,  j  =  1,  .  ..,  n)  at  which  It  Is  possible  to  unite  all  indices  into  two  group  . 

Including  in  the  first  indices  1,  2,  ,,,,  n  -  2m,  and  in  the  second  -  the  others. 

In  su<"h  a  manner  that  there  are  executed  relationships  a;i  (i,  ,1  "  n  -  ?m) 

where  k  =  1  if  i  Is  index  of  first  group;  k  =  i  +  m  if  1  is  index  of  second  group; 

l _ ,1  +  m,  If  J  is  index  of  first  group;  l  J  +  m,  if  J  is  Index  of  second  group. 

Bum  of  diagonal  eleme  its  of  matrix  A,  as  is  known,  is  calJed  its  trace  and 
is  designated  ty  symbol  .‘Ip  A: 


(V>’) 
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From  the  given  determination,  it  follows  that  in  the  case  of  a  system  of  class 
K  traee  of  matrix  A  is  real.  Consequently,  the  full  system  of  coefficients 
f  mo  t  rix  A 

On.  On . am„ 

In  this  case  consists  of  real  elements  and  complex  conjugate  pairs. 

Tt  Is  possille  to  introduce  many  examples  of  systems  belonging  to  class  K. 
will  describe,  in  ^articular,  systems  with  real  coefficients  and  systems  whose 
matrices  of  coefficients  are  Hermitian.  For  instance,  the  system  (5.49)  considered 
in  the  example  in  §  7  is  a  system  of  class  K. 

§  9.  junctions  f^(t),  ...,  f  (t)  and  System  of  Fjuations 

Which  They  Satisfy 

Solutions  of  a  system  of  equations  relative  to  phase  coefficients,  in  general, 
are  complex  even  if  initial  values  of  phase  coefficients  are  reai  .  If  Initial  system 
1'  equations  belongs  to  class  K,  then  with  the  help  of  a  simple  change  of  variables 
from  its  corresponding  system  of  equations  relative  to  phase  coefficients,  it  is 
possible  to  cross  to  a  new  system,  all  solutions  of  which,  corresponding  to  real 
initial  values  of  variables,  are  real. 

The  new  system  we  will  find,  introducing  variables  f ^ ,  ...,  f  ,  after  ccnnect- 
ing  them  with  variables  e^ ,  ....  en  by  the  following  dependences: 

— for  indices  i,  corresponding  to  real 
coefficients  a^^ ; 


‘V  7=  (/,-!-'/.> 

77  </,-'/.) 

U=V~\) 


for  indices  j  and  k,  corresponding  to 
complex  conjugate  coefficients  a,. 

J 


and  a 


kk' 


(5.55) 


Tt  is  not  difficult  to  see  that  variables  f  ^ ,  ...,  fn  satisfy  condition 


V 


/;-i. 


(5.54) 


if  variables  . en  are  connected  by  condition  (5.6). 

After  carrying  out,  substitution  (5.55)  in  system  (5.12)  we  will  obtain,  after 
simplt  transformations,  a  system  of  differential  equations  relative  to  variables 
if . f  in  the  form 

/,  Pji  <«  > . (5.55) 

7?\ 
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After  applying  indices  1,  2,  n  -  2m  to  real  roots,  and  indices  n  -  2m  -t  i 
and  n-2m+2,  . ...  n  -  1  and  n  to  complex  conjugate  pairs,  we  will  obtain  f  rmuln 
for  coefficients  p^j  in  the  form 


hr  at 

hr  •  J  at 

h.,*\  -V5\mau  J  +  n-2m  j  3 . ft—  1: 

hi  ‘/J  R*  rti/' 

at  i  n  —  2m  j  I,  it-  2/n-f  3, . . . 

/.♦i./  lm iiy  ....  »-l, 


P,i  feK  I 

Pi. i*i  -  ~  lm(at/  —  a .  . 

_  O.  I  I  J 

h*\j  *,n  (®,y:  atj*i)'  n—2m  \ 

Pl*lJ*  l‘  Rc(fli>~ai.y*|)  ®./t 


n  -  2m  ;  1. 

3 . n-i; 


where  5^,  is  Kronecker  delta;  F  —  quadratic  form  relative  to  variables  . f( 


obtained  from  Hermitian  form 


i- 1  /-i 


with  the  help  of  substitutions  ^(3. 53)  . 

From  formulas  (3.56)  it  follows  that  all  coefficients  of  system  (3.M>)  are  real 

Therefore,  if  initial  values  of  variables  f^ . f  are  real,  then  their  rut requen 

values  also  are  real. 

Consequently,  system  (3.55)  has  real  solutions.  These  solutions  rorresp  i » J  t 

solut.ions  of  system  (3.12),  in  which  varialles  e^,  corresponding  in  index  to  real 

eoei'flc  tents  a,.,  are  real,  and  varialles  e .  and  e.  ,  correspond  ing  in  indices  t 
•  t  j  K 

complex  conjugate  coefficients  a  ^  .  and  a^,  are  complex  conjugate, 

xample .  Canonical  components  y^  and  y0  of  real  soluli  >n  of  equat  ion 


(  ■>.'  7 


are  complex.  Corresponding  to  them,  phase  coefficients  als  are  complex.  hots 


algebraic  equation 


X»+f-0 


»!.•■=  hyt. 

and  coefficients  g  (,j,  k  1,2)  are  expressed  by  f  rmulas 


set  i qua 1  i  r 


,  III  I 

—  rr---- 
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After  changing  designations  y^  and  to  x^  and  x^,  we  will  write  system  of 
equations  relative  to  canonical  components  in  the  form 


where 


+*!**}■  I 

*t  -  <•»!■*!  +  ' 


«ll  “ll  +  fn  ■»<  /r —  ■—  ; 


*.'l  “  til  m 


«s"*j+/s  ■  — <  /r — ~ . 

4/ 

Form  F  is  expressed  through  variables  e^  and  e^  in  the  form 
•hanging  to  variables  i’  and  f ^  according  to  formulas  (3.53).  we  obtain 

Py  formulas  (3.56)  we  will  find  coefficients  (i,  j  =  1,  2), 


P  n  1 


I  /I 

;  J  |  7;  /*«=;— 4.-^. 


/? 
2<  ' 


•'quatlons  (3.55)  will  take  the  form 

fJi 


A-iT/,- 


4* 


(3.58) 


§  10.  Ma.jorants  and  Minorants  of  Functions 
f1(t),  ....  in(t) 

In  this  and  subsequent  sections  we  will  consider  real  particular  solutions  of 
a  system  ol’  differential  equations  (3.55),  assuming,  consequently,  that  initial 
system  of  differential  equations  belongs  to  class  K.  Will  consider  only  such 
s  lotions  for  which  there  is  executed  condition  (3.5M- 

In  §  7  there  were  established  estimates  for  boundaries  of  the  region  of  possible 
values  of  function  r(t)  on  the  assumption  that  initial  values  of  variables 
x^ . x(i  can  take  any  values  in  region,  determined  by  condition 


r(M*=h>. 


(3.59) 


Obviously,  If  one  were  to  set  up  any  definite  initial  values  from  the  region 
'Ivon  by  emdition  (3.59).  then  function  r(t)  will  take  during  every  value  of  t  only 
no  value,  I.e.,  region  of  possible  values  of  function  r(t.)  on  plane  (t,  r)  will 
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degenerate  into  a  line.  There  appears  problem  how  to  est.at  llsh  more  exact  apprai  a  1 
for  function  r(t),  using  information  about  initial  conditions. 

This  problem  is  subsequently  expanded.  We  will  look  for  an  appraisal  not  only 
for  function  r(t)  but  also  for  functions  fj(t)  (J  =1*  •••>  n)  and  function  x,(t), 

It  turns  out  to  be  convenient  to  start  from  functions  fj(t).  Inasmuch  as  these 
functions  are  assumed  to  be  real,  appraisal  functions  for  them  it  is  possible  to 
seek  in  the  form  of  a  majorant  and  »  mine  rant. 

Function  Min  f,(t)  we  will  call  minorant  and  function  Maj  f  .(t)  majorant  of 
J 

function  fj(t)  for  all  t  ( tQ  <  t  <  cd) 

Min /,</></,«). 

M*]/,<0  /,«)• 

In  this  section  we  will  construct  sequences  of  minorants  Mln^f.(t),  M in^f j ( t ^ . . . 
and  majorants  Maj^fj(t),  MaJ2fj(t),  ...  of  functions  fj(t),  connect* d  among  themselv* 
and  with  functions  f  j(t)  by  relationships 


Min, /,(#)<. Mm, </)«)■'. 

^MaJ,  /y(0 


MaJ, /,(*)< 


(  '■.(  O) 


and  approaching  in  some  finite  Interval  during  growth  of  their  ordinal  number  '  > 
functions  fj(t). 

We  will  construct  these  sequences  in  the  following  form, 

Let  us  turn  to  equations  (3.55).  Coefficients  p.^  of  these  equations  during 
,i  /  k  are  known  magnitudes.  Coefficients  p_.  ,  depend  on  quadratic  form  F(f^,  ...,  I'(  ) 
Cilice  magnitude  F  itself  is  a  function  of  solution  of  system  (3.55),  then  coeffi¬ 


cients  p^  are  unknown  magnitudes. 

i'ssential  for  the  construction  of  estimates  of  the  solution  of  the  system  (5. 


are  the  property  (3.5*0  of  variables  f^,  . ..,  f  and,  connected  with  it,  the 
limitedness  of  function  F(f^,  ...»  f  )  during  arbitrary  values  of  arguments  f  r  *a  i 
value  of  t.  On  the  basis  of  these  properties,  it  is  possible  to  indicate  final 


upper  bounds  for  moduli  of  right  sides  of  equations  (3.55).  Using  inequality  of 
Cauchy  [3*1],  we  will  find 

m 

-.+^,  (/- 1 . «>. 

*- 1 

Faking  into  account  equations  (3.55),  we  will  obtain 


-V fit  +  ••  /p;V  P-„  ij  I . n). 
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irom  this  inequal  t y  f'olluws 


-j  Vp;, 


O—  l . *). 


(3.61) 


Since  coefficients  Pjj  depend  on  quadratic  form  F(f1>  fn),  then  left  and 

ri..'ht  sides  of  the  last  inequalities  also  are  its  functions.  Taking  into  account 
(  mivalence  of  conditions  (3.54)  and  ( 3.6 ),  on  the  basis  of  that  presented  in  §  7. 
we  will  obtain,  for  appraisal  of  form  F,  inequality 


<3-69> 

Inequalities  (3.61),  obviously,  will  remain  in  fore  if,  instead  of  true 

o 

values  of  magnitudes  Djj,  we  substitute  their  maximum  possible  values,  found  under 
ihe  condition  that  form  ;  takes  arbitrary  values  in  region  (3.62).  Such  maximum 
P'sslble  values  must  be  values  at  which  either  F  =  Uj  or  F  =  u2» 

(1 ) 

We  will  designate  by  symbols  oj  '  (j  =  1,  ....  n)  magnitudes 

1  mined  during  replacement  in  expressions,  under  the  radical,  of  true  values  of 

2 

c  mp  nent  p^  by  their  above-determined,  maximum  possible  values;  we  will  designate 

/ 1  'i 

by  symbols  ^  magnitudes  inverse  to  them  in  sign.  Considering  the  introduced 

It  s  i  gnat  ions  ,  we  will  obtain 


//<V  \  K"  (I)  dt  <  f,  (/)  <  f,  (t9)  I  dt. 

1 

•ecause  of  inequalities  (3.63)  it  is  possible  to  assume 


(3.63) 


•Min, /,(/)=/, </,>-: 

*• 

i,  i 

(J—  1 . n). 


(3.64) 


by  equalities  (3.64)  we  will  determine  the  first  members  of  sequences  constructed 
!  y  us.  For  determination  of  remaining  members  of  sequences,  we  will  introduce 
i  In'  following  recurrence  dependences: 
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»{*»  =  mlnF,  I 

'  •!_  a.irins  cor.Jitions  (3.  54)  3nJ  Mln,_|  /.  (/)  < 

jiWt-wif  I  </y(/)<MajJ_1/y(/)  (/- 1 . «); 

fY'-  min  V^/». 


•)*><- mix  Vp*/,. 

ft- I 

(/=  1 . I») 

Mln,/y(/)-/y(g  +  Jpi*>(/) 


—  ilurin*;  renditions 

a)  for  t'onn  FiP<r<iT. 

b)  for  functions  /•(0 

Mln,_,  /» (<)<  /»(<)<  MaJ,_,  /,(/) 
(*=1 . «)  m  (3.54); 


dt 


M«J,/,(/)-/y(/.)+  (•;*>(/)<// 

(a-  2.  3. . .) 


(5.65) 


Sequences,  built  on  diagram  (3.6 5),  satisfy  condition  (3.60),  since  ram-re 

of  values  of  variables  f^,  ...,  f  for  which  are  determined  maximum  and  minimum 

« 

values  of  magnitudes  F  and  Sp/*/*  (/=! . n)  ,  according  to  conditions  of  construction 

l«l 

cannot  be  expanded  (either  they  are  narrowed  or  remain  constant).  We  will  show  that 
they  possess  also  another  required  property:  they  approach  in  any  finite  interval 
(t0,  T)  to  functions  fj(t). 

We  will  define  function  v  (t)  (s  =  1,  2,  ...)  by  equality 

s 

»,  (*)  -  max  |MaJ,  f,  (/)  -  Min,  f,(t)  |.  (Mn) 

Obviously,  all  sequences  (Maj  f,(t)l  and  {Min  f  ( t ) )  approach  in  a  finite 
interval  to  functions  fj(t)  (J  =1,  ...»  n)  if  and  only  if,  in  this  interval, 
'‘unctions  v  (t)  during  s  -*  go  approach  to  zero.  We  will  prove  that  functions  v  (t) 
possess  these  properties. 

let  us  assume  that  p(t)  is  the  biggest  of  magnitudes  |p^k  +  bj^F  |  (J,  k 

.  ..,  n).  fhtn  for  difference  of  magnitudes  o^b+1  ^  and  ,  \  determined  iy 

equations  (3.65),  we  will  obtain  appraisal 


T"  “I f*"  <  V V) i0  +  iF/j)mt,-(F/,)m:n, 


(3.(>7) 


where  (if.)  „  and  (FT.)  ,  are  maximum  and  minimum  values  of  product,  FT.  during 
'  J'max  '  J'min  r  j 

cond i t ions 


a)  for  first  cofactor 


I  )  for  second  c  factor 

Mln,//(/)</i(0<MaJ,/y(/) 
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and  condition  (3.5^). 

it, 

Let  us  assume  that  1,  and  f,  vj  =  1,  ....  n)  are  values  of  magnitudes  F  and  fj 
!'  r  which 

F’//)^(F />)«ln  (/’“I.....  a). 

II  II 

and  ]•  and  f  .  (j  1,  ....  n)  are  values  of  the  same  magnitudes,  for  which 
J  t-J 

Him 

(F/j)m„-{F/j)mi'  «  FJ] -  f,f, = F)  (/J -/,)± iF/h 

where 

LFj-\F]-F,\. 

After  designating  ty  symbol  M(t)  the  maximum  of  modulus  of  form  F  during 

oF 

condition  (3.  54)  and  by  symbol  b(t)  the  biggest  of  magnitudes  |  —  |  (j  =  1,  r) 

during  condition  (3.54),  on  the  basis  of  found  equality  we  will  obtain 

lF/j)mtt— (F/j)min  <  f  jW(0  +  nb  (/)) »,  (l). 

Hence  because  of  inequality  (3.67) 

•j,+  .)  <  („  [p  (/)  +  b  (<)|+ Af  (0) »,  (0  (/-I . »> 

and,  taking  into  account  determinations  (3.65)  and  (3.66), 

V,  (0  <  j  {*  I P  <0  +  *(01+ A»(0»  (0  dt. 

Let  us  assume  that 

W=  max  (a  | p (0  +  *  (01  +  Af  <0)  ('*  <  *  <  T-). 

In  n 


Vi  W<ff*AQdt<it-tj  H',U)  (/,</<  Th  (5.68) 

«• 

s  i i h' r*  function  v (t)  is  nondecreasing, 
s 

From  inequality  (3.68)  it  follows  that  on  section  [t^,  tg  +  t],  where  i  is  any 
nimi  i  r,  satisfying  condition  0  <  t  <  yy, 


Vi(0<»,{0. 

Therefore  sequence  ^(t),  v?(t),  ...  on  section  [tQ,  t0  +  t ]  monotonically 
appr  >aches  a  certain  limit.  This  limit  is  zero  since,  because  of  inequality 

*  ^(t) 

mrlng  any  values  of  t  from  section  [t^,  tQ  +  t]  each  member  of  sequence  - — ^y, 

■  (  2  p 

— 7 — r,  ...  is  less  than  corresponding  member  of  sequence  1,  Hr,  11  i  ,  . . . ,  limit  f 

1  V 
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which  is  zero. 

In  order  to  prove  that  sequence  (v  (t))  approaches  zero  in  whole  Interval 

s 

(tg,  T),  we  will  present  half-open  interval  (t^,  T]  in  the  form  of  the  sum  of 
half-open  intervals 

(/*  <">|.  (/•".  /,5,i . (/'*-'► .  /'*‘| . r|. 

where 

/.U-.fL; 

,T  k 

N  is  arbitrary  natural  number,  satisfying  inequality 

\^TH. 

Let  us  assume  that  considered  property  in  q-th  interval  takes  place.  Then  for 
ahy  positive  e  there  exists  such  sQ  =  sQ(e),  that  for  all  s  ?  s() 

For  magnitudes  v  ^(t)  in  q  +  1st  interval  we  will  obtain 


(0  <  *  +  H  |  »,  (/)  <//<•  +  (/-/'♦•)  H.t  (/) 
*«*» 


(  5 . »  Q ) 


For  arbitrary  value  of  t  from  q  +  1st  interval,  on  the  basin  of  inequality 
(^.69).  there  can  be  obtained 

», ♦*-!<•  •  c>. i»  c  ...  c*> :  c\  7 .  c*», 


where 

C-/  H  ,| 

From  inequality  (3.70)  it  follows  that  during  sufficiently  small  e,  sequence 

{v  1  is  diminishing.  Its  limit  is  not  larger  than  magnitude  •* — - — ??.  Since  mugn i  t u'b 

e  Is  possible  to  order  arbitrarily,  this  limit  Is  equal  to  zero. 

1  rom  that  proven  it  follows  that  v  (t)  -*  0  during  s  -*  a)(t^q^  t  -i  t  ^  1  1 

•  s 

during  any  q.  And  this  means  that  sequences  [v  (t))  approach  zero  In  whol<  hiUn  a  I 
(t,,  T).  This  also  was  necessary  to  prove. 

Fxample.  For  system  of  equations  (3.49)  (see  §  7)  functions  i,^(t)  and  11^(1  ) 
have  the  following  form; 

1,1  “ ”  •.»(»*+«)  ~\/  +',+-1 
m = -  *1?*^  *  V  + *• 
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Tig.  7.  Majorants  and  minorants  of 
functions  f^(t)  and  f  (t). 

Considering  a  -  1,  we  will  consider  particular  solution  of  this  system  with 
Initial  conditions 

»i»l.  *,-0,  f«l. 

Because  of  the  realness  of  the  coefficients  of  system  (?.49)  we  have 

»,(<)  -=/.(#).  -MO- 

Tii  view  of  the  assumed,  initial  conditions  functions  f^(t)  and  fg(t)  are  real. 

We  will  define  Min^^t),  MaJ1f1(t),  Mi^f^t)  and  Mft^f^t). 

Turning  to  system  of  equations  relative  to  phase  coefficients,  built  for 
■  nsidered  initial  equation,  and  presenting  it  in  the  form  ("'.55) »  we  will  obtain 
r  r  coefficients  p.,  (J  ,  k  =  1,  2),  according  to  the  formula  (5.56), 

i 

*•■*»  w 

Pn~ » ■,T+f-  TT^'+i  *  F‘ 

l,(  i  us  note  that  coefficient  numerically  is  maximum,  when  F  =  u.^  and  coefficient 

p  ,  numerically  is  maximum,  when  F  =  u0.  Therefore, 


(*'"»  0,7- V ijnfiF  *  "+ 1  )  +  iiSTm  — ' 

C-Y (v.T rr-(TrTYi<^+'’*,J+; 


(f’+IJ*  * 


hence  i.y  formulas  (5.U1*)  we  will  find  unknown  marnitudes. 
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i 


On  Fig.  7  are  built  graphs  of  functions  Min^f^t),  Maj^f^t),  Min^f,  (t)  arid 
Maj^f2(t)  on  section  0  s  t  s  1. 

§  11.  Ma.lorant  and  Minorants  of  Norm  of  Particular 

Solution 

Using  found  appraisals  for  functions  fj  (j  =  1,  ...,  n),  equation  (3.9). 
characterizing  connection  between  logarithmic  derivative  of  norm  of  solution  and 
its  phase  coefficients,  and  initial  conditions  of  investigated  particular  solution, 
it  is  easy  to  construct  majorants  and  minorants  of  function  r(t). 

Producing  in  equation  (3.9)  replacement  of  variables  e^,  ...,  e  by  variables 
fl’  •••*  **n  accor(*ance  with  designations  taken  in  §  9>  we  will  copy  this  equation 
in  the  form 


:-^(/ . /.)• 


(3.71) 


Taking  into  consideration  condition  (3.54)  and  found  appraisals  for  magnitude 
F  [see  formulas  (3.62)  and  (3.65)],  from  formula  (3.71)  we  immediately  will  obtain 

•  i 

Miry- (/)  =  r,  exp 


MaJ,r(/)-r,expJ|.<»>(f)«/< 
(*-1.2..  .* 


(3.72) 


where 

tf’-v,..  •  - . 

Having  compared  formulas  (3.72)  with  formulas  (3.97),  let  us  note  that 

Min, r(/) -/(/),  |  (3  Y  ) 

Maj,r(0  =$(/).  ) 

Consequently,  during  given  value  r^  first  members  of  sequences  of  majorants 
and  minorants  of  function  r(t)  for  particular  solution  coincide  with  (fixed  in  ;j  f) 
upper  and  lower  appraisals  of  function  r(t)  for  class  of  solutions  given  ly  initial, 
value  of  norm. 

Between  the  following  members  of  sequences,  obviously,  there  <ak)  place 
relations!)  ips 

Mln,r(/)<MlnMlr(/),  | 

**■1/(0  > I 

(*-1.2..  .  .). 
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Sequences  Min1r(t)>  Mingr(t),  ....  MaJ±r(t)f  Majgr(t),  ...  evenly  converge  to 
function  r(t)  in  any  finite  interval  (tQ,  T). 

Example:  We  will  define  first  and  second  members  of  sequences  of  majorants 
and  minorants  of  norm  of  solution  r(t)  of  system  (3.49)  during  a  =  1,  tQ  =  0,  rQ  =  1, 
l\j_(0)  =  1  [f2(0)  =  0]. 

Functions  Min^r(t)  and  Maj^r(t),  according  to  above-stated,  coincide  with 

functions  I(t)  and  S(t)  determined  for  Initial  conditions  tQ  »  0,Rq  “  I*.  Functions  I ( t ) 
and  s(t)  during  shown  initial  conditions  were  determined  in  Section  7  (see  Fig.  6). 

Using  results  of  calculation  of  functions  Min^f^(t),  Maj^f^(t),  Min^fg(t), 

Maj*f  (t)  (see  Fig.  7),  carried  out  for  considered  initial  conditions  in  preceding 
section,  will  define  functions  Mingr(t)  and  Majgr(t). 

In  Table  1  are  given  values  of  coefficients  f^  and  fg  corresponding  to  extreme 
values  of  form  1; . 


Table  1. 


Conditions 
of  ax  rornum 

t 

F 

o.l 

0.2 

0.3 

0.4 

0.5 

0,6 

0.7 

0.8 

|7T 

1.0 

±/i 

1,00 

1,00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1,00 

i/t 

0,00 

0,02 

0.03 

0.04 

0.0G 

0,08 

0,09 

0.10 

0,10 

0,09 

0,09 

?/i 

0,00 

0,02 

0,05 

0,07 

0,08 

1 

0,09 

1 

0.09 

0.00 

0,09 

0,09 

0,09 

»/* 

1,00 

1.00 

1.00 

1 

1,00 

1.00 

1,00 

1. 00 

1,00 

0,99 

0.99 

1.00 

Having  compared  tat  le  data  with  graphs  shown  in  Fig.  7*  it  is  easy  to  conclude 
that  values  of  coefficients  f^(t)  and  fg(t)  giving  minimum  to  form  F(F  =  u^),  in 
wh  le  interval  (0.1)  are  Included  in  regions  limited  by  their  majorants  and 
minorants.  Consequently, 

Mini  r(t)-t(t). 

From  analogous  comparison,  it  follows  that  value  of  coefficients  f^(t)  and  fg(t) 
giving  maximum  to  form  F(F  -  ug) ,  are  included  between  majorants  and  minorants  of 
those  coefficients  only  during  t  *0.5.  During  t  s  0.4  both  coefficients  exceed 
tin  founds  of  shown  regions. 

Consequently ,  during  t  2  0.5 

Turing  t  -  0.4  form  I  attains  maximum,  when  fg  =  fj^,  where 

/J»»-  Ml*,  /,</). 
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Consequently,  during  t  s  0.4 


••l3'*.  A  [|/ 1- (Mm, A)*. 

( p ) 

Graph  of  function  MaJ?r(t),  built  during  found  values  of  coefficient  u,\ 
by  the  formulas  (3.72),  Is  represented  on  Fig.  8.  In  the  same  place  are  given  graph 
of  functions  Min1r(t),  MaJ1r(t),  Mln2r(t)  and  graphs  of  function  r(t),  built,  as  Is 
shown  in  §  7,  on  the  formula  given  there,  of  general  solution  of  equation  (3.48). 


norm  of  particular  solution  of  system 

(3.49). 


§  12.  Estimates  of  Coordinates  of  Particular 

Solution 

By  definition,  coordinates  of  solution  x^ ,  .  . . ,  xn  are  connected  with  norm  and 
and  phase  coefficients  of  solution  by  dependence  (3.4) 

*i-wi 

<<=1 . n). 


Using  formulas  (3.4)  and  (3.53),  we  will  obtain  formulas  connecting  coordinates  >f 
s  lution  with  norm  of  solution  by  functions  f  ^ ,  ...,  f  .  They  have  tht  f  rm 

jr»=r/-for  indices  1  correspond  I ng  to  real 
‘  coefficients  a^; 


xjK=  f--:,  (//■(  */»)• 

i) 


for  indices  J  and  k  corresponding  to 
complex  conjugate  coefficients  a,. 

and  a,  ,  . 
kk 


(3.74  ) 


Assuming  that  initial  values  of  functions  fj(t)  (i  =1.  ....  n)  are  real, 
applying  maj  rant  and  minorant  appraisal,  found  in  preceding  secti  ns,  l'or  Uiesc 
1'unctions  and  function  r(t),  and  considering  that,  because  of  condition  (3.  4), 
regi  > r i  f  possible  values  of  functions  f.(t)  is  limited  ly  sect.!  n  |-  .1],  wl'b 
the  help  of  formulas  (3.54)  we  will  find 
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a)  fur  indicts  1  curresp  riding  to  real  coefficients 

min  (Min^nnax  (Min,/,.  -!), 

M«J„rmax(Mln,/,.  -1)|< 

<*,  <max|Mln*rmin(MaJ,/<.  t). 

MaJ„rmin(MaJ,/(.  !)|; 

l  )  for  indices  J  and  k  corresponding  to  complex  conjugate 
coefficients  a,,  and  a^, 

'  '  I 

Ma)„r  max (Min./y,  - lj| < Re jr^Re.v, <  ^7jmln|Mln,1rma.\(Mln,//1 

max|Min-rmin{MaJl//.  1). 

MaJ„rmin(Ma],/,.  1)|, 
v:  min|Min„rmax(Mln,/,,  —1). 

Maj„rmax  (Min,/,,  —  l)J  <  Im x,»m  —  Imar,  < 

<  -U  max  (Minmr  min  (MaJ,/,.  1),  MaJ„rmin(MaJ,/t.  1)|. 

Considering  majorants  and  minorants  ol'  functionr  f^(t)  (i  =1,  .  ..,  n)  of  first, 

■t'cond,  ....  l-th  approximation  and  majorants  and  minorants  of  function  r(t)  of 
first,  second,  ....  n-th  approximation,  considering  m  =  l  or  m  =  l  +  1  and  increasing 
I.  we  will  obtain  nee  of  inequalities  (3.75)  and,  consequently,  sequence  of 

appraisals  of  coordinates  of  solution.  Elements  of  the  latter  —  estimates  of 
rdinates  of  solution  —  converge  to  solution  during  l  *»  cd. 

Example:  in  §§  10  and  11  is  shown  construction  of  majorants  and  minorants  of 

first  approximation  of  functions  f^(t)  and  fg(t)  and  majorants  and  minorants  of 
i rst  and  second  approximations  of  function  r(t)  in  interval  (0.1)  for  particular 
s  lution  of  system  (3.^9)  (see  §  7)  during  a  =  1  and  following  initial  conditions: 

*i l»)  i,l»i  I,  e,(D)  f,( 0)“0.  r<f>)  I 

Using  results  of  these  constructions  (see  Figs.  7-8)  and  considering  l  =  1,  m  = 

1  and  l  1,  m  2,  on  the  lasts  of  inequalities  (3.75)  we  will  obtain  two  systems 
f  appraisals  for  coordinates  ol'  solution  and  x0.  Due  to  realness  of  the  latter 
(ensuing  from  realness  of  coel'i  1c  ients  a.,,  and  a0^)  appraisals  will  have  the 
•hn raster  of  majorants  and  minorants.  These  appraisals  are  presented  by  graphs  on 
1  1  .  9.  There  is  designated  Min. x.  _  and  Ma  j.  -  —  lower  and  upper  appraisal  of 

1  1  »  C.  t 

rdinate  x^  found  during  condition  l  =  1,  m  =  1;  Min^x^  ^  and  Maj^x^  ^  — 
love  r  and  upper  appraisal  of  coordinate  x.  0,  found  during  condition  I  =  1,  m  =  2. 

On  i  lg.  9  als  are  depicted  graphs  of  functions  x^(t)  and  Xp(t),  appraisal 
f  which  it  was  necessary  t  find.  These  functions  are  calculated  for  the  considered 

initial  ■  nd  i  1 1  ns  by  the  metiiud  sh  wn  in  §  7. 
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CHAPTER  I V 

ANALYSIS  OP'  FREE  OSCILLATIONS  IN  A  FINITE  INTERVAL 

OF  TIMF 

In  this  chapter  is  expounded  a  series  of  methods  of  analysis  of  free  oscilla- 
1  i  ns  of  linear  systems  with  variable  parameters  in  a  finite  interval  of  time.  In 
the  considered  methods  there  is  used  transformation  of  an  equation  of  free  oscilla- 
'  i  ns  into  a  system  of  equations  relative  to  canonical  components  of  its  solution. 

Systems  of  equations  relative  to  canonical  components  possess  the  following 
very  important  property:  they  belong  to  class  K.  This  directly  follows  frcn 
nr  pert.les  of  coefficients  of  these  systems  shown  in  Chapter  II.  Since  these 
systems  belong  to  class  K,  it  allows  us  to  apply  to  them  all  the  constructions  and 
■Ir.si  ns,  given  in  the  preceding  chapter,  of  the  theory  of  systems  of  linear, 
mil'  nn  differential  equations.  Revealed  with  the  help  of  such  construe  t  ions ,  the 
pr  peri ies  of  solutions  of  these  systems,  to  a  known  measure,  determine  the  properties 
f  r  lilt  ions  of  an  equation  of  free  oscillations;  in  particular,  this  pertains  to 
’In  I ehavior  of  solutions  in  a  finite  interval  of  time.  The  degree  of  fulness  of 
•  mi  lion  of  the  properties  of  the  latter  essentially  depends  on  the  properties 
f  ■  efficients  of  systems  f  equations  relative  to  canonical  components  and  it  is 
'  i  'In  r  the  "nearer"  these  systems  are  to  systems  with  matrices  of  coefficients  of 
tin  nal  or  triangular  form.  Thus,  the  effectiveness  of  results  delivered  by 
iiu  'I  ds  considered  below,  on  the  one  hand,  depends  on  these  methods  and,  on  the 
fr. i  r  hand,  >n  the  f  rm  and  quantitative  characteristics  of  the  selected  canonical 
-  spans  ion  if  solution  of  equation  of  oscillations. 
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§  1 .  Ma.lorants  and  Mlnorants  of  Real  Particular  Solution 
of  Equation  of  Oscillations 

In  §$  10  and  11  of  the  preceding  chapter  were  found  sequences  of  majo rants 
and  mlnorants  of  norm  and  phase  coefficients  of  particular  solution  of  system  of 
linear,  uniform  differential  equations  of  class  K  of  the  form  (3.1): 

*<“««*»  +  •  •  •  +«».*.('  =  • .  «)•  (4.1) 

Determining  coefficients  a^j  of  this  system  by  formulas 

*i/"xA/*f4'y  (4.?) 

(*•7*1 . *) 

or 

+  C  (J>-3) 

1 . «). 

where  6^  is  Kronecker  delta,  we  will  obtain  as  particular  eur^!,  of  system  (4.1), 
a  system  of  equations  relative  to  canonical  components  of  solution  of  equation  (0.1) 
yl’  •••»  yn  or  a  system  of  equations  relative  to  canonical  components  z^,  .  .., 
and,  as  particular  cases  of  above- indicated  sequences,  sequences  of  majorants  and 
mlnorants  of  norm  and  phase  coefficients  of  corresponding  system  of  differential 
equations  relative  to  canonical  components. 

On  the  basis  of  first  equation  of  system  (2.27),  solution  of  equation  (0.1)  x ( t ) 
is  connected  with  canonical  components  y1(t),  ...,  y  (t)  by  dependence 

Analogous  dependence  connects  solution  x(t)  with  canonical  components  z^(t),  .... 

Using  these  dependences,  formulas  (2.34),  (2.43),  (2.47)  or  (2.49)  and 
ma.iorant  and  minorant  appraisals  for  functions  fj(t)  and  r(t),  we  will  establish 
ma.iorant  and  minorant  appraisals  of  real  particular  solution  x(t)  of  equation  (0.1), 
assuming  that  initial  data  of  this  solution  is  known. 

Let  us  consider  two  methods  of  construction  of  such  appraisals. 

1.  Because  of  formulas 

4  4 

or  *(/)- 

*  =- 1  S 

* 

(3.4)  and  (3.53)  we  will  obtain 

I  ,V/. — )  , 

'  ra, 
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From  equality  (4.4)  follows 


|  *— 2m 

Minwr  V  max(Min,/,.— 1). 

L  i*i 

2m 

Maj„r  V  max  (Min» /(.-|)|  + 


•  —2m 


+  V'2  min  I  Min.  r  V  max  (Min,/,-*,, ,  it-t.  - 1). 

i  <s 

•-2m  1 

AUJ,r  V  max(Mln,/,,_<*  i.  —  l)t 

Ml  I 

I  •  -2m 

MaJ  *(/)■=  max  |Mln„r  V  min(MaJ,/(1 )), 

L  Ml 

•—2m 

MaJ„r  ^  min  (Mai,/,.  I)|  + 

(-1 

+  l/?niax^Minmr  V  min(Ma>, /„_  2m42i-lt  1). 

MaJ mr  V  max (<Mln, _i.  1)1. 

SI  J 


(4.5) 


lqualitLes  ^  4 . 5 )  determine  a  whole  class  of  majorants  and  minorants  of 
particular  solution  of  equation  of  oscillations.  Considering  majorants  and 
minorants  of  functions  fi(t)  (i  =  1,  ....  n)  of  first,  second,  ...»  k-th  approxima^ 
ti  )n  and  majorants  and  minorants  of  function  r(t)  of  first,  second,  ...,  m-th 
approximation,  considering  m=korm=k+l  and  increasing  k,  we  will  obtain 
si  iuences  of  majorants  and  minorants.  These  sequences  converge  to  solution  during 
k  -*  ui. 

Accuracy  of  appraisals  (4.5)  drops  with  growth  of  t.  At  sufficiently  large 
value  of  t  there  can  appear  more  effective  (at  the  same  value  of  m)  appraisal 

Minx(/)  «=  -  Vn  MaJ„r,  \ 

MaJx(/)  =  V'n.MaJ,,r.  •  ( 


it  lug  the  result  of  inequality 


-=(-(y,+  .  .  ■  +^,)0’i :  •  •  •  +iK«l.  i 
*X  <  =  (*,-{-  •  •  •+-.)(«!+  •  •  •  • 


(4.7) 


In  those  cases  when  this  will  take  place,  appraisals  (4.5)  (one  or  both)  one  should 
replace  by  appraisals  (4.G). 

.  fiummarising  separately  left  and  right  side  of  equations  (k.l)  and  consider¬ 
ing  x.  y  in  case  (4.P)  or  x.  x  in  cast  (4.5),  we  will  find 
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(4.8) 


—  +*</).>'/ 
i  ./-i 


ft 


«J- 1 


Majorant  and  minorant  appraisals  of  firBt  approximation  for  function  x(t)  we 
will  construct  in  the  following  form. 

Expressing  in  equation  (4.1)  canonical  components  y^  (or  z^)  through  norm  of 
solution  r  and  phase  coefficients  e^,  e  ,  we  will  obtain 


-'X  OA +*</)*/ 

(4.9) 

-r%  (C}%+ *V*»)e, 

i./-i 

(/-0.1.2.  .  .  .  ) 


After  designating  magnitude 

\f  jg  [|  (^A/+fa)^  ftV +£/)] 

or 

v  i-i  J 

by  symbol  L,  on  the  basis  of  known  algebraic  inequality,  and  taking  into  account 
equation  (4.9),  we  will  obtain 

u\<'L-\f  y 

j-i 

Hi cause  of  conditions  (3.6),  this  inequality  takes  the  form 


\x\<Lr.  (4.10) 

Applying  majorant  appraisal  of  function  r(t),  S(t)  (see  §  7  of  preceding 
chapter),  on  the  basis  of  inequality  (4,10)  we  will  find 

I 

Min,  x  (!)  ~  x  (/„)  -  f  L  (t)  S  (f )  dt  *» 

(*,)  f  L (/) exp  f  (') rft <//. 

''  ,  ’*  (4.H) 

M«J,  x  (0 = jc  (/,)  -|-  f  L  (/)  S(/) «// = 

-  *  (/,)  +  r  (/,)  J  L  0)  exp  f  h,  (t)  rf. 

Effectiveness  of  appraisals  (4.11)  is  higher  the  less  *.  During  sui'i'io  ieiP  ly 
large  1  there  can  appear  more  effective  appraisals 
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INI 


Min,x(/)=  —  l^nr  (/,)  exp  j  p,  («)  d% 

<« 

M«J,  x  (/)  =  yUr  (/,)  exp  J  h.  (')  <f  N 


(4.12) 


being  particular  case  of  appraisals  (4.6)  (m  =  1). 

Majorant  and  minorant  appraisals  of  k-th  approximation  we  will  construct  also 
I  ,y  equations  (4.9).  With  this  goal,  we  will  cross  from  variables  e^,  ...,  en  to 
variables  f  ^ ,  ...»  f  and  will  copy  equation  (4.9)  in  the  form 


| 


/-i 


(4.13) 


where 


A 

?/->)«,/  -at  y  <«  — 2m; 


Re  ^ 

l  «l 

fy«V'2lm 

/-i 


—  at  y-n-2m  +  l . n  — I; 


—  at  y-«-2m-i-2 . »; 


and  coel'f icients  a^j  are  determined  by  formulas  (4.2)  or  (4.3). 

Designating  magnitude 

“i 

l'  und  during  conditions  (3.54)  and 

Mln»_i  /y</y  <  Majt-i  f t  4  •  • 

i,y  symbol  Xjt(b)  and  magnitude 

max  V?y(/)/y, 

/-i 

!'  und  with  those  same  conditions,  by  symbol  ^(t),  because  of  equation  (4,13) 
wiLl  1 t  a  1 n 

fl imating  function  r(t)  by  minorant  and  majorant  of  k-th  approximation,  we  will 
i'ain  the  following  formulas  for  minorants  and  majorants  of  k-th  approximation  of 
function  x(t): 

» 

Min.  x  {!)  -  x  (/,)  -t  J  min  I*.  (<)  Min»  r  (/). 


we 


X.«)Ma|.r  (/)}<//; 


r 

Maj.  x  0)  =  x  (/,) -  J  max  |C,  (/)  Min.  r  (/), 


;,</)MaJ.r 


(4.15) 
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During  sufficiently  large  values  of  t  these  appraisals  can  appear  less  exact 
than  appraisals  delivered  by  formulas  (4.6)  in  which  is  assumed  in  =  k.  In  those 
cases  when  this  will  take  place,  appraisals  (4.15),  one  or  both,  one  should  replace 
by  appraisals  (4.6). 

It  is  not  difficult  to  show  that  sequences,  built  by  first  or  second  method, 
of  majorants  and  minorants  of  function  x(t)  possess  the  following  properties: 

a)  Min^x(t)  *  Mingx(t)  §  ...  5  x(t)  £  ...  §  Majgx(t)  s  Maj±x(t); 

b)  in  any  finite  interval  (tQ,  T) 

llm  Mln4  .t  (/)  —  llm  Ma  J.  x  (/)  -  x  (/) . 

Example :  In  §  7  of  the  preceding  chapter  there  is  given  a  system  of  equations 
(5.49)  obtained  as  a  result  of  canonical  expansion  of  the  first  form  of  solution 
of  equation  (3.48) 

+  (4.16) 

Coefficients  of  this  system  X^,  X  ,  g  ^  g±2>  g?±,  ggg  have  the  form 

X,  -  — --  / 1-  +  a. 

During  initial  conditions 

i(0) I,  I 

In  case  a  =  1  we  will  obtain 

r.»0)  -/.(0)-l,  f:(0)»  /J(0)-0,  r(0)  I 

In  §§  10  and  11  of  the  preceding  chapter,  with  these  initial  conditions  for 
case  a  =  1  in  section  [0.1],  there  are  built  majorants  and  minorants  of  the  first 
approximation  of  functions  f^(t)  and  fg(t)  and  majorants  and  minorants  of  the  first 
and  second  approximations  of  function  r(t).  Using  these  results  and  considering 
in  equation  (4.16)  a  =  1,  we  will  find  majorants  and  minorants  of  the  first  and 
second  approximations  of  considered  particular  solution  of  equation  (4.16)  by  b<  th 
presented  methods. 

For  determination  cf  majorants  and  minorants  of  first  approximation  !y  t.he 
first  method  we  will  use  formulas  (4.5),  assuming 

w*-|. 

in  this  case  these  formulas  will  take  the  form 
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m 


Mt»i  m  (t)  —  min  TMlni  r  X  iui  <M|n,  I), 

L  (-i 


M*J|  r  X  mix  (Min,/, 


-*} 


MiJ,  *  (/) 


j  —  max  I  Mini f  2 

L  <-i 

1 

MiJir  2  ml»(Mi||  f, 


X  min(MaJi /i,  I), 


-} 


For  determination  of  majorants  and  minorants  of  second  approximation  by  the 
same  method  we  will  apply  formulas  (4.5).  assuming 

m-t.k-l 

We  will  obtain 

M|n;.jr(0  —  mini  Min:.r  X  mix «Mi.i,  ft,  —  I), 

L  <«i 

MlJj r  X  nux  (Mins/),  -  I)  j; 

[  J 

MlJjJt(0 »■  mix  Mini t  XmlnlMifc/,,  I), 

L  i-i 

MiJjr  X  mln(MiJi//,  I)  J 

Results  of  calculations  by  given  formulas  are  presented  in  the  form  of  graphs 


on  l'ig.  10. 


* 


Fig.  10.  Majorants  and  minorants  of  particular 

2 

solution  of  equation  x  -  (t  +  l)x  =  0. 

For  determination  of  majorants  and  minorants  of  first  approximation  by  the 
second  method  we  will  find,  preliminarily,  function 

mo-jAT+*T 

In  accordance  with  formulas  for  roots  X.  and  X0  we  have 

±  < 1 

L(t);  /Uti  +  i). 
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functions  Min^x(t)  and  Maj^x(t)  we  will  find  by  formulas  (4.11). 

For  construction  of  Min2x(t)  and  MaJ2x(t)  we  will  find,  preliminarily,  auxiliary 
functions  X2(t)  and  For  consldered  equation  we  have 

>1(0  -  «!■  (i|/|+i»/i)“  /'*+  I  mi*  (/,  —/,>.» 

(t(0  -  m»*  (>i/i +>}/;)  -  /<*+!  mi*  </j -/,)  | 

during  conditions 

/i+/j  -  *• 

Ml**/|  <  /|  <  M«J|/|, 

**•«! /*</*<  MiJ,/^ 

At  t  §  0.4  difference  f^  -  f2  attains  maximum  when  =  0.70  and  f?  =  0.70  and 
these  two  conditions  do  not  limit  magnitude  of  maximum  (see  Fig.  7). 

At  t  s  0,3  difference  f^  -  is  limited  from  above  by  inequality 

/l  >  Ml»|/j 

and  attains  maximum  when  f2  =  f ^  =  fj°^,  where 

/{•»  - 

Difference  f2  -  f^  during  t  2  0.8  attains  maximum  when  f2  =  0.7  and  f^  =  -0.7. 
During  t  §  0.7  conditions  of  its  maximum  are  affected  by  fixed  limitations  of 
possible  values  of  magnitudes  f^  and  f2  (see  Fig.  7);  at  0  s  t  s  0.4  difference 
f?  -  f^  attains  maximum  when  f^  =  fj1^,  f2  =  f ^ ,  where 

/('‘-Mil.,/,. 

/I"  =  j/’l-JMin,/,)*; 

(2)  (2) 

at  0,5  5  t  5  0.7  difference  f2  -  f^  attains  maximum,  when  f2  =  f£  ' ,  1 ^  =  f£  , 
where  f|  ^  =  Maj^fgj 

/{3>  -  l-'l— (Ml],  /,)>. 

Value  of  functions  X2(t)  and  ?2(t)  at  t  =  0;  0.1;  0.2;  ...;  1  are  given  in 
Table  2. 

Table  2. 


1 

F 

°.I 

0.2  0.3  0,4 

!  0,5  0.6  0,7  j  0.8  0,9  1,0 

11 

-i.oo| 

-1.18 

— 1 ,3sj— 1 ,4€j— 1 ,52 

1  'll 

-1 .58  -1 .65  -1 ,7.* -1 ,80  -1 .90  -1 .90 

1  till 

(1 

-1,00 

-0,18 

-0.51  — O.Ooj  0,27 

1,18  1.15  j  1,67  j  1.80  1,90  |  1,91 

Considering  data  of  calculation  of  functions  X?(4)  and  ?,2(t),  Miripr(t)  and 
Ma,i?r(t)  (see  Fig.  8)  by  formula  (4.15)  For  k  2  we  will  find  functi  >n  Min2x(<)  ar.d 
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m 


MaJ  x(t).  Graphs  of  these  functions,  and  also  of  earlier  found  functions  Minix(t) 
and  Maj^x(t),  are  found  on  Mg.  10. 

On  Fig.  10  are  depicted  graphs  of  function  x(t),  for  which  are  built  appraisals 
found  above.  Function  x(t)  is  calculated  for  considered  initial  conditions  by  the 
formula  of  general  solution  given  in  §  7  of  the  preceding  chapter. 


§  2.  Approximate  Presentations  of  General  Solution  of 
Equation  of  Oscillations 

Using  canonical  expansions  and  assuming  that  coefficients  of  equation  of 
oscillations  are  differentiable  a  sufficient  number  of  times,  we  will  construct 
approximate  presentations  of  its  general  solution. 

In  order  to  find  one  such  presentation,  one  should  assume  that  l-th  canonical 
expansion  of  solution  of  equation  of  oscillations  will  convert  this  equation  into 
such  a  system  of  equations  relative  to  canonical  components  whose  matrix  of  coeffi¬ 
cients  is  diagonal  (i.e.,  at  j  /  It  It  does  not  have  coefficients  h^^)» 

As  formula  for  coefficients  h^^  shows,  from  condition  h^  =  0  during  j  /  k 


J* 


M)  . 


there  follows  hj^'  =  0  during  j  =  k.  Therefore,  having  made  the  above-indicated 
assumption,  we  will  obtain  a  system  of  equations  relative  to  canonical  components 
In  the  form 


</-l . n). 

Solution  of  system  (4.17)  has  the  form 

— Cyexp  J  cy_n 
(/- 1 . «). 


(4.17) 


(4.18) 


where  Cj  (j  =  1,  ...,  n)  are  arbitrary  constants  (in  general,  complex). 

Tn  accordance  with  equations  (4,18),  general  solution  of  equation  (0.1)  we  will 
1  tain  In  the  form 

.T(/)=-Cle.xpJC«'-'><//-F  .  ■  ■  -f  C„  exp  j  i',’  "dt.  (4.19) 

II  matrix  of  coefficients  of  system  of  equations  relative  to  canonical  components 
is  indeed  diagonal,  equation  (4.19)  will  be  executed  with  the  sign  of  strict  equality 
and  will  te  an  exact  formula  of  general  solution  of  equation  (0.1),  If  mentioned 
c  ndition  is  net  executed,  sign  of  strict  equality  in  equation  (4,19)  one  should 
replace  by  sign  of  approximate  equality:  in  this  case  it  is  possible  to  consider 
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right  side  of  equation  (4.19)  as  approximate  presentation  x(t)  of  general  solution 
of  equation  (0.1) j 


jr<0~rClexpJc,M-MA+  .  .  .  +C, exp 


(4.20) 


Another  form  of  approximate  presentation  of  general  solution  can  be  obtained 
If  one  were  to  be  limited  by  assumption  about  diagonal  form  of  matrix  of  coefficients 
of  a  system  relative  to  canonical  components  but  not  use  condition  "hj^  -  0  during 
J  «  k,  If  hj^  -  0  during  J  /  k.M  In  this  case.  Instead  of  formula  (4.20),  we  will 


obtain 


i(0-C,exp/(;r"+Aff)^+  .  .  . 

.  .  •  +C-**pj'(Ci,“l>+ k'JUdt.  (4.21) 

Formula  (4.21)  for  a  broad  class  of  equations  gives  closer  coincidence  of 
approximate  presentation  of  solution  with  true  solution  [under  the  condition  that 
In  formulas  (4.20)  and  (4.21)  numbers  l  are  identical]. 

Function  x(t),  determined  by  formulas  (4.20)  or  (4.21),  it  is  possible  to 
present  in  the  form 

•«<0~V^(0.  (4.22) 

/•i 

where 

(4.25) 

In  the  case  of  formula  (4,20)  and 

*/W-C,expf<0,-,,+*ff)A  (4.24 ) 

In  the  case  of  formula  (4.21), 

We  will  estimate  accuracy  of  approximate  presentation  of  general  solution  (4.20). 
Let  us  assume  that  particular  solution  is  given  of  equation  (0.1)  by  initial 
conditions  (2.2),  Then,  tg  the  lower  limit  of  integrations,  constants  one 
can  determine  from  system  of  equations 

C,-|-  .  .  .  -}*C„—  5,.  | 


l(cr"(/,)4-0)«-=cy-"<oj,_,,  c,-:- ...  ((cy-»(/0)  -f  or-  x 
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Found  values  of  arbitrary  constant  during  known  functions  ..., 

simply  determine  components  Xj(t)  of  approximate  solution,  With  this,  to  every 
component  Xj(t)  correspond  initial  conditions 


■*/  (M  *■  C/i 


(4.25) 


(-^L,  -  Kt/-"  V)  G>  CJ'-COI,  w.Cy. 


Substitution  of  function  Xj(t)  instead  of  function  x(t)  in  the  left  part  of 
equation  (0.1)  will  give 


4*X/  ,  ,  -  «. 

it*  +  1  */•-'  +  *  *  •  ■t'M/”  “•/*/• 


(4.26) 


where 


•  •  •  T^,  --  —  -nr  *//'•  / 

r«/  v 

Consequently,  function  Xj(t)  is  solution  of  equation 

“^V-r-r  •  •  •  --*«-!  ( 

in  which  coefficient  bn  +  in  general  is  a  complex- valued  function  of  t. 

Now  we  will  present  true  solution  of  equation  (0.1)  in  the  form  of  a  sum 


(*•27) 


(4.28) 


with  the  help  of  equality 


*(<)  =  VjCy</). 


(4.29) 


win  re  x  (t)  are  particular  solutions  of  equation  (0.1),  coinciding  with  corresponding 

J 

approximate  solutions  x^(t)  in  initial  conditions. 

For  appriasal  of  error  of  approximation  we  will  introduce  variables  u^,  ...,  u^ 
l  ,y  equalities 


(/-I . "» 


(4.30) 


Subtracting  from  equation  (4.28),  equation 

4mxt 

-i?r  +  ‘.-jFr'  +-  ■  •+*.*, -0. 


(4.31) 
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we  will  find 


A  ,4  *"'•> 
H*  ^ 


•  •  •  t*«v 


52) 


Consequently,  magnitude  Uj  during  arbitrary  value  of  index  J  satisfies  equation 
(4.22).  Right  side  of  this  equation  we  know,  inasmuch  as  approximate  solution  is 
known?  Initial  conditions  for  variable  Uj,  because  of  construction  of  functions 
Xj(t)  and  Xj(t),  are  zero. 

Expanding  solution  of  system  (4.52)  by  transformation 

"j^v> i+  •  .  .  +t%. 


4t  '/»••••  T\,  v/(l, 

•  •••«•••«.  •###«#  ••• 

■^r=r^l(*!,-,,+f))*-,Cj'-,')w/1  +  .  .  . 


to  canonical  components  vj^»  ••••  vjn  and  excluding  from  equations  (4.35)  and  (4.3?) 
variable  Uj  (as  this  was  done  in  §  4,  Chapter  II),  we  will  obtain  a  system  of  equa¬ 
tions  relative  to  canonical  components  of  error  v^,  ...»  Vjn  in  the  form 


*y,~C<'-'»tv,+22A'i‘  tv. 


_  »?*;■>!? 


(r-  1*  •*.,  n)* 


(4.34) 


«>i 


Passing  in  equations  (4.34),  to  conjugate  complex  numbers,  multiplying  r-th 
equation  of  system  (4.34)  by  Vjr  and  r-th  equation  of  new  system  by  Vjr,  and  term 
by  term  adding  all  equations,  we  will  obtain 


$ 

+ ^2  1 i  I-* 


Mi  IT,  M  *nrcjr 

fm l  1  f^| 


*>-W  Vt 


where 


r>  ~  V  •  •  .  +»v.t%: 

. .«). 


',r  j-  (r=  I 


(4.3b) 

(4.5b) 

(4.37) 


From  equation  (4.35)  follows 


Tt  <  r/t*«  + 


te  i/  v 
P  fZl 


vt»  «(»> . 

w  sr  “s#  • 


(4.5b) 
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R9<I«V4' 


m 


where 

•  fm\ 

#-•  #-i  J 


during  condition 

i*yn**i-  •  •  .  +|#>,!'  1. 


Applying  formula  of  solution  of  linear,  first  order  differential 
considering  condition  r(tQ)  =  0,  because  of  inequality  (4.38)  we  will 


equation  and 
obtain 


(4.39) 


Put  since 

'«yl<  Vnrt 

(see  preceding  paragraph),  from  inequality  (4.39)  follows 


(4.40) 


Considering  j  =  1,  . n,  we  will  obtain  a  system  of  inequalities,  with  the 
help  of  which  it  is  possible  to  estimate  accuracy  of  approximate  solution  found  by 
formula  (4.20)  during  any  given  initial  conditions. 

Analogously,  it  is  possible  to  estimate  accuracy  of  approximate  presentation 
if  general  solution  (4.21). 

I xample:  For  equation 

f.‘C.  *>  —  2  (4.41) 


roots  n  during  t  3  0  are  different  and  have  the  form 

V=* 

Considering  interval  (0,  oo)  and  applying  first  canonical  expansion,  we  will 

'Main,  for  coel'fic ients  of  system  (2.43).  expression 


* 
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During 


(4.42) 

K* 

roots  of  equation  (2.45)  are  different  and  are  expressed  by  formula 

*$"— S’ 7  yi /" jjy-**’- 

Assuming  that  oscillation  are  considered  in  interval  of  time  for  which  condi¬ 
tion  (4.42)  is  executed,  we  will  find  coefficients  (i,  j  =  1,  2)  of  system 

(2.47),  obtained  as  a  result  of  second  cancnical  expansion  of  solution  of  equation 

(0.1). 

We  will  obtain 


i 


»  win 
“  4  a  ‘ 

1 

V  4t  ' 


where 

Applying  formula  (4.21)  during  i  =  2,  we  will  obtain  approximate  presentation 
of  solution  x(t)  in  the  form 


;(/)  =  r7|c,«xPJ  •"  j 


In  particular,  for  c  =  1,  v  =  1  this  formula  will  take  the  form 


('-  ,y?)  “n [t  V **'-»  -  y  “%7 it  -  c> 


(4.43) 


(4.44) 


As  is  known,  solution  of  equation  (4.41)  during  c  =  1  and  v  =  1  is  expressed 
through  Bessel  functions  and  for  initial  conditions  x(0)  =  1,  x(0)  =  0  has  the  form 
[35] 

41)..-. 


J»(0 


T  I  2  7\ 

-tt»" -lW‘ h 


(4.4 5) 


C.raph  ol  this  solution  for  interval  (0.10)  is  shown  in  Fig.  11.  Derivative  of  solu¬ 
tion  (4.45)  has  the  form  [35] 
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fig.  11.  Particular 
solution  of  equation 

x  +  tx  =  0, 


During  t  =  2,  according  to  formulas  (4.45)  and  (4.46),  we  have 

M  m  —0,015,  | 

.r-- 1,007,  | 


(4.47 


At  t  >  2  condition  (4.42)  is  executed  and,  consequently,  formula  (4.44)  of  approxl 
mate  presentation  is  applicable. 

Calculation  of  solution  by  formula  (4.44)  during  initial  conditions  (4.47) 
in  interval  (2.10)  showed  that  divergence  between  approximate  and  exact  solutions 
does  not  exceed  0.01.  Data  of  approximate  and  exact  calculations  are  given  in 

Table  5. 


Table  3. 

i 


X  approxi- 
mate 


x  approxi¬ 
mate 


x  approxi¬ 
mate 


2.0  |  2.25  2.5 

-0.015  -0.282j-0.5J0 
-0.015  -0.28oj-0.50r, | 

4.0  4.25  j  4.5 

0,220  0,182  |  0.018 

i  I 

0,219  0. 177  0,010 

i  l 

6,0  j  6,25  6.5  ! 

I  I _ I 

-0.582!  -fl,435! -0,123 
_ I _ I _ 

-0,575)  -0,42o*  -0.1  is! 


2.75  3.0  3,25  |  3.5  J  3,75 

-0,658  -0.G951  -0,603  -0,392  -0.096 
—0,051  -0,080  —0,591  —0,181  —0,091 

1  .  t 

4.75  5,0  5,25  !  5,5  I  5,75 


0,584  0,352  1  0,003  -0,271  -0,519 

l  I 


0,575  0,371  1  0,059  -0,272  -0,511 


6,75  |  7.0  j  7.25  j  7,5  |  7,75 

0,230  J  0,498  0,530  0,302  0,011 

|  ' 
0,235  0,492  0,541  |  0,154  O.rtH 


.1.0 
*  1 

8,25 

8.5  8.75 

9.00 

9,25 

9.5 

9,75 

-0.344 

-0.533 

-0,459-0,152 

0,233 

0,492 

0,480 

0,197 

-0,340 

-0,525 

-0,451  -0.147 

0,232 

0,486 

0.472 

0,194 
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§  3.  Weighted  Canonical  Components  and  Systems  of 
Equations  Which  They  Satisfy  “ 

Presented  in  §  1,  methods  of  construction  of  majorants  and  minorants  of  a 
particular  solution  of  an  equation  of  free  oscillations,  it  would  be  possible  to 
consider,  in  a  certain  measure,  complete  if,  during  application  to  equations  with 
constant  coefficients  in  any  stage  of  successive  approximations,  they  led  to  the 
determination  of  majorants  and  minorants  which  coincide  with  the  considered 
particular  solution.  Unfortunately,  the  presented  methods  do  not  possess  such  a 
property.  The  only  exceptions  are  such  cases  of  determination  of  majorants  and 
minorants  of  particular  solutions  of  equations  with  constant  coefficients,  in  which 
during  t  «  tQ  magnitude  r/r  takes  maximum  possible  value,  equal  to  one  of  the  real 
roots  of  the  characteristic  equation.  In  these  cases  certain  phase  coefficient 
is  numerically  equal  to  unity.  During  positive  f  majorant  of  first 
approximation  of  investigated  particular  solution  x(t),  built  by  first  method, 
coincides  with  solution;  analogously,  during  negative  coefficient  f^,  with  solution 
coincides  its  minorant  of  first  approximation  (with  the  same  method  of  construction). 

Shown  deficiency  of  considered  methods  may  be  removed  by  means  of  a  certain 
modification  of  them,  in  basis  of  which  are  placed  the  found  general  solution  of 
equation  of  oscillations. 

Let  us  assume  that  function  cjk-1)(t),  ...,  ^"^(t)  satisfies  conditions  of 
applicability  of  k-th  canonical  expansion  of  second  form,  and  we  will  introduce 
variables  Z^,  ...,  Zn, 

Z,  A  (i  --  I . «).  (4.48) 

where  under  x^  we  will  understand  either  approximate  solution  of  equation  of  oscilla¬ 
tions  of  form  (4.23)  (corresponding  to  formula  (4.20)  of  approximate  presentation 
of  general  solution  of  equation  of  oscillations]  or  approximate  solution  of  mentioned 
equation  of  the  form  (4.24)  [corresponding  to  formula  (4.21)  of  approximate  presen¬ 
tation  of  its  general  solution].  We  will  agree  to  call  new  variables  weighted 
canonical  components. 

In  formulas  (4.20),  (4,21),  (4,23),  and  (4.24)  there  is  not  shown  below  a 
limit  of  integration.  We  will  consider  that  it  is  the  moment  of  time  t(),  which  is 
the  beginning  of  that  Interval  in  which  the  process  is  considered. 

After  replacing  in  system  (2.48)  variables  ,  ...,  1 y  variot 1(  s  . 

Zn,  using  formula  (4.48),  we  will  obtain  system 
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(1.49) 


/-i 


l»  •  •  *i  w)i 


which  after  elementary  transformations  will  take  the  form 


/-i 


1,  •  •  • 


(4.50) 


If  functions  x^t)  (i  =1,  . ..,  n)  are  particular  solutions  of  equation  of 
oscillations,  then  all  coefficients  h^j  are  equal  to  zero  and  system  (4.50)  takes 

the  form 

4-0  (i-l . ii ) 

and,  consequently,  all  weighted  canonical  components  z i  are  constant. 

In  the  particular  case  when  approximate  solutions  of  equation  of  oscilla¬ 
tions  are  determined  by  formulas  (4.23),  system  (4.50)  takes  the  form 

4*=v*i;'z,exp  f  (;<»-'» (4.51) 

(i-l . n). 


Analogously,  formulas  (4,24)  of  approximate  solutions  lead  to  equations 


(4.52) 


Kxample :  In  example  considered  in  preceding  paragraph,  approximate  solutions 

x1(t)  and  x  ,(t)  of  equation 

0, 

arc  defined  by  formulas  (4.24)  during  1=2.  These  approximate  solutions  during 
the  limit  of  integration  ( tQ ) ,  assumed  below,  can  be  recorded  in  the  form 


f, 


-»a<0  - 


•  ’(/) 


**P 


l 


rjti" 


n 
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Formulas  of  connection  between  weighted  and  usual  canonical  components  (4.48) 


in  this  case  take  the  form 


***** 


•  (V  J 


0*55) 


In  accordance  with  formulas  for  coefficients  h|^,  h22^'  we 


But  since 


(&+ur)t  ». 

-f— '^fe+<4 


then  from  preceding  equality,  we  will  obtain 

*J  t"M  “*,l  “  ^  ~  • 

We  will  find  integral  of  this  magnitude: 


where 


1-w 


Considering 


we  will  obtain 


I-1"-.  77j  =  «. 


Applying  formula  for  calculation  of  last  integral  [56],  we  will  find 

J  %T*'  “7+j(yr“1  ~  -1  “  *  "c  t0*  1  +c)*: 

3r«T  h  *  .  „ 

■  — —  — — —  aic  cut  —  +  C|. 


Uniting  obtained  results,  we  will  come  to  equalities 

f 05" -t!” -t Ag* -*!;’) wi- .  JL,T<+ JL 

"  *  «/  »  +  2  »  +  2 


arc  cos  ^  +C|. 
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where 


2*o  .7 


Ci*~- - ~r  •  *  (tt) - — 

v4-  'J  '  *  i-r'J 


Let  us  note  that  magnitude 


is  imaginary  if  c  >  0  and  real  if  c  <  0, 

Because  of  found  dependence  and  (given  in  preceding  section)  formulas  for 
coefficients  hjj^  (i,  j  =  1,  2),  system  (4.51),  which  weighted  canonical  components 
(4.53)  satsify,  takes  the  form 


(4.54) 


'  -  <7  + V|' 

i 

/  u  .7  „  \ , 

Xexpl  -■  ;  I  +  — —  ircco* -- -■  C-fZ*, 

/  2f  .7  2/  «  * 

x,,p\",7+7*  ~7+7*,CC0*T'"c*/z,‘ 


§  4 .  Appraisals  of  Norm  and  Phase  Coefficients  of 
Particular  Solution  of  a  System  of 
Equations  Relative  to  Weighted- 
Canonical  Components 


System  of  equations  relative  to  weighted  canonical  components  belongs  to  class 


Indeed,  after  distributing  indices  with  respect  to  canonical  component  and 
(correspondingly)  with  respect  to  weighted  canonical  components  and  coefficients  of 
corresponding  system  of  equations  in  such  a  way  that  functions  c|k-1^(t),  C^"^)(t), 

n-2m^t)  are  real  and  factions  ^-2^+2^)’  ^n  “ 

complex  and  so  that  for  all  i  %  m  there  is  executed  condition 

.  7<»-li 

nti. 

wi  will  obtain  in  designations  of  §  8,  Chapter  III; 
a)  for  coefficients  of  system  (4.51) 

y r  ■'  1»  •  •  » i  ^)i 

\  )  for  coefficients  of  system  (4.52) 

hi?  exp  I  c!*-" + *’;/  -  «•-“  -  *(r.')  * 

(i.j-  I . «;  i  fJ) 


mmsmmmm hrmmh 


and 


«u-0  if  —  I . «). 

Coefficients  a^j  in  the  first  case  satisfy  the  condition  given  in  the  deter¬ 
mination  in  the  shown  paragraph,  since  this  condition  is  satisfied  by  coefficients 
h^  (see  §  1  of  this  chapter),  and  multiplication  of  these  coefficients  by  shown 
exponents  does  not  disturb  it.  Coefficients  a^  in  the  second  case  satisfy  the 
mentioned  condition  since  they  are  zero;  coefficients  a^j  (i  /  j)  satisfy  given 
condition  since  this  takes  place  for  coefficients  h^  and  thus,  as  in  the  first 
case,  condition  is  not  disturbed  during  multiplication  by  corresponding  exponents. 

We  will  designate  by  symbol  R  nom  of  solution  of  system  (4.50),  by  symbols 
E^,  ...»  En  its  phase  coefficients,  and  by  symbols  F^,  ...,  Fn  magnitudes  connected 
with  magnitudes  E^,  ...,  En  by  conditions 


E^F,  (/—  1 . a— 2m). 


E,- 


F/*m  —  yy  ( F, —  iFj+m) 


7j{Fj  +  iF,.m). 


Ijt-  H- 2m  {  I,  rt-2m  +  2, 


,  n  —  m) 


(4.55) 


Since  system  of  equations  (4.50)  belongs  to  class  K,  in  the  case  of  real 
Initial  values  ^  to  it  may  be  applied  method  of  construction  of  majorants  and 
minorants  of  norm  of  solution  and  functions  F^(t),  ...,  F  (t)  (which,  with  such 
initial  conditions,  are  real),  presented  in  §§  7>  9,  10,  and  11  of  the  precedin'1- 
chapter.  Since  according  to  definition  of  weighted  canonical  components  [see  formula 
(4.48)] 


Ef  (f§) 

«-» . «>•  (4.50) 

between  magnitudes  R(tQ)  and  r(tQ),  F^(tQ)  ana  f^(tQ)  (i  =  1,  . . . ,  n)  there 
occurs  connection 

=  rig.  F,  (/,)  =  /,(/,» 

<<-l . nt.  (4.57) 

If  one  were  to  designate  by  symbol  minimum  characteristic  number,  and  by 
symbol  M  is  maximum  characteristic  number  of  matrix,  built  by  coefficients  of 
system  (4.50)  as  in  §  7  of  the  preceding  chapter  there  was  constructed  matrix 

IIS* 

ii  ■-*  ii,- 
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A  •> 

^'TN 


then  for  simplest  particular  case  —  majorants  and  minorants  of  first  approximation 
of  norm  R(t)  we  will  obtain  formulas 


M«J,  /?(/)«  r  (/,)  exp  f  M„  dt. 


Mlnj/?(/)—r(/,)e.\p  ^  Mtdi. 

i 


(4.58) 


In  particular,  determining  approximate  solution  x(t)  by  formula  (4.21),  for 
case  n  =  2  according  to  formulas  (4.58)  we  will  find 

M«J, /?(/)« 


’  <'*)  CM»  y  J  |  *!?'  exp  j  (Cl*-'  •  *<*•  -  C;*  -  "  -  _j. 


+a  'cvp  ( (;■»-•* -*;*■)*  dt. 

Min,  Af(t)*= 

-M/#>expl_  1  f  "■«  *•*■-:•* 


o*+ 


+  A/'c.xp  j* (Tj*  "  +  dt  |. 


(4.59) 


where  k  is  number  of  considered  canonical  expansion  of  solution  x(t).  If  functions 
f,^(t)  and  ^p(t)  are  real,  then  formulas  (4.59)  takes  the  form 


w«p  jj  |*!i'  «p  |  GT” + -*!»»)  d-. . 

+  A'f'exp  j <C{*  "  +  A! •» — —  A « *' ) rfx| <//. 

Min ,/?(/)« 


>r(gnp  -y 


J  A|»'exp|  i/t  + 

+ exp  j + *!»'  -  q*-»  -  dt  J. 


(4.60) 


and  If  they  are  complex,  then 


MiJ,  R(t)*=  r(/,)p.\p  ( |A'*'  dt, 
U 


Min, /?(/) -»•(/,)  exp 


(-M 


(4.61) 


Kxamnlt .  In  the  preceding  paragraph,  as  a  result  of  second  canonical  expansion 
of  soluti  n  of  equation  (4. ill),  there  was  obtained  a  system  of  equations  relative 
to  wt  i  hud  canonical  components  (4.54).  Vie  will  define  majorants  and  minorants  of 


* 
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first  approximation  of  the  norm  of  its  solution  R(t). 
We  will  be  limited  by  case  (4.42),  assuming 


«>o. 


(4.42a) 


Since  during  condition  (4.42a)  functions  ^^(t)  and  C^)(t;  are  complex,  then  for 
determination  of  unknown  magnitudes  in  arbitrary  interval  (tQ,  t^)  where  tQ  satisfies 
condition  (4.42a)  and  t^  is  any  fixed  moment  of  time  following  moment  tQ,  it  is 
possible  to  apply  formula  (4.61). 

We  have  (see  preceding  paragraph) 

■Mff— ir+£.  (T+»)r,',• 


Consequently, 


i 

-  /(/,)•  »pj  /(lie  iJ7 + jiS  knf4t  » 

i 

(m/Te+d  j  «)• 

Mh|«  (0  -  r  «.)* ip  |-j[  /(fee  ft,,)*  +  (|m  *„)»  «  j  - 


(4.62) 


As  a  numerical  example  we  will  calculate  function 


for  case 


Mjj|  ff(<)  and  Min,  /?(/) 


**l.  •  -  V-l.  #t-*.  I.  i  (<,)•-.  0. 


By  formulas  given  in  §  2,  functions  ^^(t)  and  cl^(t)  we  will  obtain  in 


the  form 


On  the  basis  of  system  (2,44),  canonical  components  z^(t)  and  z2(t)  are 
connected  with  functions  x(t)  and  x(t)  by  dependence 

i— ] 
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w  •  •ww".  i  a'»  a*«a 


ja& 


Using  expression  found  above  for  functions  ^(t)  and  C,2(t)  and  given  initial 
values  of  magnitudes  x  and  x,  we  will  obtain 


Hence 

/v 

Further  at  v  =  2,  c  =  1,  we  will  find 

/ij  M  l 

ic#« — 4 


Now,  when  all  magnitudes  in  the  right  sides  of  equalities  (4.62)  are  determined 
It  is  possible  to  calculate  functions  MaJ1R(t)  and  Min1R(t).  For  considered  values 
v  and  c  after  integration  formulas  (4,62)  take  the  form 


O+LUMf-A-) 


1  4 

+»•){' 


Results  of  calculation  are  presented  in  Table  4, 


Table  4. 


t 

|  1.0 

|  I.®  | 

1.4 

>i 

2.0 

1  I 

1  0  •>  04, 

1  •••  1 

1  1 

2.0  | 

|  O.Sloj 

■  O.vJ 

l  1 

o.oiJ 

I 

•I.OKl' 

I 

l.ow 

1 

I.0J9  1.017,  l.«9i 

;  1 

,  I.05S1 
1  1 

Mm,  n 

|  ».-■«! 

1 

0,79» 

1 

0,70.*'  0,ti7:' 

1 

ll.lifill 

1 

I  1  1 

O.fiW-  0,01.*  0.017 

1 

0,091 

i 

O.O.V. 

1 

!  3-°i 

3,.>| 

1 

3.4, 

1 

3,0  1 

I 

4.0 

!  4,.'  I  4,4 

l 

4,0  ! 

1 

4.8 

M»|,  R 

I.OTlij 

1 .07.*' 

I 

1 ,07» 

1 

1,IMI 

1 

I.IH3j 

l,0H| 

1  .ox'.  1.0*8 

1  1  1 

i.onol 

1 

UNO 

Min(  A 

0,021 

1 

O.fiJl' 

t 

1 

0,0|. -J 

1 

o.oit 

0.014 

1  I 

0,011  0,011 

1  i 

n#«ii 

i 

0.011 

1 

.7.0  1 

i 

•V2  | 

■VI 

.  i 

.-l.fi 

1 

fi,H  1 

1 

0.0 

1  1 

fi.J  6.4  1 

'  ! 

0.0  j 

Maj,  ft 

I  1 

1  1  .«!«»• 

I.OUoj 

1  .oil 

I.OO.t 

1 .0!>.' 

1 ,0!M 

|  ! 

1.004  l.lliHi 

l  ' 

1  .IBs! 

1,0*11 

Min,  R 

0,0|  | 

1 

n.MI 

“l 

0,010 

o.oio 

O.Olo' 

0,010 

1  ! 
O.OIO  0,000 
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1 

*  7.0 

1 

*  7.2 

.  *  i 

7.1 

!  7.6 

l 

|  7,8 

i 

M,U 

1 

MtJ,  K 

l.nw 

1,100  * 

I.UW 

l.ion 

| 

1,100 

l.im 

.mi«,  a 

o,«r» 

0,605  1 

o.onti 

i  . 

O.fiOfi 

o,6nr,  1 

i 

o.Hur. 

§  5.  Deflnitlzed  Majorants  and  Mlnorants  of  Real  Particular 
Solution  of  an  Equation  of  Oscillations 

If  appraisals  for  norm  and  phase  coefficients  of  solution  of  a  system  of 

equations  relative  to  weighted  canonical  components  are  found,  then  there  can  be 

built  a  corresponding  pair  of  majorants  and  mlnorants  of  real  particular  solution 

of  equation  of  oscillations  (0.1). 

Because  of  equations  (4.48),  solution  of  equation  (0.1)  Is  connected  with 
weighted  canonical  components  Z1(t),  . ..,  Zn(t)  by  dependence 

x  V  Z ,  (t).  (4.6?) 

1-7  C‘ 

If  approximate  solutions  x^(t)  (i  =1,  ...,  n)  are  determined  by  formulas  (4.23) 
then  this  dependence  has  the  form 

.r(0  =  Vz.(/)CXp[;;*  '(»)<//;  (4.64) 

i- i  i, 

during  determination  of  approximate  solutions  x^t)  by  formulas  (4.24)  this  dope  nd<  n 
takes  the  form 

*</)«  Vz^exp  (<:;*-'• (4.65) 

n  i. 

Let  us  assume  that  there  are  known  (corresponding  to  the  considered,  real, 
particular  solution  of  equation  (0.1))  majorants  and  mlnorants  of  l-th  approximation 
of  function  F^(t),  ...,  F n( t )  and  majorant  and  mlnorant  of  p-th  approximation  of 
function  R(t,).  Let  us  consider  two  methods  of  determination,  by  these  data,  of 
majorant  and  minorant  of  mentioned  solution. 

1.  Fquation  (4.63)  it  is  possible  to  present  in  the  form 


x4(t) 

Let  us  note  that  magnitudes  -  and  E.(t)  (i  1,  n)  are  real  if  i  s  n  - 

-  2m,  and  are  complex  if  i  >  n  -  2m;  in  the  latter  case  magnitudes  x^/C^  and 
*‘+n/Ci+m’  and  Ei+m  are  conjugate.  After  crossing  from  magnitudes  (i  =1, 
n)  to  magnitudes  by  formulas  (4.55)  and  presenting  magnitudes  during 

n-2m<i  Sn-min  the  form 

i-Reit-H'-ih,*.  (4.67) 

C|  Ci  t, 

(i~  H  —  2m+ 1 .  n  —  m), 

I  ecause  of  equality  (4,66)  we  will  obtain 


2  Re^,+ 

\  Ul  a-l*+l 

2 

*■•-?«+ 1  / 


nsidering  inequality 


(4.68) 


I, . .  •  #  a), 

Mln#  R  (/)  </?(<)<  M«J,  R  (/), 

i  quality 


and  equality  (4.68),  one  can  determine  majorants  and  minorants  of  function  x(t): 


MaJ .«(/)  — max /Min,  ftmax  V  X..F, 

\  i  wi- 1 

MaJ,/?mix  V  XtFt ) 

fi1,  J 

Km,  ?<?<*!![? 

Min  x  (0  min  /  Min.  /?min  V  XJF. 

\  wm.  j“ 

mi»| 

% 

MaJ.#mln 

Jtt  / 


(4.69) 


Ik  r< 
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-J 


Min,F  s  F  s  Maj.F  —  in  abbreviated  recording  system  of  inequalities 

L  t 

(<— 1 . •); 


><(0- 


-  —  when  /<«  —  2m. 

C| 

= l/2  Re  —  when  K  —  2  «<<<*-■», 
w 

—  (m  ~  —  When  »-*</<». 


2.  From  equations  (4.8)  and  (4.48)  follows 


u-i 


-«2 


*0*1 


U-l 


(4.70) 


Crossing  from  magnitude  E,  (1=1,  . ..,  n)  to  magnitudes  F,  by  formulas  (4.55), 
x<  ( t) 

presenting  magnitude  — * -  in  the  form  of  sums  (4.67)  and  in  the  form  of  analogous 

°i 

sums  of  magnitude 

£«<»-'%+*«*»)  (<— 1 . a). 


/-i 


because  of  equality  (4.70)  we  will  obtain 


(4.  n) 


where 


-  ~  2  w~'%  +  */?’)  - -»•*  i<»- 2«. 

*  J»l 


-I  2 


R*c  *  1! 

*  *»•  . 


-Im  *-lm  ^  +  *;»')  —  when  II  -  2«<i<*  -  «. 

1  /«»  J 

- 1^2  Rc  J-lm  -;CJ*  '%  *;•»)  + 

l  *  y=i 

♦  ,m  ^  *  2  ««•'%+ *}?')  I  -  «-«<<  <*• 

*  /-'  J 
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Designating  magnitude 


found  during  conditions 


t 

symbol  Xj 


and  magnitude 


(4.71)  we  will  obtain 


min  ^  Qf,. 
■  -1 


Min/^  £  F,  <  MaJ,  F,. 


1*1 


KU)/AO  <* <<)<  si  U)  /?(')• 


(4.72) 


(4.73) 


Estimating  function  R(t)  by  minorant  and  majorant  of  the  p-th  approximation, 
we  will  obtain  the  following  formulas  for  minorant  and  majorant  of  function  x(t): 


Min  x  (/)  =  .v  (/„)  •  I  ir,in|/j  (*)  Min(l  //(t), 
.  *• 

z)(*>MaJ,//(?)|«/T: 

I 

MaJ  *(/)«=  .*(/„>  ;  J  max  [;J  (-.)  Min,  Af (t). 
jj(x)  MaJ,//(t)|</t. 


(4.74) 


Minorant  and  majorant  appraisals  (4.69)  and  (4.74)  possess  the  following 
interesting  property:  they  coincide  with  solution  x(t)  if  approximate  particular 
s  lutions  x.(t)  (j  =1,  ....  n)  are  exact  particular  solutions  of  equation  (0.1). 

Really,  if  shown  condition  is  executed,  then  system  of  equations  relative  to 
weighted  canonical  components  has  the  form  (4.50).  With  this, 

Min,//-  //«=  MaJ;,//. 

Min  I F,~  MaJ,  F,  j/=l .  «) 

during  any  l,  pel.  The  validity  of  the  expressed  affirmation  in  the  case  of 
formulas  (4.69)  is  evident.  In  the  case  of  formulas  (4.74)  it  is  necessary, 
preliminarily,  to  clarify  relationship  between  functions  Xt(t)  and  ^(t).  Due  to 

he  Last  equalities  X^(t)  =  |'(t).  Considering  this,  by  formulas  (4.74)  we  will  find 

Mlnjc(/)-  MaJ .»(/). 

ience  is  evident  the  validity  of  +he  expressed  affirmation  in  this  case. 

because  of  the  considered  property  f  (fixed  in  given  paragraph)  majorants  and 
mill'  rants  during  equal  conditions  of  determination  (for  the  same  numbers  l  and  m). 
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they,  as  a  rule,  are  more  exact  than  majorants  and  mlnorants  of  particular  solu'  i  ns 
delivered  by  appraisals  fixed  in  §  1. 

Equalities  (4.69)  and  (4.74)  determine  two  new  classes  of  majorants  and 
mlnorants  of  particular  solution  of  an  equation  of  oscillations.  Considering 
majorants  and  mlnorants  of  functions  Fi(t)  of  zero  (MajF^  =  1,  MinF'^  =  -1), 
first,  second,  ....  l-th  approximation  and  majorants  and  mlnorants  of  function  R(t) 
of  first,  second,  ...»  m-th  approximation,  considering  m  =  l  or  m  =  1  +  1  and 
Increasing  l,  we  will  obtain,  on  the  basis  of  each  of  the  shown  systems  of  equalities 
sequences  of  majorants  and  mlnorants.  These  sequences  converge  to  solution  at 
l  —  00. 

Example :  We  will  construct  majorants  and  mlnorants  of  particular  solution  of 
equation 


M+a r  . 0  (4.75) 

in  interval  (1.8)  during  initial  conditions 

We  will  be  limited  by  majorants  and  mlnorants  of  first  approximation,  using  results, 

Introduced  in  preceding  paragraph,  of  calculations  of  functions  Min^R(t)  and  Maj^K(t). 

Relative  to  functions  F^(t)  (1=1,  ...,  n)  we  will  assume  that  they  can  take 

arbitrary  values  in  section  [-1,  1],  in  other  words,  we  will  consider  l  =  0. 

Approximate  solutions  x^  ^(t)  we  will  determine  by  formulas 

%  __  1 ' 

I 

which,  because  of  calculations  introduced  in  §§  2  and  5,  fake  the  form1 


i:<° " ~i  (‘  \  • 


where 


For  calculatl>n  of  majorants  and  mlnorants  of  the  considered  solution  by  th< 
first  method,  we  will  define,  preliminarily,  function  X^( t)  and  Xp(t).  Ace  rding 


1Thls  formula  follows  from  formulas  obtained  in  §  5  for  Integral 

1  cf C +*;.••• 

if  one  were  to  assume  c  =  1,  v  =  2  and  to  consider  that 


(see  §  2). 
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to  the  formula  for  these  magnitudes,  given  in  explanations  to  formulas  (4.69) » 
and  obtained  expression  for  solutions  X^t)  and  X  (t),  we  will  find 

w  -  [iw?  1  ‘ t0*  T  (»qjr=T  + 4,c  CMi-  t)- 

*»«-/*  [UjfJ"  »«"  7  (/«»«  - »  +  art  eo.  /S’-  y). 

Formulas  (4.69)  for  m  1  and  1=0  take  the  form 

Maj*(0-  H?I  MaJ,*. 

Mia  «(<)«* -it  5|!  M»j, H, 

where 

Applying  these  formulas  to  the  considered  example  and  using  the  above  formula 
for  functions  X^(t)  and  X?(t),  we  will  obtain 

rimr/.  (i,-76) 

Ml.x«)--/2  |j~~|  Maj,  R. 

Hr  silts  of  calculation  of  function  MaJ1R(t)  are  given  in  preceding  paragraph.  Using 
their,  ly  formulas  (^.76)  we  will  find  majorant  and  minorant  of  function  x(t). 

Hesults  of  calculation  are  given  in  Table  5. 


Table  5. 

I 

1.0 

1.2 

1,4  j 

1.6 

1.8  | 

2.0  j  5,2 

2.4 

2.6 

2.8 

Min  * 

-1.14 

-ui 

-1.08 

-i.wj 

till 
-1 ,00-0,96  -0,91  -0,90-0.87 

l'l| 

-0.41 

Mat  * 

1.14 

i.ii 

1.08 

1 .04 

1,00 

0.96  ;  0,93  J  0,90 

1  1 

1 

0,87  j  0.44 

1 

3.0 

3.2 

3.4 

ul 

3.8 

4.0  J 

4.2 

4.4 

4.6 

4.4 

Mina 

—0,82 

-0,79 

-0.77 

-0,75 

-0,73 

-0.72! 

1 

-0,70 

-0,68 

-0,67 

-0.66 

MaJjr 

0,82 

0.79 

0.77 

0.75 

0.73  | 

0,72  1  0,70 

!  1 

0.6* 

0,67 

0.66 

l 

5.0 

3.2 

3.4 

3.8 

3,8 

1 6,0 

6.2 

6.4 

6.6 

j  6.8 

Mm  s 

-0.61 

-o.w 

-  .82 

-0,61 

— O.GO 

J— 0.59 

-0,58 

-0.57 

-0,56 

|— 0,56 

Ma]  x 

0.64 

0.61 

0.62 

0,61 

0,60 

|  0,59 

0,58 

0,57 

0.56 

0.56 
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(Table  5  Cont'd) 


t 

7.0 

7.2 

7.4 

7.6 

7.6 

8,0 

Mia  m 

—0,55 

-0.54 

-0,53 

-0.53 

-0,52 

—0,51 

MiJjt 

0.55 

0,54 

j 

0.53 

0.52 

0,51 

For  determination  of  rcajorants  and  mlnorants  of  solution  by  the  second  method 
it  is  necessary,  preliminarily,  to  calculate  functions  Xq(^)  and  Since  in 

I  ! 

the  determination  of  these  functions  participate  magnitudes  Q^(t)  and  Q2(t),  we 
will  define,  first  of  all,  the  last  ones.  By  the  formulas  given  in  explanations 
to  formulas  (4.71),  for  the  considered  example  we  will  obtain 


Qi-— -.-l  «•« 
3+4«« 


/4f«  —  I  -f  ire  CM  Jr  —  /if—  — 

3 


/iJTZT+.rceo.  i 


fla  - 


an 


•(0. 


n-  /ff  J  +  *** 

Q,mm  h 


/£*  — 1  +  irccot 


tot  ■ 


— tla 


+  arc  cm  ±  -  /5-  — 


Lfer- 


(4.77) 


Conditions  (4.72)  in  this  case  take  the  form 

Under  this  condition  minimum  of  magnitude  Q^F^  +  Q2F2  is  eclual  to  magnitude 

and  maximum  is  magnitude 

Consequently 

ywi*+(«ir. 

«i-K(W+W- 

Using  formula  (4,77).  we  will  find 


Calculating  functions  (,(t) 
functions  Min  x(t)  and  Maj 
for  sect!  n  [1.5]  are  given 


-  1  /  I  +  <**  +  'ft1 1 M 1  >  I 
*•”  t  y  u*  i  IkoI  * 

and  xQ(t),  by  formulas  (4.74), 

x(t)  (assuming  l  0,  m  1). 

in  Table  6. 


(4.78) 


we  will  cal  :ulo l  > 
Results  of  calculatl  n 
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Table  6 


f 

1  l.« 

1.4 

l  | 

l.«  1  1.8 

1  l 

;  2.« 

i 

;  ^ 
i  i 

hsi 

2.8 

3.0 

Minx 

|  1.00 

0,02 

|-©.4oj-0.82 

1  I-  •  '! 

; 

|-,.24| 

i  i 

i.tiH1— 2.12 

1  1-1 

—2.38 

j— 3,05 

-3.54 

MaJ  jt> 

!  1.00 

'  ...v.  | 

1.98 

|  2.40;  2.82 

3.24 

1 

3.68  j  4.12 

4.38 

3,05 

3,54 

1 

3.2 

3.4  j  3.6  !  3.8  j  4.0  ^  4.2  4.4  [  4.6  |  4,8  '  5.0 

Min  < 

—  4.05j 

t  1  !  i  '  1  1 

|—4.58j— 5,12 -6.23-6.S2  -*.42  -8.04  -8,6Gj-9,2l 

Mljx  ( 

6.05  j 

1  1  I  | 

5.58  !  M2  6.66  ■  7.23  1  7.82  k.I2  i  9.04  9,0.  :  10,23 

1  1  I  1  ill 

Graphs  of  minorants  and  majorants  of  considered  solution  of  equation  (4.75), 
calculated  by  first  and  second  methods,  are  depicted  on  Fig.  12.  In  the  same  place 
are  graphs  of  solution  found  by  numerical  integration. 


particular  solution  of  equation 
x  +  t‘  x  =  0. 


STABILITY  OF  OSCILLATIONS 


§  1.  Ideas  of  Stability  and  Instability  of  Oscillations 
A.  M.  Lyapunov  [6]  investigated  certain  properties  of  dynamic  systems,  the 
motion  o,  which  obeys  system  of  differential  equations  (i.5) 

xi "  . ■*«>  0  (i  *=  I , . . , ,  n),  ( 5  •  i ) 

on  the  assumption  that  variables  x^,  xn,  determining  state  of  system,  remain 

real  for  any  real  states  of  system,  and  functions  X^(x^,  xn,  t),  Xn(x.j, 

...»  x^,  t)  are  determined  during  all  values  x^,  x^  belonging  to  certain  reglui 

(I,  during  all  values  of  t  belonging  to  half-open  interval  [0,  co],  and  are  contlnu  no 
in  shown  region  of  variation  of  arguments  with  respect  to  varial les  x^ ,  x  . 

Interesting  A.  M.  Lyapunov,  the  properties  of  considered  systems  were  included 
In  the  stability  of  their  undisturbed  motion. 

Under  undisturbed  motion  of  system,  A.  M.  Lyapunov  understood  one  of  Its  possii 
motions,  represented  by  selected  particular  solution  of  system  of  equations  (5.1) 

*,-/(').  *a -/»<<> . W.(0 

and  definite  for  any  t  tQ,  where  t^  is  given  moment  of  time. 

Ideas  of  stability  of  undisturbed  motion  A.  M.  Lyapunov  connected  with 
properties  of  disturbed  motion,  understanding  by  this  any  other  motion  obeying  'lie 
same  system  of  differential  equations  considered  from  the  same  moment  of  time  t. 
tut  differing  from  undisturbed. 

Obviously,  with  this  definition  of  the  ideas  of  undisturbed  and  disturbed 
motions,  they  can  only  be  distinguished  because  f  initial  values  f  variatles 
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We  will  designate  initial  values  of  shown  magnitudes  in  undisturbed  motion  by 

symbols 

/ivr . /i\ 

initial  values  of  the  same  magnitudes  in  disturbed  motion  by  symDols 

*r*.  . 

Differences 

(i— 1.2. n) 

are  called  initial  disturbances. 

The  idea  of  stability  of  undisturbed  motion  A.  M.  Lyapunov  determined  with 
respect  to  magnitudes 

Qi.  Qi . Qk 

being  given  functions  of  variables  x^,  xn,  ....  x^. 

Undisturbed  motion  is  stable  with  respect  to  magnitudes  Q2#  ....  Qp  if, 
assigning  arbitrary  positive  numbers  L^,  L^,  ....  Lp,  we  can  determine  during  any 
L  j  (I  =  1 ,  2 ,  ....  p ) ,  however  small  they  may  be,  such  positive  numbers 


£|l  £>|  .  .  ..  fn 

so  that  during  any  real  values  of  magnitudes 

•i*  't.  •  •  •• 

sat isfying  conditions 

(*=1.2 . «). 

am  a_t  any  t  exceed lng  tQ,  there  is  executed  inequality 

win  n  q|0’,  ....  1  are  values  of  magnitudes  Q^,  Q^,  in  undisturbed 

m  tl  tn;  if  shown  condition  is  not  executed,  undisturbed  motion  is  unstable  with 
respect  to  magnitudes  ,  Q2,  Qp. 

As  follows  from  the  definition,  the  idea  of  stability  of  undisturbed  motion  with 
respect  to  magnitudes  ,  Q?,  . ..,  Qp  is  connected  with  the  properties  of  these 
ma  nlt.udes  as  functions  of  t,  in  which  the;,  are  transformed  during  presentation  of 

magnitudes  x^ ,  x . x  by  functions  of  t,  satisfying  system  of  differential 

equations  (.5.1)  and  having  initial  values  sufficiently  close  to  initial  values  taken 
iy  these  variables  in  undisturied  motion.  V/ith  this,  motion  may  be  stalle  with 
resin  ■'  ’  >  n<  system  f  magnitudes  Q^,  Q„,  ....  Qp  i  ut  unstable  with  respect  to 
an  tin  r. 
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In  this  work  we  will  study  stability  of  undisturbed  motion  of  linear  dynamics 
systems  whose  law  of  motion  is  expressed  by  equations  (1.10) 

(/-I . n).  (5.2) 

As  undisturbed  motion  we  will  consider  any  state  of  rest  of  system 


jr4  —  0  (im  | . a). 

We  will  study  stability  of  this  state  with  respect  to  magnitude  or,  which  is 
equivalent,  with  respect  to  its  deviation  from  value  in  state  of  rest  Ax., .  Equation 
of  free  oscillations  (0.1)  we  will  consider  recorded  relative  to  last  magnitude, 
taking,  thus,  designation  Ax^  =  x. 

Obviously,  any  solution  of  system  (5.2),  presenting  state  of  rest  of  investigated 
dynamic  system,  corresponds  to  zero  solution  of  equation  (0.1): 

x=0. 


We  will  assume  in  above-mentioned  definition  of  the  idea  of  stability,  given 
by  A.  M.  Lyapunov,  p  =  1  and  Q  =  Ax^  =  x,  and  we  will  assume  that  between  systems 
of  initial  values  of  variables  x^,  ...,  xn,  determining  particular  solutions  of 


system  (5.1),  and  systems  of  initial  values  of  magnitudes  x, 


dn_1x 


dt 


n^T' 


there 


exists  a  mutual-simple  dependence,  where  system  of  limited  values  of  some  magnitudes 
corresponds  to  the  system  of  limited  values  of  other  magnitudes.  Then  the  definition 
of  the  idea  of  stability  of  undisturbed  motion  with  respect  to  magnitude  x  it  Is 
possible  to  give  the  following  form. 

Definition.  Undisturbed  motion,  presented  by  zero  solution  of  equation  (0,1), 
is  stable  with  respect  to  magnitude  x  if,  assigning  arbitrarily  positive  number  L. 
we  can  determine  during  any  L,  however  small  it  may  be,  such  positive  numbers  K  , 

dx  dn_^y 

K^,  ...,  En_^,  so  that  during  any  initial  values  of  magnitudes  x,  . — ppj-, 

dt 

satisfying  conditions 


*(4),<£0. 


'  l*.' 

I  41  \l-l. 


<£, 


4*  '*  ! 
,  41"  1 


(5.5) 


ard  during  any  exceeding  tQ»  there  is  executed  Inequality 

UKi, 

if  shown  condition  is  not  executed,  undisturbed  motion  is  unstable  with  respect  to 
magnitude  x. 

in  this  definition,  system  of  numbers  t’^,  E^,  ...,  E  ^  it.  is  possible  to 
replace  ly  one  number  E,  and  inequality  (5.5)  by  inequalities 
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i  >il  ii 


<£. 


(5.4) 


Tliis  definition  does  not  connect  the  property  of  stability  of  undisturbed 
motion  with  the  requirement  of  obligatory  approach  of  disturbed  motions  to 
undisturbed  during  t  -*■ 

Let  us  assume  that  undisturbed  motion  is  stable  with  respect  to  magnitude  x 
and  numbers  EQ,  ....  L  ^  in  inequalities  (5*3)  or  number  E  in  inequalities 

(5.4)  are  determined.  Then  two  cases  are  possible: 

a)  for  all  solutions  x(t)  emanating  from  region  of  initial  values  of  variables 
x  and  its  derivatives,  determined  by  inequalities  (5.3)  or  (5.4),  there  is  executed 
condition 

lim|jr|»0. 

i— 


b)  there  exist  solutions  x(t)  emanating  from  shown  region,  for  which  this 
condition  is  not  executed. 

If  first  case  takes  place,  then,  according  to  determination  of  Lyapunov,  [6] 
undisturbed  motion  we  will  call  asymptotically  stable  with  respect  to  magnitude  x. 

With  respect  to  property  of  solutions  of  linear  differential  equations,  the 
lifference  of  solutions  of  equation  (0.1)  also  is  its  solution.  Therefore, 
considering  arbitrary,  non-zero,  particular  solution  of  equation  (0.1)  x^°^(t)  and 
•irrying  out  in  inequalities  (5-3)  and  (5.4)  substitutions 


*=*'-*""  ±0--** if!!!.  rf*1*  „  «*-'*•  _ 

dl  il  it  . V<"-'  dt*-* 

where  x'(t)  is  a  certain  new  solution  of  equation  (0.1),  because  of  this  property 
ana  given  definition  we  will  find  that  if  state  of  rest  is  stable,  asymptotically 
sta)  le  or  unstable  with  respect  to  magnitude  x,  then,  correspondingly,  undisturbed 
m  !  i.  n,  presented  by  arbitrary  particular  solution  of  equation  of  free  oscillations, 
i  :■  slalle,  asymptotically  stable,  or  unstable  with  respect  to  this  magnitude. 

The  shown  relationsh  iP  between  properties  of  the  state  of  rest  and  arbitrary 
undisturbed  motion  allows  us  not  to  connect  the  idea  of  stability,  asymptotic 
stal  ility,  and  instability  of  undisturbed  motion  with  respect  to  magnitude  x  with 
any  specific  undisturbed  motion,  inserting  in  the  idea  of  undisturbed  motion  the 
meaning,  of  an  arbitrary  process  of  free  oscillations  of  a  studied  system  which  may 
be.  In  particular,  also  a  state  of  rest.  Introducing.  logically,  the  terminological 
simplifications  following  from  this  and  omitting  the  phrase  "with  respect  to  magni¬ 
tude  x."  stal  Ility,  and  Instability  of  undisturbed  motion  with  respect  to  magnitude 
x  wo  will  sul  sequently  call,  correspondingly ,  stal  ility,  asymptotic  stal  ility,  and 
ins  tai  lli'.v  of  oscillations. 


-I4j- 


Formulated  above,  the  definitions  of  ideas  of  stability,  instability,  and 
asymptotic  stability  of  a  state  of  rest  it  is  possible  to  simplify,  using  the 
following  properties  of  solutions  of  linear,  differential  equation  (0.1):  for 
arbitrary  positive  L  it  is  possible  to  select  such  positive  E  that  from  inequalities 
(5.4)  will  follow  inequality 

UK* 

in  that  case  and  only  in  that  case  when  all  particular  solutions  of  equation  (0.1) 
emanating  from  arbitrary  final  n-dimensional  region  of  beginning  values  of  magnitudes 


x,  ...,  -  n_^»  are  limited.  Leaning  on  this  property  of  solutions  of  equation 

dt 

(0.1)  and  replacing  (in  the  mentioned-above  definitions)  state  of  rest  by  arbitrary 
process  of  oscillations,  we  will  come  to  the  following  definition. 

Definition.  Oscillations  presented  by  an  arbitrary  particular  solution  of 
equation  (0.1)  are  stable  with  respect  to  magnitude  x  if  all  particular  solutions 
of  this  equation,  emanating  from  limited  n-dlmensional  region  of  initial  values  of 


dx 

x’  3T*  ••• 


dn-1x 

,  — r-r.  are  limited,  and  they  are  unstable  if  among  such  particular 
dtn-x 


solutions  there  exists  an  unlimited  solution;  oscillations  are  asymptotically  stable 
if  for  all  shown  solutions 


llm|jr(t)|=0. 

Subsequently,  operating  by  equation  of  free  oscillations,  we  will  everywhere 
assume  that  its  coefficients  are  determined  in  considered  half-open  Interval  which 
may  be  either  interval  (0,  co)  or  its  unlimited,  on  the  right,  part,  and  they  possess 
properties  which  were  mentioned  in  §  4,  Chapter  I,  are  continuous  in  this  interval 
and  are  differentiable  in  corresponding  open  interval.  All  the  al ove-ment ioncd 
definitions  of  this  paragraph  we  will  consider  valid  for  free  oscillations  whose 
coefficients  of  equations  possess  the  properties  shown  here. 


§  ?.  Sufficient  Conditions  of  Stability,  Based  on 
Properties  of  Canonical  Components 

Let  us  assume  that  coefficients  of  equation  (0.1)  are  such  that  in  certain 
interval  (1q,  ou)  it  is  possible  to  apply  some  canonical  expansion.  Then  tin  study 
of  stability  of  oscillations  it  is  possible  to  connect  with  the  study  of  fund  ions 
S(t)  (see  §  7,  Chapter  III),  built  on  coefficients  of  system  of  equat  i  ns  relative 
to  canonical  components  of  solution  in  the  considered  expansion. 
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Because  of  determination  of  function  S(t)  and  inequalities  (4.7)  arbitrary 
particular  solution  of  equation  (0.1)  satisfies  inequality 


(5.5) 


Due  to  this  inequality  for  stability  of  oscillations  it  is  sufficient  that  during 
r,  /  0  function  S(t)  be  limited  in  interval  (tQ,  co) .  In  accordance  with  equations 
(7.47).  we  will  find  that  for  stability  of  oscillations  it  is  sufficient  that  the 
fallowing  inequality  be  executed 


lim  J (*,<//  <oc,  (5.0) 

where  u  is  the  biggest  characteristic  number  of  matrix 

l-P-C- 

coefficients  a. .  (i,  j  =1,  ....  n)  of  which  are  coefficients  of  a  system  of  equa- 
t Ions  relative  to  canonical  components,  obtained  as  a  result  of  considered  canonical 
expansion  of  solution  of  equation  of  oscillations. 

For  asymptotic  stability  of  oscillations  it  is  sufficient  that  function  S(t) 
during  Tq  /  0  approach  zero  at  t  oo.  Consequently,  for  asymptotic  statiliiy _ 

oscillations,  fulfillment  of  the  following  inequality  is  sufficient 

<  .  . 

lim  f  vmdt=  —  (5.7) 

Conditions  (5.6)  and  (5.7)  of  stability  and  asymptotic  stability  are  executed 
if  in  certain  interval  (T,  oo)  there  are  executed  correspondingly  conditions 


(5.7) 


H.<0. 


(5.3) 


H.<-0<  0. 


(5.9) 


where 

G—  const. 

Consequently,  conditions  (5.8)  and  (5.9)  also  are  sufficient  conditions  of 
stai ility  and  asymptotic  stability  (correspondingly).  They  do  not  allways  allow  us 
t  reveal  stability  or  asymptotic  stability  in  t  lose  cases  when  conditions  (5.6)  or 
(  .7)  lead  to  this  goal;  however,  frequently  they  are  more  convenient  in  applicati  in. 
Let  us  consider  these  conditions  more  specifically. 

Condition  (5.3)  is  executed  if  and  only  if  Hermitian  form 

7^,(0,/  + “»)<}/ 

is  nuipositivc  (see  §  b,  Chapter  III).  Condition  (5-9)  is  executed  if  and  only  if 
form 
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where  6y  =  1  during  i  =  j  and  b^j  =  0  during  i  =  j)  is  negatively  determined  (see 

in  the  same  place).  In  accordance  with  criterion  of  nonpositivity  of  Hermitian 

form,  for  execution  of  condition  (5.8)  it  is  necessary  and  sufficient  that  matrix 

'*«/  '*•  *ji 
'  2 

be  such  that  all  its  principal  minors  of  even  order  are  nonnegative,  and  all  principal 
minors  of  odd  order  are  nonpositive.  Because  of  criterion  of  negative  determinancy 
of  Hermitian  form,  for  execution  of  condition  (5.9)  it  is  necessary  and  sufficient 
that  there  be  executed  inequalities 


• 

i  20 

«.* 

V*!! 

|>° 

*Sl  r'  fli; 

*15 

■;■*•.«  T  20 

«..+«„  i  20 

'  *51 

*i»  i  *ji 

*ni  *is 

20 

«5»-  *».- 

<0.  .  .  . 

•(  —  I)** 

*ir;  *w 

i  *.i 

*M~  *M 

20 

«.»"  *ii  2 a . 

•  •  *l» 

«.! 

4*trfli«  •  •  20 


Tn  particular,  in  the  case  of  an  equation  of  oscillations  of  the  second  order, 
coii  11  lion  (5.8)  is  reduced  to  inequalities 

*iH  *n<°-  *«•!  i*<0,  (a„-  a..)  — |ai:  a.,|*  -o, 

•  luivalent  to  inequalities  Re(a1;L  +  a„2)  so.  4  Re  a^  He  a  -  |  a^ . .  f  a?1 1  '  0, 

and  condition  (5.9)  —  to  inequalities 

*n+*ir  20  (I,  (a„  an  2 t/)(<t._.  a.j -J- 20)  —  | a„ a;l|* 0. 

pilvalent  to  inequalities  Re(a^  +  a15)  +  20  <  0, 

4 (Re a,,-;  C)(Ri-a,„  '  0)-  la1:-|  a,,!1;  0. 

During  application  of  canonical  expansion  of  unmodulated  structure  of  the 
first  form,  the  system  of  equations  relative  to  canonical  component  for'  equa*-  i  n  I' 
oscillations  of  the  second  order  has  the  form  (see  §  J>,  Chapter  TT) 


rmulas  f  r  c  ici'f  ic  ients  a,  .  we  Main  in  'lie  f  rm 
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Condition  of  applicability  of  the  considered  canonical  expansion  has  the  form 

o. 

liven  condition  allows  us  to  divide  all  equations  of  oscillations,  for  which  it  is 
■xecuted,  into  two  classes: 

a)  a  class  of  equations  satisfying  condition 

*,*—«,>  0  (<>/,); 

b)  a  class  of  equations  satisfying  condition 

6,*— <6,<0  (/>/»).' 

Roots  X^  and  X^  of  equation  (2.0)  for  systems  of  the  first  class  during  t  b  tg 
are  real,  for  systems  of  second  class  they  are  complex  conjugate.  Therefore,  when 
nsldering  systems  of  the  first  class,  we  will  talk  about  the  "case  of  real  roots;" 
when  considering  systems  of  the  second  class  -  about  the  "case  of  complex  conjugate 
r  is." 

In  the  case  of  real  roots,  sufficient  condition  of  stability  takes  the  form 


"  '  '  -• 


*h  '  — 4*s> 

(*>T). 


-'>o 


win  re  'I  may  be  any  amount  large. 

l’his  condlt  ion  is  turned  into  sufficient  condition  of  asymptotic  stability  if 
h  wn  inequalities  are  replaced  by  inequalities 

t-  b.G  0:  t?*'*8- 

»i-*h  '  ' 

In  the  case  of  complex  conjugate  roots  X^  ^  =  -a  i  iu>  (i  /IT)  coefficients 

t  ,  have  the  form 
1 1< 


a,,  mm 


2- 


a,,= 


_  _  »  J  /l 

fln™  — — •  anB  —  •  —  - 


i ; '  i '  i  c  lent  condition  of  stability  in  this  case  will  be 

•-I  +  0  (t>T). 

2a  2w 

In  ta  i  I  it  turn*  1  into  a  sufficient  condition  of  asymptotic  stability  if  this 
inemallty  Is  replaced  by  inequality 
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>0  (t>n 


Expressing  functions  a(t)  and  o>(t)  through  coefficients  cf  equation  of  oscillations, 
we  will  obtain  sufficient  condition  of  stability 

r» 

V>T) 

and  sufficient  condition  of  asymptotic  stability 

4*1- 


4  ,  Mi  — 1*»  ^  2  Vi]h  -M.M-  *J 
*'+  > — isnj — 


4*a — *{  / 


Analogously,  can  be  obtained  sufficient  conditions  of  stability  and  asymptotic 
stability  of  oscillations,  presented  by  second  order  equation,  considering  canonical 
expansions  of  first  form  of  modified  structure  and  canonical  expansions  of  second 
form.  In  all  cases  these  conditions  can  be  expressed  by  inequalities  connecting 
coefficients  of  equation  of  oscillations  and  their  derivatives  (first  and  highest). 

In  all  inequalities,  both  in  those  which  are  connected  with  obtained-above 
conditions  of  stability  and  in  those  which  pertain  to  other  possible  conditions  of 
stability,  it  is  possible  to  be  liberated  from  irrationalities,  considering  (lost 
when  raising  to  square  their  left  and  right  sides)  requirements  for  signs  of  the 
latter  by  additional  inequalities.  As  a  result  of  these  operations,  sufficient 
conditions  of  stability  and  asymptotic  stability  it  is  possible  to  express  by 
conditions  of  nonnegativeness  or  positivity  of  a  certain  number  of  rational  function! 
f  coefficients  of  equation  of  oscillations  and  their  derivatives. 

Thus,  for  instance,  the  last  of  the  oltained-alove  conditions  of  stability  (f  r 
the  case  of  complex  conjugate  roots  A.  )  it  is  possible  to  express  by  two 

1  p  ez 

i m qualities : 

br'r  '  blc-'r^c- b]>  0; 


p 

where  c  =  4b0  -  b^. 

We  will  return  to  conditions  of  stability  and  asymptotic  stal  ility  (‘n(>)  an  I 

C>.7). 


Of  interest  is 
i  iuat  ion  (0.1)  to  a 
the  coefficients  of 
a)  He  C,(n  " 


the  case  when  certain  canonical  expansion  f  a  solut  i  n  redu  •<  r 
system  of  equations  relative  to  canonical  c  mp  nents,  tet.weij. 
which  there  exist  the  following  relationships: 


( j  . n)  for  one  r  a  larger  number  ol’  values  f  index  m  durinr  sufficiently 


lar‘re  values  of  t; 
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I  )  at  t 


S 


(y.*=i . «» 

r  r  g =  o(  Re  x  )  (J,  k  1 ,  . . .  ,  n) ,  if  l  =  1  and  is  considered  canonical  expan- 

J  K  m 

sion  of  first  form].1 

f  l-l  i 

In  this  case,  characteristic  number  un  is  connected  with  magnitude  Re  ^  ' 


y  dependence 


fe.RtC'M-'HfeCr"). 


where  there  exists  such  value  t  =  T,  starting  from  which  magnitude  un  does  not 
change  sign. 

Actually,  the  validity  of  the  last  affirmation  directly  follows  from  conditions 
(a)  and  (b)  and  will  become  evident  if  we  establish  asymptotic  form  of  Hermitian 


j  2  (2Re  tf +*'/■"  -» y* 


and  consider  condition  of  its  maximum.  We  can  see  the  validity  of  the  first  affirma- 
i  Ion  if  we  present  matrix 


ReCj'-"+-*" +*"' 

*ii!+W  .  1 

1  y 

2 

3 

•» 

Re;r'+^.. 

*JV+* » 

J 

j 

'  +  *» 

2 

ReC.  +-  -  , 

in  the  form  of  the  sum  of  two  matrices: 


Ret!'-" 

0 

(» 

Red'-" 

0 

0 

...  0 

k’+*.? 

j  2 

C  -Mi?  I 
2 

.... 

.... 

.  .  .  . 

-H . 

. 

0  . 

n 

Red-." 

0 

1  "*l  +"l« 

0  . 

0 

0 

Red''" 

2 

j  | 

f  l  -1 1 

Maximum  characteristic  number  of  the  first  matrix  is  equal  to  Re  ’ . 

Maximum  characteristic  number  of  the  second  matrix  does  n  t  exceed  the  cum  of  moduli 


1  f  ( t  ^  [g(t)]  at  1  -*  m  means  that  —  ►— {■  -*  0  at  t  -*  tu 
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of  its  coefficients1 

lAly’l- 

Consequently,  characteristic  number  un,  not  exceeding  sum  of  characteristic  numbers 
of  component  matrices,2  is  not  more  than  magnitude 

ifrtf  ■"+  V 

Mai 

and  not  less  than  the  difference  of  its  components.  Expressed  affirmation  follows 
from  this. 

During  application  of  canonical  expansion  of  the  first  form,  proof  is  analogous. 

( ?  .1  ) 

Because  of  shown  dependence  between  magnitudes  un  and  Re  ,  establishing 

their  asymptotic  equivalence,  their  integrals  also  are  asymptotically  equivalent, 
i.e. , 

t 

I  R»:i! 

lim  *-7 - =  1 

'***  J  :•« 

I 

Hence,  on  the  basis  of  equation  (5.5),  follows,  at  t  -*  cu 

!*<0|<  V  a/i(expj 

I 

Since  magnitude  Re  in  a  sufficiently  remote  interval  (T,  a.),  d  >es  n  t 

change  sign,  then,  because  of  last  relationship  for  stability,  it  is  sufficient  tha< 
there  is  executed  condition 

Rcf.«'"«xo  <r<»<  ^*10) 


lAt  arbitrary  fixed  t,  maximum  characteristic  number  of  this  matrix  is  equal  to 
maximum  value  of  corresponding  Hermitian  form 

* 

tjM  I 

« 

during  condition  .  Shown  appraisal  we  will  obtain  ai'ter  replacing  coei'fi- 

i-i 

dents  hj^ty  their  moduli  and  assuming  =  e^  1. 


2l'hls  follows  from  the  fact  that  maximum  value  of  the  sum  of  corresponding 
Hermitian  forms  during  condition  v .y,  =  l  cannot  exceed  the  sum  of  maximum  valu*s  f 

I- I 

each  ■  'tnponent,  determined  under  this  condition. 
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Sm/aHM. 


(l-l) 

Inasmuch  as,  according  to  condition  (a),  real  parts  of  roots  ^ ^ i+in )  not 

1 1  \ 

exceed  real  part  of  root  the  last  inequality  is  used  if  and  only  if  coeffi¬ 

cients  of  equation 

'y-'-...  bi  -"-o  (5.11) 

during  any  fixed  t  =  T  satisfy  conditions  of  Routh  (see  §  5  of  this  chapter)  or 
ilurwitz. 

The  last  obtained  result  we  will  formulate  in  the  form  of  the  following  theorem. 
Theorem.  If  a  certain  canonical  expansion  of  solution  leads  equation  (0.1) 
to  such  a  system  of  equations  relative  to  canonical  components,  at  which  are  executed 
a)  ~.ve-lndlcated  conditions  (a)  and  (b),  then  for  stability  of  oscillations  it  is 
sufficient  that  coefficients  jf  equation  (5.11)  at  any  fixed  t,  exceeding  certain 
value  t  -  T,  satisfy  conditions  of  Hurwltz  or  Routh. 

In  order,  with  the  help  of  a  fixed  appraisal  of  the  modulus  of  a  particular 
solution,  to  reveal  asymptotic  stability,  obviously  one  should  replace  condition 
( r> .  1 0 )  by  condition 

> 

llm  Jf  Re  C.  (5.12) 

I’hus,  the  following  theorem  is  valid. 

The. -rein.  If  there  are  executed  conditions  of  the  preceding  theorem  and  condl- 
t  ion  (f-,12),  then  oscillat  ions  are  stable  asymptotically. 

Example:  We  will  define  sufficient  conditions  of  stability  of  oscillations, 
presented  by  equation1  (4,41): 


x  +  tCx  -  0,  t  fiO,  ■>  > 

n  irig  system  of  equations,  obtained  as  a  result  of  second  canonical  expansion.  We 
ill  be  limited  ly  case  c  >  0. 


foeff Iclents  system  (2.46),  for  considered  case, 

w-  re  obtained  in  §  1,  Chapter  IV.  In  accordance  with  formulas  for  coefficients  of 
Mils  system 


_  af.'t  *'■ 
"12  *22  •  *21 


*11  • 


ni  r  i  nr  sufficiently  large  values  of  t,  roots  ^  and  are  complex  conjugate 


a  nil 


^efficients  h^^  are  connected  by  dependence 


.121  *I3»  *121  T|2I 

"n  “  •  "i2  “  *:i  • 


cxampli  in 


.  'hap ter  IV. 


Using  shown  dependences,  we  will  obtain  an  equation  for  determination  f  character! 
tic  numbers  of  matrix 


I!  II5 


In  the  form 


.  (*!?’-  bci'»)a  or+cHM' +  *};’) 

+  j  + -  - =o. 

.  ,  I  rfln*  I  (y +  0  .  .  </  Ini 

**’  m[—* T* 'J  +  *  Trm*- 


where 


For  roots  of  this  equation  ^  we  wiH  obtain  formula 


1/  (M) 

,3  *  1"  • 

*» 

<T-r  , 

\  \  4 U  ) 

*  1  4t 

•»* 

At  t  “*  CD 

where  a  Is  a  certain  positive  constant.  Integrating  this  express!  n,  we  will  find 

T.t  is  easy  to  see  that 

llm  I  |‘|  -,//  ■■  «  v  h«r  •<  <  0, 

^llm  j"  f* It  i*  —  •»  than  i  >  0. 

It  follows  from  this,  that  for  asymptotic  stability  of  oscillations  presented 
ly  equation  (4. 'll),  at  c  >  0  it  is  sufficient  to  execute  condition 


f'ase  v  0  is  a  trivial  case  of  harmonic  oscillations,  stable  but  not  asympt  Me, 

§  3.  Sufficient  Conditions  of  Stability,  based  on  Properties 
of  Weighted  canonical  Components 

in  tiie  preceding  paragraph  we  established  sufficient  c  iidlti  ns  of  stali.Li'y 
and  asymptotic  stability  f  uscillati  ns,  using  inajcranc  appraisal  of  norm  T 
solution  f  system  of  equations  relative  to  canonical  components.  In  this  pa  rag  raj 
wt  will  estallish  analogous  conditions,  talcing  for  a  basis  ma.jorant  appraisal  J' 
norm  f  s  lut ion  >f  system  f  equations  relative  to  weighted  canonical  •  >mp  n<  rfs. 


.4M  £«**  i\  t**Z*. 


**#‘V*»&  *  -a#  »».  Vo.j 


We  will  assume  that  in  certain  interval  (tQ,  co)  are  executed  conditions  of 
applicability  of  k-th  canonical  expansion  of  second  furm.  For  the  purpose  of 
simplificati  n,  we  will  consider  only  expansion  of  an  unmodulated  structure. 

As  was  shown  in  §  4  of  preceding  chapter,  solution  of  equation  of  oscillations 
(u.l)  is  connected  with  norm  of  solution  of  system  of  equations  relative  to  weighted 
canonical  components  R(t)  by  dependence  (4.66) 


w! :<  re  i  .  (i  -  1,  ....  n)  are  phase  coefficients  of  solution  of  mentioned  system, 

and  x./C.  are  approximate  solutions  of  equation  of  oscillations,  determined  by 

finalities  (4.23) 

f 

2  -expj 

r  (4.24) 

Irom  equality  (4.66)  it  follows  that  for  stability  of  oscillations  it  is 
r  iff lc lent  that  magnitude 

R £  (I  I . H) 

w 

le  limited  in  Interval  (tQ,  co)  by  functions  t,  and  for  asymptotic  stability  it  is 
sufficient  that  they  approach  zero  at  t  -*  a>.  Obviously,  shown  magnitudes  will  be 
Limited  or  vanishing  functions  if  these  properties,  correspondingly,  possess 

iin  'n  1 1  udes 

AUJ  R  d  I 

<•# 

bring  equalities  (4.23)  or  (4.24)  and  first  equality  of  system  (4.0*), 
c  nuecting  ma.lorant  of  norm  of  solution  of  system  of  equations  relative  t.o  weighted 
■an  nlcal  component  with  the  i'iggest  characteristic  number  of  its  corresponding 
'  rm it  ian  matrix,  we  will  find  that  for  stability  of  oscillations  it  is  sufficient, 
that  there  are  executed  inequalities 

MSUj|/.d-R*r;*-V,^  (j  | . *).  ('••') 

and  for  asymptotic  stability,  it  is  sufficient  to  fulfill  equali’ies 

Hm  I’ (Af.-;-Rci!*  ■")<//  *—  '  (»'  1 . ">•  ( h .  7 ' 

* — i. 

bvi  usly,  stability  will  take  place  if  in  certain  interval  (i,  n),  win  re 
.  th<  re  is  executed  condition 

U 
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(  ..6') 


Af„--RK,<0  a  I . n). 

wiiich  ts  li  ss  effective,  but  more  convenient  in  application  than  condition  (  .  ). 
Analogously ,  for  asymptotic  stability  it  is  sufficient  to  fulfill,  in  interval 
(T,  a,),  conditions 

AL-rReCi<0<0  (‘-1 . «;  G  const).  ( 1  .  0 '  ) 

which  is  in  the  same  relation  to  condition  (5.71)* 


§  4 .  Mlnorant  Appraisal  of  Moduli  of  Particular  Solutions 
of  an  Equation  of'  Oscillations 

In  §  2  during  determination  of  sufficient  conditions  of  stability  there  was 
upcd  apprlasal  (5.5)*  limiting  from  above  growth  of  modulus  of  any  particular 
solution  of  an  equation  of  oscillations.  Obviously,  it  would  have  been  possilli  > 
obtain  necessary  conditions  of  stability  if  we  managed  to  establish  appraisal r 
limiting  growth  of  moduli  of  particular  solutions  from  below.  Since  the  idea  T 
instability  is  connected  with  the  existence  of  a  certain  particular  s  lui Ion 
possessing  a  definite  property  (unlimitedness),  we,  by  no  means,  are  interest* J 
in  obtaining  such  mlnorant  appraisals  wiiich  are  applicable  to  all  n  ntrlvlal 
particular  solutions;  the  narrower  the  class  of  particular  solutions  l'or'  which  a  n 
true  these  or  other  mlnorant  appraisals,  the  stronger  and  more  necessary  the 
‘omiltlonp  of  stability  to  which  they  lead. 

This  prompts  the  requirement  which  we  will  hold  during  establishment  of 
mlnorant  appraisals  of  moduli  of  particular  solutions:  there  have  to  ex  If  par'  i  ■ 
solutions  to  which  these  appraisals  are  applicable. 

I'lie  problem  of  determining  mlnorant  appraisals  of  moduli  f  particular  .  I  it  ' 
is  very  complicated,  as  a  consequence  of  which  we  cannot  rely  on  its  s  lm  i  n  in  ■> 
Temn»l  equation  of  oscillations.  The  results  obtained  here  are  not  appli  ui  I*  » 
all  equations  of  oscillations. 

Assuming  that  coefficients  of  an  equation  of  free  oscillations  an  a  sul'l'i  •  i <  > 
number  of  times  differentiable  functions,  we  will  consider  system  f  equal. i  ns 
relative  to  phase  coefficients,  obtained  as  a  result,  of  1-th  'an  rii  sal  i/.pami  >n 
f  menll  nod  !  >lutlon  ly  comp  nents  7.^,  ...,  .  In  aecordan-  win  *  jua’i  ns 

(3.1  ^)  .  we  will  write  it  in  (lit  f  rm 


et  (/  i. . .  ,n). 
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whore  }■  is  Hermltian  form  of  variables  e^,  en,  corresponding  to  quadratic  form 

!•  f  varialles  f  ^ ,  ....  fn. 

Let  us  assume  that  m  is  index  of  that  from  roots  (i  =  1,  . n), 

which  has  the  l iggest  real  part,  i.e., 

"  <*  « . »)  (5.1^) 

Let  us  consider  two  cases: 

a  l  Tm  '  =  0,  inequality  (5.14)  is  executed  only  for  one  value  of  m, 

/  l  \ 

t)  Tm  Cl.  ~  /  inequality  (5.14)  is  executed  for  two  values  of  m. 1 

Let  us  assume  that  during  certain  t  =  T,  phase  coefficients  at  i  /  m  satisfy 
i  inequalities 

Kl<i<l.  (5.15) 

In  n  for  phase  coefficients  e  in  the  first  case 

m 

i*.l*  l-V|<Vi*>l 
.  <5! 

iti  the  second  case 

win  ri  m^  and  m^  are  value  of  indices  m. 

We  will  assume  further  that  at  t  -*  cc 


Red'""  0(RcC|-")  {i  /■  m). 

Red!  "  0(Ret«-"  —  (//«>. 


(5.1/0 


in  accordance  with  conditions  (5.15)  it  is  always  possible  to  indicate  such 
valm  l  -  T  that  at  t  £  T  there  will  be  executed  conditions 


| ReC!'  "  <p|RcC^"|  <«*«). 

Re'«  "1<?<R v’Ji  "  Red'  ")  </-/«). 

i *!/'!< *(0|Re'.i( 


(  >.17) 


In  rc  p  and  q  are  certain  positive  constants;  b(t)  is  positive,  monotonlc  vanishing 
I'm.  •  •  1  n. 

Wt  will  c  nsidcr  that  selection  of  magnitude  T  is  subject,  to  this  condition. 

:.c  wilL  est  imate  from  bel  >w  Hermltian  form 


'  ri'i  p  nding  indices,  obviously,  must  belong  to  ccmolex-con.juga t.e  roots. 


p 


£  = 


i-\ 


jvii  i)  •  ■>(/-!> »  ”  ,  vi  ii.’»  »  v 

(’■  T  ^  ^T4 


/  I 


Using  inequalities  (5.15)  and  (5.17),  we  will  obtain  for  t  = 

E>  Rctf  — 1(«  — 1)i*  '  n-l (/JIIReCi-1’!. 

in  case  (b) 


in  case  (al 

(5.1 ' ) 


£>RfCH'"-  |(«-2)»*J-(«-2)p**  nli(/)||RcC„ 

Since  from  the  second  inequality  follows  the  first  (during  identical  values  1' 
analogous  magnitudes),  subsequently  we  will  consider  only  the  first  Inequality. 


Inequality  (5.18),  as  is  easy  to  see,  so  connects  magnitudes  K  and  Re  t; 


(i-1  ) 


m 


that  at  e  -*  0  and  t  =  T  -*  co 


f-RtCH”" 


•  0. 


During  t  2  T  inequality  (5.18)  remains  in  force  as  long  as  there  will  not  tie 
disturbed  at  least  one  of  the  inequalities  (5.15).  From  differential  Hi  ty  of  pi ta s- * 
•oeff icients,  it  follows  that  if  inequality  (5.15)  is  executed  at  t.  T,  then  i' 
also  will  be  executed  in  a  certain  finite  section  [T,  T  +  t].  Because  of  that, 
noted  above,  in  this  section  also  should  be  executed  inequality  (5,18), 

We  will  designate  the  lower  boundary  of  form  K,  established  by  inequality 
(5.18),  by  symbol  E.  Obviously,  difference  Re  ^  '  -  £  is  always  positive. 

Due  to  inequalities  standing  In  second  line  of  system  (5.17)  and  Inequality 
(5.18),  moment  of  time  T  it  is  always  possible  to  select  in  such  a  way  that  in 
finite  section  [T,  T  +  t]  for  solutions  satisfying  conditions  (5.11,)  in  tills  si  -t  i  'ti 
during  sufficiently  small  values  e  in  addition  to  inequalities  (5.17),  there  an 
executed  inequalities 


.  s. 


£  — Re 

win  re  s  is  a  certain  positive  constant,  and  so  that  with  tills  difference 
_  -  He  (i-  /  m)  are  positive. 


( 5  .  "  ' 


Actually,  we  will  present  difference 
two  components: 


Re 


in 


m 


.i /-  a 


the  form  if  t  in  sum  f 


Ri-UI_,,-Rc:r"  and  £-- RtCj 

n  Uic  1  as  Is  of  inequalities  standing  in  the  second  line  of  system  (5. 17).  tor 
sufficiently  large  t  we  havi 


ReC  —  ReC,  "  >  '  |Re:" 
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.n-i'  1 


n  li.AWU  --UPx 


where  q  is  a  certain  positive  constant.  In  accordance  with  inequality  (5.18),  by 
definition  of  magnitude  ]_  for  sufficiently  large  value  of  t,  for  which  are  satisfied 
■:  nditions  (5.15),  and  in  a  certain  finite  interval,  adjoining  it  on  the  right,  we 

have 

£  -  Re  -  - 1(«  -  1)  ( /»  r  1 )  «*+ I  Re 

where  p  is  a  certain  positive  constant;  &  =  b(t)  is  a  positive,  monotonic,  vanishing 

function. 

1  viously,  it  is  always  possible  to  select  such  value  t  =  T  and  such  value  s  =  eQ 
that  during  all  e  ?  eQ  in  section  [T,  T  +  t]  there  will  be  executed  inequality 

(5.20) 

(  l  — i) 

which  all  differences  E  -  Re  •  (i  /  m)  are  positive. 

Assuming  that  selection  of  magnitudes  T  and  t  is  subject  to  the  shown, 

additional  conditions,  we  will  estimate  fractions 

Re^“"-ReC'1'-,>  iT  <t  <T-'r'-\ 

£-r  \  ifn  )■ 

I'.  Mr  same  conditions  with  which  preceding  proof  is  carried  out,  we  will  obtain 


ReCjJ-1*  —  ReC,,,_" 


ReCjJ-1*  —  Re  cj1  ** 

£-ReC!'-"  R*J«-"  —  Re:)'-"  +£— Re;U  "  ’ 

ReCii-"  —  Re:!1"" 

R*  C*-1*  —Re  :J'“"  -(«>  -  ll(p+  n-ljlRc  ^ 


< 


I 


I  —*(<*»  —  l)(g+  •)**  +  «”•) 


Ivi  usly,  from  inequality  (5.20)  ensues  inequality 

o< - ! - <  s, 

1— •!("  — D(r  +  i)«?  +  «,»l 

win  s  is  a  certain  positive  constant.  Hence,  due  to  precedinr  inequality,  there 
1’  Hows  inequality  (5.19). 

Assuming  that,  conditions  connected  with  inequalities  (5.15)  (5.17)»  and  (5.20) 
iii'  executed,  we  will  estimate  behavior  of  phase  coefficients  in  section  fT,  T  +  t]. 

Mul' iplying  term  by  term  i-th  (i  /  m)  equation  of  the  system  (5.15)  by  F. 
anu  adding  left  and  right  side  uf  the  new  equation  with  correspond ing  parts  of 
equation  obtained  from  the  latter  ty  means  >f  transition  to  conjugate  complex  number 
i  will  obtain  equation 


1  d 

:  dt 


l‘M 
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Using  inequalities  (5. 17)  and  (5.13),  this  equality  it  is  possible  t  c.  plan 


by  inequality 

“  |^l,<(ReC|'-,,-£)k4|l  f -*«**<£  Re 
which,  obviously  is  equivalent  to  inequality 

^->,’<(Rc';'  "-£)|e,  ^fl^s(£-Re')'-").  (.  .pi) 

Inequality  (5.21)  it  is  possible  to  replace  by  equivalent  equa*  loti 

-jMr.f  :  (£-ReC;'  »)»e,|  *?*?(£  Re (’’• 

where  K^t)  is  a  certain  positive  function. 

Particular  solution  of  equation  (5.22),  describing  behavior  of  i-th  phase 
coefficient,  is  found  by  the  formula 


Kl  cxpflRc'.;'"  £)  dt  I  ( |/i4^(£  -  Re X 
f  ~  >r 

#  , 

X exp  j(£—  Re :•/-")  dtdl  ,  (D  || 

and,  consequently,  consists  of  three  components: 


Jr,  (Dlexp  |  (Re')'  ''  —  £)<//. 

i  i 

—exp  f  (Ri-:;'  •-£)  ill  \  k,  exp  (£—  Re ;•/  ")di  dt. 

I  t  i 

1  1  * 

»</!<  exp  (Re*.;'  "  -An//  j  i(£-Re’.;’  ")c\p f  (A'  -  Re',;'  ")dl  dt. 


The  first  component  is  a  monotonically  diminishing  function.  The  sec  n.l 
v  nnponent  is  equal  to  zero  when  t  =  T  and  negative  for  t  >  T.  The  Hurd  comp  nenl 
equal  to  zero  when  t  =  T  and  positive  for  t  >  T. 

Obviously,  subsequent  values  of  magnitude  |e; |  can  exceed  its  Initial  value 
|et(T)|  only  because  of  change  of  the  third  component.  In  order  to  clarify  this 
p  sslblllty,  we  will  compare  first  derivatives  of  first,  and  third  components. 

First  derivative  of  first  component,  obviously,  is  magnitude 

r 

<Re'.;'  "  £>c\p  \  (Re -E\di. 

First  derivative  of  the  third  component  Is  equal  to  magnitude 

ny*(ReC;'  £)e\pj (ReC;'  '•-£),//  (if-Re'.;' -■>) 8X 

9 

X  exp  f  (£  —  Ri- ;•  ' -  • » j ,// ,//  «^S(A'—Rc 
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•tcause  of  Inequality 


M'J 


(id 


((£-Rc  '*)»  exp  '  (£  -  Re  C'/-")  dx  dt  - 

t  ~  r 

exp  ((£*—  Re ;{'-")</* j  :  KH  ujcxp \*F.  =• 

“  » ‘ T>  |e*p  f  (E_  -  Re  dt  - 1  j 


i  t 


less  than  magnitude 


n»(7>/i  (£  —  ReC;'-  '')exp  |* (Re I;'-1'  —  £)dt. 

We  will  limit,  additionally,  selection  of  magnitude  e^(T)  by  Inequality 

K(ni<«,. 

aul  selection  ol’  magnitude  T  by  inequality 

nqs?<(T)< 

where  is  a  positive  value,  smaller  than  magnitude  eQ. 
his  is  always  possible. 

We  will  set,  arbitrarily,  magnitude  and  will  consider  solution  for  which 

\e,(T)\ (5,L13) 
ilavlnr  compared  derivatives  of  the  first  and  third  compofients,  we  will  be  convinced 
that  for  this  solution,  first  magnitude  numerically  exceeds  second  during  all  T  b. 
'  nsequently ,  for  solution  satisfying  condition  (5.23),  |e^(t)|  Is  a  diminishing 
function.  It  follows  from  this  that  at  the  end  of  section  [T,  T  +  t]  there  occurs 
i  in  pia  L 1  ty 

k<(r-T-*)l  <  *c 

Let  us  assume  that  |  e  ^  ( t )  (  Is  majorant  of  function  |c^(t)j,  satisfying  eondi- 
1  '  mi  ( r> ,  23 ) .  fixed  by  means  of  replacing  the  derivative  of  the  third  component  by 
i'i  at  -'ve- indicated  upper  appraisal.  Then  for  all  solutions  satisfying  condition 

k,(r#i<v 

'here  i  -curs  inequality 

\e,(T-\^)\<\e,{T  ■  ?)(•  (5.21  i 

In  justice  f  this  inequality  is  seen  by  the  following  reasoning. 

trine  c  ndit  ion  (r>,2ii)  majorant.  of  funetl  n  |r.(t)|,  found  ty  t  h«  same  method, 
•an  i'  in-  rear  i  no  in  n  crtain  1  nt  ■  rol,  -  ij  inin*.  n  tin  riot  '  ,  t  •  |  ■  i  lit.  t  I, 
it  i's  *  r  h  d  'S  net  change  rela  t  i  onsh  i  p 
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then  condition  (5.25)  is  executed.  If,  however,  at  a  certain  point  there  is 
established  equality 

MaJ  !«•,(/)  |  | 

then,  taking  this  value  of  t  for  a  new  T,  we  will  be  convinced  by  the  above-merit  i  one 
formulas  that  during  further  change  of  t  majorants  of  comparable  functions  coirr.-i  ie. 
Consequently,  condition  (5.25)  is  executed  also  in  this  case. 

Thus,  it  is  proven  that  for  all  solutions,  i-th  phase  coefficient  of  which 
satisfies  condition 

I  ( O I  ^  *0' 

independently  of  length  of  section  [T,  T  +  t] 

I  (0 1  <  *i 

I'iiis  conclusion  is  valid  for  all  phase  coefficients  with  indices  i  /  in. 

Revealed  property  of  phase  coefficients  e.(i  /  m)  leads  us  to  the  following 
conclus ion. 

If  magnitudes  e  and  T  are  selected  properly  (as  above- indica’ -  d) ,  then  f  >• 
all  1  /  m  from  condition 

H  -Hows 

K  <'>!<«, 

during  all  t  >  T. 

Really,  if  one  were  to  ar-oine  that  there  exists  a  certain  maximum  final  sr*ti  ■ 

■  ' •  T  +  t],  on  the  right  from  which  is  disturbed  last  Inequality,  then  it  is  puss  ill. 
t  arrive  at  conclusion  that  at  point  t  --  t  one  of  functions  |e.(t,|  should  be 
changed  by  a  Jump.  Hut  tills  contradicts  property  of  continuity  of  phase  •  >  ffi  -ii  >  •  .■ 
Using  noted  property  of  phase  coefficients,  relationship 

T-  =£ 
t 

and  the  lower  appraisal  of  form  F,  delivered  by  inequality  (5.18),  for  solut  1  nr 
whose  pliase  coefficients  satisfy  conditions 

I  *\  (7)  |<«,<*g<  |  (,/«). 

uurin  -  pr  'per  selection  of  magnitudes  e,  and  T.  we  will  (tain  ■*.  g  n  wii.  - 
lower  appraisal  f  n  rm: 


-ltO- 


(5.26) 


\l-l.  iTlvfn  R.-  c«,_ ** 

r  >  C exp  j  E  dt  -  C ^exp  j  Re CJJ-"  (/)  dlj  m 

where  C  is  a  certain  real  positive  constant. 

!)»*  +  («- l)p!*+n*S|. 

;hus,  there  is  fixed  minorant  appraisal  of  norms  of  certain  particular  solutions 
■f  the  system  of  equations  relative  to  canonical  components. 

Using  obtained  results  and  passing  to  an  equation  of  free  oscillations,  we  will 
establish  corresponding  minorant  appraisals  of  moduli  of  their  particular  solutions, 
will  distinguish  cases  (a)  and  (b)  shown  in  the  beginning  of  the  paragraph. 

In  case-  (a),  from  inequality  (5.26),  because  of  relationship 

1*1  -r  V,J 

/-I  | 

and  inequalities 


1^1*0 

■->.  which  e  is  considered  a  sufficiently  small  magnitude,  there  follows 

|.r|>C(|  — i),)^exp  f  Re:“  Hrf/J  *' ’*  § 

■  liere  l)t(|  -f-i-j. 

onsidering  <  1,  and  after  changing  designation  C(1  -  q^)  to  C  and  q 
i,  the  latter  inequality  we  will  copy  in  the  form 

(5>? 

Magnitudes  t^  and  r, ,  appearing  in  inequalities  (5.26)  and  (5.27),  lecome  as 
small  as  desired  during  eq  —  0  and  T  -►  ro. 

1  'ained  results  it  is  possible  to  formulate  in  the  form  of  the  following 
t  he  rein. 


---.  'rein.  If  equation  of  free  oscillations  allows  t-th  canonical  expansion 
- — — -b  -Pocon(j  lV'nn’  where  there  are  executed  inequalities  ( 1 . . lb  )  for  one 


("'•  ‘I  'P  -  0) 


value  of  m  and  conditions  (‘..lb),  then  there  exists  particular 


— — - 2—1 1! — ibis  equation,  satisfying,  during  suf  f  lc  1  onfly  lam  r,  inequality 

= —  j  win  re  q  is  a  given  positive  value  as  small  as  desired  1  < f  re;, and,  and  "  is 
ai.  arbitrary  positive  constant. 

:  i;  ’hot  rem  estatlishes  sufficient  -onditl  ns  f  the  exis’encc  )f  particular 
•  1  1  '  ns  equa* 1  n  1  >sci 11a  rs,  p  .  sain  ief init<  pr  parties,  w i th  ut 
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indications  of  whether  solutions  are  complex  or  real.  It  is  necessary  to  note  that 
during  proof  of  the  theorem,  it  is  always  possible  to  select  initial  values  of 
phase  coefficients  so  that  their  corresponding  solutions  of  equation  of  oscillations 
are  real.  Therefore,  among  the  solutions  whose  existence  is  stated  in  the  theorem, 
there  must  be  real  solutions. 

In  case  (b) ,  transition  from  appraisal  of  function  r(t)  to  appraisal  of  moduli 
of  solutions  x(t)  is  somewhat  more  complicated.  This  is  explained  by  the  fact  that 
from  inequality 

\x\>r\em,+emi\ -rV|.  (i/m„  i/m,).  ~>8) 

I*  I 

which  connects  magnitude  |x|  and  r,  in  this  case  it  is  impossible  to  make  an 

appraisal  analogous  to  appraisal  (5.27),  since  magnitude  |e  +  e  |  in  principle 

m.j  in.-, 

may  be  as  small  as  desired.  In  order  to  establish  an  appraisal  interesting  us, 
here  are  necessary  additional  reasonings.  These  reasonings  are  given  below.  For 
simplification,  it  is  assumed  that  initial  values  of  phase  coefficients,  appearing 
during  proof  of  appraisal  (5.26),  are  such  that  their  corresponding  solutions  >f 
equation  of  oscillations  are  real.  This  assumption  does  not  change  the  mentioned 
proof. 


For  real  solutions  x(t),  phase  coefficients  e  and  e  ,  as  all  other  pairs 

ntj^  m2 

of  phase  coefficients  corresponding  to  complex  conjugate  functions  g .  ( t  >  are  al. 

complex  conjugate  phase  coefficients  e.  and  e,  in  the  form 

11  l2 

'.--  j  (A +«/„). 

(A -  'A). 

where  f  and  f.  are  real  magnitudes,  i  =  AX,  after  changing  designs'  i  on  e.  f. 

4  l2  ’  •> 


for  Indices  j  corresponding  to  real  functions  we  will  replace  system  of  equations 
('.15)  by  system 


//=  V  ,F)/t 


(5.20) 


where  h  are  certain  functions  of  coefficients  h^  and  (j.  k  i,  ... 


is  quadratic  form  obtained  from  Hermitian  form 


•  r  «  "  -| 

v  2  +V'-") <•>.+?,  V*!j'.v+e, 

•  «  — 1  >-  !  /  I  J 


after  replacement  of  magnitudes  e.  ( i  =  1,  . . . ,  n)  by  f  .  ( j  i . n)  (see  ), 

Chapter  m). 
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We  will  set  arbitrary  initial  values  of  variables  f.  (i  =1,  n;  i  /  m±; 

i  /  in^)  in  such  a  manner  that  there  are  executed  inequalities 

where  is  a  magnitude  introduced  during  conclusion  of  inequality  (5.26). 

With  such  initial  values  of  above- indicated  variables,  initial  values  of 
functions  f  and  f  have  to  satisfy  inequality 

Pm,(T)~Pm,(T)>  l-(«  2)*]. 

Let  us  assume  that  c  is  any  number  satisfying  condition 

|>c>l-(«-2)«=. 

and  (x(t))c  is  a  set  of  solutions  x(t)  determined  by  equality 


Pm.iTi+/h,<n-  c  (5.30) 

durng  arbitrary  fixed  initial  value  of  norm  r.  Then,  on  a  plane  with  a  rectangular 

system  of  coordinates,  on  the  axes  of  which  are  values  of  variables  f  and  f 

m^  m? 

1  -us  of  points  given  by  equality  (3.30)  constitutes  a  circumference  with  the 
center  at  the  origin  of  coordinates  and  the  radius  Jc. 

We  will  consider  locus  of  points  to  which  is  transformed  shown  circumference 
during  change  of  t  to  arbitrary  value  t^  >  T. 

After  applying  the  theorem  of  continuous  dependence  of  the  solution  of  a  system 
f  differential  equations  on  initial  data  [22]  to  system  (5.29),  we  will  find  that 
tb is  locus  is  a  closed  curve.  According  to  the  above-proven  [see  conclusion  of 
itn'iuality  (5.26)],  for  all  points  of  this  circle  there  should  be  satisfied  inequality 


(5.31) 


After  selecting  solution  of  system  (5.29).  for  which  f  ( t„ )  =  0  in  accordance 

nip  1 

with  inequalities  (5.28)  and  (5.31)  we  will  obtain 


!*(<,)!>  r  V\  -  (« -  =■’>*?  -  r  («-  2)  I,. 

If  one  were  to  consider  only  such  values  of  t  for  whicli  this  inequality  is 
■  ■  -utcd.  then,  with  these  values  of  t  for  moduli  of  particular  solutions  of  equa* ion 
:  scillations  corresponding  to  selected  solution  of  system  (5.29),  we  will  obtain 

appraisal  (..7).  Analogous  appraisal  during  all  other  values  of  t  we  will  obtain 
t  r  moduli  f  particular  solutions  of  equation  of  oscillations,  corresponding  to 
■  rtain  » her  s  lut  L  ns  of  this  system.  Thus,  we  will  come  t>  the  conclusion  whicli 
i  is  p  >ss it le  to  formulate  in  the  form  of  the  following  theorem. 
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Theorem.  If  In  certain  Interval  ( tQ ,  a)  an  equation  of  free  oscillati  ns 
allows  i-th  canonical  expansion  of  the  second  form,  where  are  executed  Inequalities 
(*,■.14)  for  the  two  values  and  of  Index  m  and  conditions  (t.lb).  then  then 
exist  real  particular  solutions  of  this  equations,  such  that  during  every  t  >  T 
one  of  them  must  satisfy  Inequality  (5. 27)  where  T,  g,  and  C  are  constant, s,  the 
meaning  of  which  Is  shown  in  the  preceding  theorem. 

In  the  beginning  of  this  paragraph  it  was  assumed  that  coefficients  of  an 
equation  of  free  oscillations  are  (a  sufficient  number  of  times)  differentiable 
functions,  and  there  is  applied  to  this  equation  transformation  into  a  system  f 
equations  on  the  basis  of  canonical  expansion  of  solution  of  the  second  form.  If 
one  were  to  be  limited  by  the  weaker  assumption  that  coefficients  of  an  equation 
of  oscillations  are  at  least  singly  differentiable  functions,  and  to  assume 
additionally  that  coefficients  of  equation  (2.0)  do  not  have  multiple  roots  during 
any  value  of  t  from  certain  interval  (  V  ao) ,  then  an  equation  of  oscillations  It 
is  possible  to  convert  into  a  system  on  the  basis  of  canonical  expans  ion  of  s  lution 
ol'  the  first  form.  To  the  system  obtained  as  a  result  of  this  transforinati  ui  can 
be  applied  completely  all  the  above-mentioned  reasoning.  lor  that,  it  is  necessary 
only  that  functions  cjl-^{t),  ....  ^l~1^(t)  be  replaced  by  functions 

X1(t),  ....  xn(t.),  and  functions  h^(t)  (i,  j  =  1,  ....  n)  by  functions  g^t; 

(i,  j  =  1,  ....  n).  These  reasonings  lead  to  the  result  presented  in  the  f  11  wing 
theorem. 

Theorem.  If  in  certain  interval  (tQ,  cu)  coefficients  of  an  equation  of  free 
oscillations  are  differentiable,  roots  of  equation  (2.0)  are  simple,  there  Is 
executed  condition 


Re)>0(Re»Lw) 

Rc  >m*=0(  Re  im  —  Re  > , ) 
i„  o(Re>J 


(«'/  m). 

(/./=! . n) 


and  Incnuali*  les 

ReX„>  RcX,  (it . n )  (  .33) 

f  r  iu  (  if  Tm  0)  r  f  r  tw.  (  i  j'  dm  X  /  0)  values  of  m,  1 1  «  t  1  i  1.  1  b<  fj  rs’  -as1 

there  exists  a  real  particular  s  lution  .<!’  1  he  firs’-  e-iuatl  n  sat  i  s;  fy  i  ii/  in  ini*  rval 
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rK*i4~ 


(5.3^) 


l*l>C 


|evpj  ReX.rf/j 


l~%  •lf»»  Rr  » 


where  tj  Is  beforehand  given  positive  constant  as  small  as  desired;  C  is  arbitrary 
I'  •  1  jvt  constant,  and  in  the  second  case  there  exists  a  class  of  real  particular 
solutions ,  such  a.:  that  during  every  t  >  T  one  of  them  must  satisfy  this  inequality 
■  sample;  We  will  define  minorant  appraisals  of  moduli  of  certain  particular 

s  lutions  of  equation 


*  +  't'*  “0,  €  >  0,  »  >  —  ?. 


*.  ! ii;  system  i  equations  obtained  as  a  result  of  second  canonical  expansion, 
ooei  t  ic  ients  (i,  j  =  1,  2)  for  that  equation  have  the  form 


wh<  re  0 


I 

V-*»  „  _  *121  _ _ 1/JL  j.  v  I  ^Ini 

(t+,J*  ir-v^r- 

-  4ct  (see  §  2,  Chapter  TV  and  §  2  of  this  chapter), 


urine  sui  i  ic  ient.ly  large  values  of  t,  roots  ^  and  are  complex; 

Hu  irfore,  inequalities  (5.14)  are  executed  for  two  values  of  m  (1  and  2). 

ihe  tirs*  two  conditions  of  system  (5.16)  in  this  case  are  dropped  since  there 
d  t.  t.  exist  Indices  i  differing  from  m.  The  latter  condition  is  executed  during 
i  /  o,  since  under  this  condition 


-o(l  )  O./ml.J), 

»«£»■>  -- 

'  onsequontly,  during  v  /  0  there  are  carried  out  conditions  of  the  second 
In  rem.  Applying  it,  we  will  find  that  during  v  /  0,  for  any  positive  values  of 
inn  niiudes  f  and  i|  it.  is  always  possible  to  indicate  class  of  real  particular 
.  lu'  >  >ns,  takln'  during  t.  tQ  >  0  limited  initial  values  x(tQ)  and  x(t,Q),  sueii 
nai  during  sufficiently  large  value  of  T  during  every  t  >  T,  one  of  them  obeys 
i nequal i t y 
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§  5.  Necessary  Conditions  of  Stability 
Proven  In  the  preceding  paragraph,  theorems  establish  conditions  of  exist  one* 
of  particular  solutions  satisfying  inequalities  (5.27)  or  (5.34)  during  any 
beforehand-given  positive  constants  C  and  q.  If  oscillations  are  s' able,  then  all 
particular  solutions  of  equation  (0.1)  are  limited.  (Consequently ,  If  the  condlM  n 
of  one  of  the  mentioned  theorems  are  executed,  then  for  stable  oscillations, 
particular  solutions  satisfying,  accordingly,  inequalities  (5.27)  or  (h.34)  also 
have  to  lie  limited.  Fixing  arbitrary  value  C  and  any  value  tj  <  1  ,  >n  the  I  as  is 
of  these  inequalities  we  will  find  that  from  the  limitedness  of  particular  s  ;lut  j  t 
whose  existence  is  established  by  one  of  these  theorems,  there  follows  llmitedinss 
of  the  magnitude 


or  magnitude 


txpj  R?:mdt 


txpj  Rv  tm  dt 


correspondingly.  Hut  these  magnitudes  can  be  limited  only  in  the  case 

_ I 

llm  |  Re  \mdt<^  oo 
'-mt 

r 

i 

Hnij  *>„«/,<  , 

correspondingly.  From  these  Inequalities,  due  to  Inequalities  (5.14),  then 
correspond  Ingly  foil >ws 


_  f 

llm  f  Ret,<//<oo  (<  =  | . n) 

*—  f 


( 


i '  r 


_ « 

^Ilm  j  Re*,  </*<«,  (/  i . n). 


(  •  i 


Hence,  if  there  are  executed  conditions  >f  me  first  r  sec  •nd  th<  rem  !  > 

pn  •odin.-'  paragraph  and  tscilla’i  ns  ai-  cal  It,  thei  during  a  •••  r'a’u  ouf  fi<-  i  •  n<  J. 
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large  value  of  T  there  are  executed  inequalities  (5.35).  Analogously,  fulfillment 
f  'Editions  of  the  third  theorem  in  the  case  of  stable  oscillations  leads  to 
Inequalities  (5.36). 

•'ince,  because  of  conditions  (5.16)  and  (5.32),  magnitudes  Re  Cm  and  Re  Xm 
during  sufficiently  large  T  do  not  change  sign  in  the  interval  (T,  cd),  then  from 
inequalities  (5. 11*)  and  (5.35)  or  (5.33)  and  (5.36)  we  will  obtain 
a)  in  cases  Re  <  0  or  Re  <  0  inequalities 

Re'i<0  h.ih  ReX(  <0  (i=l . it); 

l  )  In  the  case  Re  ;  0  or  Re  Xm  >  0  inequalities 

_ i  _ i 

lim  (  Re  'm  dt  llm  f|Re'  \dt<zc 

- T  T 

V 


llm  \  Re  lm  dt  ■=  lim  f;ReX  |t//<oo, 

• '  l-mm  • 

r  r 

conditions  of  absolute  integrability  of  functions  Re  C  (t)  or  Re  X  (t)  in 

mv  '  m' 

!  uU  rval  (T,  oo) . 

If  oscillations  are  asymptotically  stable  and  there  are  executed  conditions  of 
ni  f  the  theorems  of  the  preceding  section,  then  analogous  reasonings  lead  to 


i  ni  mall  t.  ies 


llm  fReC.rf/  -co  (i  \ . H) 


(6.57) 


llm  |  Re X,  dt  —  *>  (i=l . n).  (t  # 

In  tills  case  all  magnitudes  Re  i;  (t)  or  Re  Xj(t)  must  be  negative  in  interval 
(  •  "  •  where  the  possibility  of  absolute  integrability  of  these  functions  in  the 
;  h  w i .  Interval  is  excluded. 

Itained  results  we  will  formulate  in  the  form  of  the  following  theorem. 

!:l  rein.  In  *  he  conditions  of  one  of  the  first  or  third  the  rems  of  the 
1  ''  ding  paragraph,  for  stability  of  oscillations  it  is  necessary  that  for  anv 


_ >'  1  there  ar>  executed  inequalities  (5.35)  or  (5.3b)  respectively;  for 

ii  •  i  ie  stability  it  is  necessary  that  for  any  value  of  1’  there  are  executed 
•  '  i'.:i  i  i  <  ies  ( •  .  •'/ )  or  (5. 33),  respectively. 

lv!  usly,  if  the  necessary  condition  of  stability  is  disturbed,  i.e.,  any 

•'  jus II ty  from  systems  f  inequalities  (5.35)  '•  (5»3 (  )  Is  n  t  executed,  t  hen 
re 1  lla!  are  unst.al  le;  if  the  necessary  condition  of  asymptotic  siai  ility  Is 


1  •'  tri  mi .  i .  i  .  .  t  tier' 


••  is  n  t  executed  any  Inequality  f  syst.ems  nf  inequalities 
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(5.37)  or  (5»38)i  then  oscillations  are  either  unstable  cr  stable  iut  n  t  asymptotic, 
i  com  conditions  (5*37)  or  (5*38),  because  of  conditions  (  .14)  or  (l  .33). 

there  follows 

Rei,  <0  «-l . it)  (T<t<  )  On  39) 

or 

Rcl,<0  (1- 1 . n)  (7‘< /< 00), 

Consequently,  conditions  (5*39)  and  (5.40)  also  are  necessary  conditi  ns  of 
asymptotic  stability.  They,  in  general,  are  less  strong  than  c  nditions  (‘  .37)  r 

(5.38)  [they  allow  the  case  of  absolute  integral' ill ty  of  functions  (.(O  or  A.(t)]. 
but  are  more  convenient  in  application. 

It  is  possible  to  check  fulfillment  of  conditions  (5.39)  and  (5.40)  with,  uf 
calculation  of  roots  ^  '  and  A^  (i  =1,  ...»  n).  With  this  goal  it  is  suff i -■  i «  i.* 

to  determine  whether  coefficients  of  equations  corresponding  to  these  roots 

(C'-V+fti'  "CM 0 

or 

0 

sa t  lofy  conditions  of  Hurwitr  or  Routh. 

Let  us  give  the  conditions  of  Routh. 

Applying  designations  of  the  second  equation,  wc  will  constitute  matrix 

I  b,  bt... 
b,  bt  bf... 
e,  c,  et  .  ..  . 

'  aeli  line  of  whlcli,  starting  from  the  third,  is  determined  from  the  t.w  preceding 
according  to  the  following  rule:  from  the  elements  of  Lite  upper  lira  are  rut  t  rt*  •  t  •  i 
e  r respond ing  elements  of  the  lower,  preliminarily  multiplied  by  sueii  a  riumt  <  r  ilia' 
tin  f  rst  difference  turns  into  zero.  This  zero  difference  is  rejected  and  the 
t  tained  line  is  displaced  ty  an  element  to  the  left  (as  compared  t  the  eorrerp  irlii 
•  lenient, s  ol'  the  upper  lines)  [33], 

Conditions  f  Routh  are  connected  with  this  diagram  it  t.Lr  g  II  wing  manner: 
nil  elements  of  the  first,  column  of  tin  diagram  have  t-  I-  iifferen'  'bat  zt  r  at  1 
n  '  i  ’  I  ve  ['•*■?]. 

> ample  :  In  the  preceding  paragraph,  P  r  < na’  i  t 

Jt  T  <t'*  =0,  c  >0,  ,  >  — 


-If  c- 


j 'V  *y 


>•  was  si i  wn  that  f  »•  y  /  0,  during  sufficiently  large  valuta  f  t,  conditions: 
(‘  •  and  (  .1(  ar  executed  for  system  of  equations  relative  to  canonical 

r  nents  of  the  second  expansion.  Since 


b.  f  *  -  •  B _ — 

**  y  • 


>  h<  n  ■  nditions  (5. >9)  of  asymptotic  stability  are  executed  during  v  >  0. 

'  sequent  ly ,  fir  asymptotic  stability  of  oscillations,  it  is  necessary  that  there 
!■  •  it. to  Inequality 


*>0. 


1  f  v  <  0,  then  there  is  not  executed  only  condition  (5.39)  but  also  condition 
(  . 7  .  Consequently ,  at  v  <  0  oscillations  are  unstable. 


i 


¥ 

# 


*  >•* 

J3 
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C  II  A  P  T  E  R  VI 

ASYMPTOTIC  PRESENTATIONS  OF  SOLUTIONS  OF  AN  EQUATT  M 

OF  OSCILLATIONS 


§  1,  Asymptotic  Presentations  of  Particular  Solutions 
°f*  an  Equation  of  Oscillations" 

Solution  of  the  problem  about  stability  of  oscillations  gives  answers  to  Hr 
questions:  are  all  particular  solutions  of  an  equation  of  free  oscillations 
limited,  and.  If  they  are  limited,  are  they  vanishing  (i.e.,  approaching  z*  v  a< 
t  -*  oo)  functions  of  time?  More  complete  Judgement  about  asymptotic  properties  f 
free  oscillations  can  be  carried  out  If  there  are  known  asymptotic  presmtatl  nr 
certain  particular  solutions  of  an  equation  of  oscillations.  Aft.  r  determinin' 
asymptotic  presentations  n  of  linearly  independent  solutions,  there  can  if  ol  t .•>  1  •  • 
also  answers  to  questions  alout  stability,  without  applying  the  theorems  of  Hr 
pre  'cding  paragraphs.  below  will  be  considered  questions  connecte  d  witli  'he  i  r  a 
and  construction  of  asymptotic  presentations  of  particular  solution.'  f  oqua' i  i. 
with  p-multipie,  d  iffcrentiable  cocf  flc  i «  rits . 

The  idea  of  an  asymptotic  presentation  of  a  particular  solution  we  will  c  m 
wit.h  a  particular  solution  of  an  equation  of  oscillations,  pore  ..ring  cer'ain 
definite  properties,  not  being  confused  I  y  the  circumstance  that  H  will  t.  t  i  . 
appiicalle  to  all  particular  solutions.  We  will  consider  >n.l,v  such  particular 
solu'  ions  for  whicii  in  certain  interval  (*  ,  i  )  is  ixccut  I  c  t  lit  i  ci 


*  (0  /  0. 


(«  • 


such  solu' i  ^ns,  in  particular,  pertain  s  iutions  satisfying  tl<  r  Unwin 


no  '  i  in  : 


-I70- 


or 


a) 

b) 

c) 

or 

d) 


llm  Re  Ln  jr  (/)  «=  llm  Re  I  n  x  (/)  —  j-  oo 

—  oo  <  lim  Re  Ln  x  (/)  <  llm  Re  Ln  x  (/)  <  cc; 
m  • — 

llm 'm  Ln  *  (/)  =Him  Im  Ln  x  (/) »  u-oo 


—  oo<]imlmLnx(/)  =  lim  Im  Lnjt(/)<oo. 


(6.2) 


Tf  particular  solution  x(t)  of  equation  (0.1)  satisfies  conditions  (6.1),  then 
its  asymptotic  presentation  we  will  call  function  X(t),  connected  with  function 
:<(•)  by  dependence 


X(l)=x  (/)•</), 

..  ■  re  v(t)  is  a  function  satisfying  condition 


(6.3) 


aurin.  <  — CO.  (6.4) 

Cone1  It  ion  (6.4)  one  should  understand  so:  it  is  possible  to  select  such  real 
('unction  a(t)  -*  0  that  there  will  be  executed  equality1 


lim 


*«> 

ix(or'" 


i. 


(6.‘o) 


Funet ion  xa  during  a  <  1  is  many-valued  in  the  region  of  complex  values  of 
argument  x.  Tts  many-valued  nature  follows  from  equality  x  =  x  exp  2krri  (k  is  any 
integer,  i  /-I ) ,  because  of  which  every  value  of  x  corresponds  to  finite  or 

'  n finite  set  of  values  x\  determined  by  equality 


exp  (xln  jr)exp2*™i. 

'ills  equality  ln  x  is  the  principal  value  of  logarithm  [48],  characterized  by 
•  Ik  act,  that  its  imaginary  component  is  contained  in  int.i  rval  (-ft,  if],  i.e.. 


—  e<lmlnx<*. 

Metermining  function  v(t)  by  condition  (6.4),  we  admit  that  there  can  be 
.  ' dt  red  any  t  ranch  of  function  f(x)  -  xa.  It  is  assumed  only  that  this  function 
ir  inuously  depends  on  argument,  i.e.,  does  not  .lump  from  one  branch  to  another."’ 
Let  us  consider  certain  results  of  condition  (f.4). 

inking  t  ne  logarithm  of  function  v(t)  and  [x(t)]*^f  because  of  this 

no  i t  ion  we  w  ill  >bta  in 


Mien  and  subsequently,  during  application  of  symbol  lim,  it  is  Implied  that 
(ms'  mated  by  it)  a  limit  exists. 

2 

;in  'her  w  rds,  it  is  assumed  that  magnitude  x‘  ■  utlnu  usly  changes  with 
•  •linn  '<  'f 
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where  I 


Ln  v  (H  —  Re  o  ( 1 )  Ln  x  (/)  +  -*”»  +  o  ( I ), 

=  vCT,  k  is  an  arbitrary  integer,  appearing  lecause  ol’  the  many-valued 
nature  of  the  logarithmic  function  in  the  region  of  complex  values  of  argument.1 

Dividing  real  and  imaginary  parts,  from  this  equality  we  will  obtain  the 
following  system  of  two  equalities 


■Re Ln  i< (0  «  Re  o  ( I )  Rc  Ls  jr  (/) ~  Re o ( 1 ).  » 

lmLnt»(/)-Reo(1)lm  Ln 2ii*  +  Rco(l).  j 


Hence,  in  particular,  there  follows2 


tin, 

i—m  Re  Ln  x  (/) 
lim  KeLn  — 


in  :nse 

ir.  as*} 


(6. 2a). 
(6. 26). 


lim  — — 

Ini  I  nx(t) 

lim  Ini  Ln  v(i) 


m  1 1  ■■  in  sa 39  (G.Jh), 

=  i  111 *k  (wnor-*  k  is  •-?, 
ir.t  o  •  p  •  i  •  cas«*  (>  , 


('  •' 


If  solution  of  equation  of  oscillations  satisfies  conditions  (6.2),  then 
condition  (6.6)  together  with  condition  (6.3)  can  be  taken  for  determination  of 
asymptotic  presentation.  In  this  determination  there  are  no  values,  whatever 
branches  of  logarithmic  functions  are  considered.  It  is  assumed  only  that  they 
continuously  depend  on  their  arguments  (i.e.,  do  not  .lump  from  one  branch  to 
another) . 

Condition  (6.4)  is  equivalent  to  condition 


lhally,  from  conditions  (6.3)  and  (t.‘>)  follows 


X'~ 


win  nee  we  ol  tain  (0.7). 

In  particular,  during  fulfillment  of  c  nditlons  (6.2)  we  will  obtain 


^any-valued  nature  of  the  logarithmic  function  in  the  regi  >n  of  complex,  vil 
of  argument  w  f  Hows  from  equality 

kr.i 

(wit  re  k  is  any  Integer),  I  ccause  of  which  every  value  of  w  corresponds  t<  at 
infinite  set  f  values  Ln  w ,  differing  from  each  other  by  2k  t  i  (4H). 

“’hi  ‘in  first  two  >f  tin  I  i  1  w-ment  i  ned  equalities  and,  sul  cquently  ,  I  ■  ■  r  '  r 
designa'  i  ns  f  nal  parts  of  1  gori  thms,  symt  1  Ln  u  ’an  i  <  replaced  I  y  eyml  I 
Ln  u.  'iucf  tilt  rr  ec  u's  identity 


RtLn  u-Rrlnv 
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(6.8) 


(6.  L’a). 

ReLnX(i) 

llm  RcLni'(/)  =  u— 

ir  e  (G.tV,), 

iii„ 

f_.  Im  Ln  Af(l) 

in  crae  (ti.  2h), 

Km  Im  Ln  r(/(=-d*r 

in  cns«  (6.  2r). 

If  there  are  known  certain  particular  solutions  of  an  equation  of  oscillations, 
satisfying  conditions  ((.1),  then  very  simply  may  be  constructed  as  large  a  number 
a r  desired  of  different  asymptotic  presentations  of  tnese  solutions. 

l  irst,  this  solution  itself  is  a  trivial,  asymptotic  presentation  of  particular 
solution  x(t),  satisfying  conditions  (6.1).  It  is  obtained  from  equality  (6.3), 
if  one  were  t  assume  v(ti)  =  1;  condition  (6.4)  for  this  form  of  function  v(t)  is 
always  satisfied. 

Secondly,  it  is  possible  to  construct  any  amount  many  of  its  other  asymptotic 
presentations ,  selecting  function  v(t),  different  from  the  ai  ovc-mcntioned ,  but 
•at  Isfying  conditions  (6.4).  functions  v(t)  of  such  form  for  any  solutions  x(t) 
sat  isfying  conditions  (6.1)  are,  for  instance,  any  functions  approaching  unity 

a  *  -»  00. 

The  problem  of  constructing  asymptotic  presentations  of  particular  solutions 
b,v  'iven  solutions  has  an  infinite  number  of  evident  solutions  but  does  not 
i>r<  rent  interest.  If  certain  particular  solutions  of  equation  of  oscillations  are 
kn  wn,  then  •  'net ruction  of  their  asymptotic  presentations  will  not  supplement  our 
inf-  filiation  about  asymptot  ic  properties  of  oscillations. 

f  an  entirely  different  character  is  the  problem  of  constructing  asymptotic 
pn  rent  at.  Ions  of  certain  particular  solutions  of  an  equation  of  osclllat  Lons  in 
•i  •  .  w> i  n  these  particular  solutions  themselves  are  unknown,  in  order  to  grasp 
v  interesting  this  problem  is,  tie  should  mention  two  circumstances: 

a)  nsympt  t  ic  presentations  of  particular  soluti  ns  characterize  many  asymptot  ic 
pr  pt  riles  f  free  oscillations  in  the  same  measure  as  actual  particular  soluti  >nc 
( e'  3  and  4  ) , 

i  )  t  determine  asymptotic  presentations  f  particular  soluti  mr  tn  many  eases 
is  simpler  than  to  find  particular  solutions. 

ertainly,  it  is  impossille’  to  expect  that  solution  e.f  tie  pr  I  l"tn  of  construct¬ 
in'  nsympt  tic  presentations  of  unknown  particular  solutions  may  le  I'ained  by  a 
simpLi  atKl  c  'turn  n  nu  thod  J'  r  various  types  >f  e  ma 1 1  ns  of  free  osclllat  ions.  This 
pr  u  1<  m  Ir  v«  ry  c  nipli  -a'ed.  ana  •  lit  manner  f  its  c>  lut.i  n  Upends  n  the  f  ran  f 
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ivShitln 


i'V**  4tg*»**u  *****  — u . 


coefficients  of  the  equation  of  oscillation  j. 

Determination  of  asymptotic  presentations  of  unknown  particular  solutions  Li- 
considered  in  the  following  paragraph.. 

Fxample :  Equation 

«>0  (0.9) 

has  the  two  following  particular  solutions: 

-MO-tipy;  •,i<b"**P - 7 J*'P ('  .!  ') 

(see  §  7  Chapter  III).  Both  these  solutions  satisfy  conditions  (6.2)  where  take 
place  cases  (a)  and  (d). 

one  of  asymptotic  presentations  of  the  first  solution  is  function 


«»  -  »•  »*p  y . 

where  a  is  any  real  number. 

Actually,  here 

•  V) « *i (<)-»*• 

This  function  satisfies  conditions  (6.0),  since 

..  ft*  La  i,(0  2.1. 1  _ 

Ilm  - - —  ••  —  -  —  m  0, 

,•«  ft*  La  *,  (I)  |i 

im  L.  JT|  (t)  =■  2»*|,  I  n  Ln  r,  (f ) .  2 r*. 


((  .13  ) 


(k^  and  k?  are  any  integers). 

One  of  the  asymptotic  presentations  of  the  second  solution  is  function 


since  function 


satisfies  conditions  (6.8). 
Heally, 


*,«>«-  '’•«*(- y). 

r, '*> 
j*ip(  »»><« 


(<  .32) 


1 


■  j* tip  (-i?)  ^  «  «  -  np  j('  1 1  + 1 » ( li  (I. 

I. >,(/)-(.  r  l)l«H  ln2  -l.(l +|,.(li||  .*  .-<. 

0. 


ii.  R,L"  '«<'»  ,  <•  ;  HI./ 

11.1  -- — - — -  e  Imt 

R* La i—.  it 

•  laf  —  . 


Im  La  JT,  (»)  .  (.»*,  q.  |)  i, 
Im  I  a  e*  (I)  2*,« 


(k.,  and  k  an  any  intern rs). 
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5  2.  Methods  of  Determining  Asymptotic  Presentations  of 

Particular  3  lutions 

The  simplest  cases  for  construction  of  asymptotic  presentations  of  unknown 
particular  solutions  are  those  in  which  the  matrices  of  coefficients  of  the  system 
f  e  iuat,ions  relative  to  canonical  components  (2.48)  possess  the  following 
pr  perties: 

a)  the  matrix  is  L-diagonal  [38],  i.e.,  such  that  all  coefficients  h during 
■i  rtain  tQ  >  0  are  absolutely  integral  le1  in  interval  (tQ,  oo) ; 

b)  there  exists  such  sufficiently  large  T,  that  during  t  t  T  not  one  of 
lifferer.ees  Re  ^^“^(t)  -  Re  ^^"^(t)  changes  sign. 

(•or  analysis  of  these  cases,  the  below-mentioned  theorem  of  I.  M.  Rapoport  [38] 
is  applicable. 

Theorem  of  Rapoport.  If  the  matrix  of  coefficients  of  a  system  of  equations, 
recorded  in  the  form  (2.48)  possesses  properties  (a  j  and  (b),  and  functions 
'(k-^(t)  (i  --  1,  ....  n)  are  absolutely  integrable  in  interval  tQ,  t^)  during 
any  finite  t^ ,  then  this  system  of  equations  has  n  particular  solutions  of  the  form 


][;<»-'>(<)<«  (i*=l.  2 . n),  (6.13) 

win  re  ’|j,(t)  are  functions,  continuous  in  interval  [tQ,  oo),  with  which  ^^(ro)  -  1 
an.!  .(is)  0  during  i  /  j . 

Assuming  that  conditions  of  Rapoport's  theorem  arc  executed,  and  using  formula 
(i  .13)  and  property  of  canonical  components 


4 

V 


wi  will  T'tain  n  particular  solutions  f  equation  (0.1)  in  the  form 


cr" 


(t)dt. 


(6.14) 


Mince  magnitudes 


exp  !;;*-"(/)<//  (y=  I . n) 

It 


'iuiviin  h(t)  lo  call'd  at  s  lutely  in'i  'ratio  in  Int<rvai  (a.  t)  if  integral 


J  l*(OI<n 


-1 


i  j- 


do  not  turn  into  zero  during  any  value  of  t  from  interval  (t^,  go)  solutions  (o.l4) 
satisfy  condition  (6.1).  Because  of  shown  properties  of  function  ij.  . (t)  one  oi' 
the  asymptotic  presentations  of  each  j-th  solution  is  the  following 


AT, -exp  £ 


(6.16) 


Let  us  note  that  if  magnitude  £ 


(k-1) 


is  real,  then  among  solutions  with 


asymptotic  presentation  (6.15)  there  must  be  a  real  resolution,  but  if  magnitudes 
fk-D  (k-1) 

^  '  and  are  conjugate  complex,  then  among  solutions  witli  asymptotic 

presentations 

*i-MP j  ix  ..-exp| :;*,"(/)<// 

there  must  be  a  pair  of  solutions  taking  conjugate  complex  values. 

Actually,  if  magnitude  ^  ;(t)  is  real,  then  magnitude  q  .  ^  also  may  be 

real.  Considering  differentiability  of  functions  q^j(t)  [following  from  formulas 

(6.13)]  and  passing  in  system  of  equations  (2.48)  from  variables  z-x  (l  1. . n) 

to  variables  .  (t  =1,  ...,  n)  we  will  obtain  system  of  equations  [38] 


15 

«=I . «)• 


( 6 . 1  (  ) 


Solutions  of  this  system,  corresponding  to  real  solutions  of  equation  (0.1), 

( k-1 ) 

possess  the  property  that  during  real  functions  '(t)  complex-valued  funct  i  ns 

l;  j(i  /  j)  are  united  into  conjugate  pairs  and,  consequently,  sum 

Vt„,(0 

1-1 

is  real.  1 


1There  is  possible  other  proof.  Let  us  assume  that  functions  q.  .(t)  interest  in 

us,  are  complex-valued.  Then,  in  right  sides  of  formulas  (6,1.5)  to  complex  conjuga  1 1 
magnitudes,  we  will  obtain  one  more  particular  solution  of  equation  (0.1),  0  n  is  in 
f  sum  of  functions  of  the  form 

J  it 

(I  -  I.. ’..I.). 

Olviously,  sum  of  functions 

Ut  (»)+'./,</»  1* 

*4=  -J-  -MPJ  "(OO  «-t . »l) 

«• 

als  ■  is  particular  solution  of  an  cquat  L  m  of  oscillations.  The  validi'y  rf  Mo 
expressed  statement  f  11  ws  from  this. 


-I/O- 
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£2 


( k-1 )  l  k--1  ) 

If  magnitudes  C\  (  )  and  f  \+i,.  ;(t)  are  conjugate  complex,  then,  considering 
system  ((  .!(  ),  It  is  p  ssil  lc  t  estatlish  the  existence  of  two  of  its  solutions, 

'  r  which  magnitudes 


m  4 

2  t<IJ  -I. I  2 — 
i— l  !■! 


ZC“  .'u,TftTe  ’  fTf-l-X 


1'herel  y  the  expresscd-above  affirmation  is  proven. 

['he  fixed  result  we  will  formulate  in  the  form  of  the  following  theorem. 
theorem.  If  the  matrix  of  coefficients  of  system  (2.48)  satisfies  the 
■  filiation  of  Rapoports  theorem,  then  eauation  (0.1)  has  n  particular  solutions 
x . (  1  .  each  of  which  has  an  asymptotic  presentation  of  the  form  (6. lb);  among 
l_<  solutions  corresponding  to  real  asymptotic  presentations  is  a  real  solution, 
and  among  the  solutions  corresponding  to  complex  conjugate  asymptotic  presentations 
■ir  -omplex  conjugate  solutions. 

Let  us  assume  that  an  asymptotic  presentation  of  the  form  (6,15)  of  certain 
part  icular  solution  Xj(t)  is  found.  Then  with  the  help  of  functions  yj(t), 

ra  1  i  sf.v  i  ng  fond i  tic  n 


j  ReT/  (/)<«- Re o ( 1 )  j  Re'.J*"'*  (/)  rf/ +  Rco(|). 

t  t, 

t  I 

j Im 7y(/)rf/=Rco(l)J Ini  ;)*-"(/) dt  +  2r.k -  j- Rc o ( I ). 


(6.17) 


ii  is  possible  to  cons  true i  an  infinite  set  of  other  asymptotic  presentations  of 
'  i  f  rm 

x)  -  exp  j  (:}*-'  *  (/)  +  T>  (!)  J  dt.  (6.18) 

>. 

Let  us  assume  now  that  y.(t)  are  arbitrary  functions  satisfying  conditions 

J 

(i  .l/').  and  they  are  established  in  the  form  (t  .18)  m  (m  n)  of  asymptotic  presenta- 


Xl  (Ot  •  ■  ••  Xm(0 

■'  eta  in  particular  solutions.  It  Is  easy  to  se  e  that  particular  solutions 
•  re  r  pond  i tie  to  them 

JC,  (t) . xm(l) 

an  .linearly  independent  If  there  docs  not  exist  such  functions  y.(t)  (J  1,  .  .  .  ,  m) 
ra  -  i  r  f.v  i  no  condl  t.  ion  (6.17).  at  which  these  asymptotic  presentations  are  linearly 

'  lid.  i  . 

ait.,  i !'  wt  assume  !  ha’  particular  s  Unions  an  linearly  dependent,  then. 

at' .  r  Ue-  i>n  func  i  >n  y.(t  )  (  '  1 . in)  in  such  a  manner  that  asymptotic 

d 


-177- 


presentations  of  solutions  coincide  with  solutions,  we  will  find  a  system  of 
asymptotic  presentations  connected  by  linear  dependence,  and,  consequently ,  wt 
will  come  to  a  contradiction. 

The  established  conformity  between  properties  of  particular  solutions  and 
their  asymptotic  presentations  carried  the  character  of  a  sufficient  condition  of 
linear  independence  of  particular  solutions  given  by  their  asymptotic  presentations. 

Thus,  we  have  established  a  method  of  constructing  asymptotic  presentations 
of  particular  solutions  and  conditions  which  asymptotic  presentations  must  satisfy 
so  that  particular  solutions  are  linearly  independent  in  cases  when  the  matrix  f 
coefficients  of  a  system  of  equations  relative  to  canonical  components  possess  i i * 
above- indicated  properties  (a)  and  (b).  It  is  possible  to  see  the  presence  r 
absence  for  the  mentioned  matrix  of  property  (a)  if  one  were  to  cal  -ulate 
coefficients  hj^)  ( l ,  j  =  l,  n)  and  check  their  integral  i  li  f.v .  However, 

calculation  of  coefficients  is  a  very  labor-consuming  operation  since  it  is 
connected  with  differentiation  and  algebraic  ns  format  ions  of  roots  if  algebra!  • 

equation  C  ,  ....  [see  formula  for  coefficient  in  cxplana1  i  n  t 

equation  (2.49)].  Therefore,  of  interest  are  methods  of  checking  integrahill t y  <  f 
coefficients  h^  (1,  j  =  1,  ...,  n),  which  do  not  require  their  calculation. 

Such  methods  are  possible.  One  of  them,  which  we  will  consid'  r,  is  bas<*d  n 
the  following  lemma. 

Lemma.  The  necessary  and  sufficient  condition  of  absolute*  Ini'rral  ili'.y _ _f 

functions  H^(t).  ....  Kn(t)  in  interval  ( t(),  a)  is  the  fulfillment  of  incqual  i  t  i 

(«  =  1 . «>•  ('  •  11 

wiic  re 

*.  (0-V«(  (/,; 

* 

</>«>(/>: 

»./  »l 
J>i 

Proof.  Let  us  agree  to  use  the  term  " integral  ili ty"  subsequently  in  'he  c«  » ■ 
f  nl  solute  integral  il  ity. 

Tf  functions  M^(t).  ...,  nn(t)  an1  Integral  le  in  interval  (tf),  11  ).  1 1n  n  tin  ir 
sum  —  ITuic »  i  n  k^  ( 1  1  —  also  is  interral  It  in  interval  '  .  .  uri  t:<  r  t  r  a  rl  i '  r*»» 
func  t  i  n  k,  ( *  )  (m  2.  ....  n ) 


-If  - 


j i a* (o r v (/> (/)... (/) . 

i,  i.\i,*ik  i 

<ti  V  K(0MO  . 

•V/-*  / 

<  j  ^  I (0  -i.  (/)---  40 11'- 


(In  the  last  relationship  we  can  te  convinced,  raising  the  integrand  to  m  power), 
n  the  tasis  of  inequality  of  ielder1 

m 

j  2 ! *1.(0 «■,(')...»,„(/) r- <//< 

i u t  since  functions  ni,(t)  are  integraile,  the  right  side  of  the  last  inequality 


is  limited.  Consequently, 


f  I  A*  (/)!'  "'<//  <  oo. 


dais,  tiie  necessity  of  condition  (6.19)  is  proven, 

for  proof  of  sufficiency  of  condition  (6.19)  we  will  assume  that  it  is  carried 
ut  .  and  we  will  observe  whether  there  can  te  cases  when  functions  n^(t)  (one  or 
:<-vi- rai)  are  not  lntegrablc. 

Let  us  assume  that  only  one  of  functions  n^(t)  is  not  integraile.  Tiien  because 
f  •  quality 


(6.20) 


Mil:  function  It  is  possible  to  present  in  the  form  of  a  sum  of  integrands,  which, 
tvlously,  is  also  integraile,  and,  thus,  wc  arrive  at  a  contradiction. 

Let  us  assume  that  there  arc  only  two  functions  which  are  not  integrable,  for 
ins  anee  n,  (t.)  and  n0(t).  Then  because  of  relationship  (6.19).  sum  of  functions 
.'.(■)  +  w  (t)  is  integraile,  as  a  consequence  of  which  it  is  possible  to  record 


(0  +  M0. 


(6.21) 


1  rneijual !  ty  of  helder  has  the  form  [ ^4  ] 

j  rg*...iydt (jfji  )'(jf ,«)' . . .  \jidif . 

/=/<<)>  0.  gmg(  l)>0 /  f|l|>0, 

1 . '  are  positive  numbers  where  a  +  6  +  . .  .  +  A 
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where  1/  (t)  is  the  integrand. 

After  carrying  out  substitution  (6.21)  in  equality 

i*/ 

we  will  obtain 

*»(')=- (/>  i*.  (/)  - (01 + »,  <0.  ( 6  • ?? ) 

where  v^(t)  is  the  sum  of  functions,  each  of  which  is  the  product  of  two  Integrands 
Because  of  equality  (6.22) 

*,  <o  h  <o  - »,  <01= *,(o  - 1*,  <or  (*I  (0|',J  -  >:  <o .  (6.23) 

where  v^(t)  also  is  sum  of  functions,  each  of  which  is  the  product  of  two  integrand 
From  equality  (6.23)  follows 

vTMTl*- mo »,(/)!  « i 

whence,  in  turn, 

j  l  lTMOp-T^ThtoT  </t=j  ViZio  fdt.  (,  .  >i; ) 

We  will  estimate  left  and  right  sides  of  equality  (L.2b).  Because  f  evident 
algebraic  inequality 

*  _  _  i  i 

'•  *.  i. 

(in  the  basis  of  Bunlakowski  inequality 

J  1  frfz <  y  ( I »,  (/) I dt  ^ { |.,  (t)'dt. 

Consequently , 


J l/’,l*.WP-  «,(')'i</)|  dt  di- 

’’ 


— 

/ J 

/  * 

V  Omoia-i 

|/n  »,(/)!<//) 

faking  into  account  that 

f !*i<0|<f/  =  oo.  j|»,  t\\dt<oo. 

wc'  will  find  that  during  t,  -*  a  right  side  of  inequality  (f  .?'j)  wi'hout  limit, 
increases.  Consequently,  without  limit  increases  also  left  part  f  this  i  n>  quol  i  t ,,  , 
Vi  1 1  i  c!  is.  s  tmul1  fine- aicly  left  part  f  (  ouality  (f.?Jl). 

.pply  ing  Bunlakowski  ine  mality,  it.  is  easy  t  esiallish  that  t  m  right  side 
>f  (  gtallty  (e.?;t)  is  a  t*  unit'd  fancti  j.. 


Mi 

Comparing  obtained  results,  we  arrive  at  a  contradiction.  Consequently,  the 
ease  of  two  nonintegrands  is  excluded. 

The  same  diagram  of  construction  is  applicable  for  proof  of  the  contradictory 
nature  of  the  assumption  about  the  existence  m  (2  <  m  5  n)  of  nonintegrands  among 
functions  x^(t). 

Let  us  assume  that  x^(t),  Xp(t),  ...,  y„m(t)  are  nonintegrands.  Then,  using 
pr  party  of  functions  k^(t),  ...,  km(t),  given  in  conditions  of  lemma,  it  is 
p  ssille  to  arrive  at  equality 

»:+*,«:  '  +  ...-rw,-v  (0.26) 

win  re  v.  (  l  1,  ...»  m)  is  a  certain  sum  of  functions,  each  of  which  is  the 
[induct  of  i  integrands. 

From  equality  (6.26)  follows 

I  «T  +  V*"'  +  •  •  •  4  '•-I*..!1  H  %  I1 " . 

whence,  in  turn, 

I  I 

Jl«r  +  V7  1  4-  •  •  •  n,!1'*  (6.27) 

i.  i 

lecause  of  known  algebraic  inequalities 


n  the  las  is  of  inequality  of  ielder 


m  -  i 


(/-=  1.  2....  m-1). 


(’  mparlng  Inequalities  (6.28)  and  (6.29),  w»  will  obtain 


(6.23) 


(6.29) 


(6.50) 
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Taking  Into  account  that 

j  |>,</)  ;•*//<  co 

(<=1 . IK—  l), 

we  will  find  that  during  t  -*  co  any  difference 


m-i-l 


(i—  I. - . m  -I) 


without  limit  increases.  Consequently,  without  limit  increases  also  See  ml  far 
of  right  side  of  inequality  (6. 30).  Obviously,  the  same  property  is  possessi  1  I  y 
the  right  side  of  inequality  (6.30)  and,  consequently,  by  the'  left  par*  of 
equality  (6.27). 

On  the  other  hand,  the2  right  side  of  equality  (6.27)  Is  a  bounded  fund!  n. 
Comparing  obtained  result's,  we  arrive  at  a  contradiction. 

Thus,  the  lemma  is  proven. 

We  will  apply  this  lemma  to  a  check  of  integral"  ill ty  of  coef f  if  lent  s 

hf5}  (i,  j  =  1,  ....  n). 

With  this  goal,  after  designating  the  shown  coefficients  1  y  syml  olr 
n.  ,  h  ,  ....  k  and  revealing  their  meaning  by  formulas  given  in  explanations  t 
formula  (2.49).  we  will  constitute  an  expression  for  •  ^efficients  k^ .  k. , . k 

These  expressions  have  the  f  rm  of  symmetric  functions  oi'  roots  CJ*”",  . d,*-1’ 

and  'heir  derivatives.  Therefore,  they  can  be  presented  in  the  form  of  algei  rn 

functions  of  coefficients  bj^”^,  ....  b^"^)  and  ’heir  derivative's,  (ai  1, 

f  'ourse,  of  coefficients  t  ^ ,  b0,  ...,  b  ),  and  consequently ,  also  in  tin  f  rm 

of  algebraic  functions  b^,  b^,  ...,  bn>  Thus,  functions  k^(t),  k^,(t),  ...,  kf  f  t  ) 

can  be  constructed  with  respect  to  functi  ns  lj^-^(t),  . 1 

and  i^(t),  1  (t),  ...,  b  ( t )  ly  means  of  the  application  of  n.L,y  elements  r/  *>  L  <  l  1 

tperations  and  differentiation.  After  determining  these  functi  tns  check  f 
inlegral'llLty  of  coei’i’lcients  hj^(t)  ori  the  t  as  Is  of  pr  vet.  Lemma  'an  it  n  plno 
by  duck  f  fulfillment  jf  conditl  ins  (f>.l9). 

I'hus,  for  instance,  for  a  second  order  e  mat, ion 


*1  (<)  =  o. 


kn  (()  — 

+*>+ 

+  <:)*-")»  + 2»,p 

"2  V*/ 

(CJ*“ 

i>  __  -(*- 
*i 

r,,>” 

+ 

*2  ~ 

I 

J2 

“™  • 

MO- 

0. 

k  (t)  — 

*4 - 

«r 

i»  -u- 
•! 

Since  magnitude  k^  ( t )  is  equal  to  the  square  of  half  of  the  second  component 
f  magnitude  k0(t),  conditions  (6. 19)  will  take  the  form 


31 - - r<~’ 

f  i *7?r|*+*sF' 

Jrl  - \m<m- 


(i  .31) 


’•xpressing  symmetric  functions  of  roots  and  their  derivatives  through  coeffl- 
i'-nts  and  their  derivatives,  we  will  give  conditions  (6.31)  the  form 


)'V  \  <*«•-•»)»_  »«-•»  |  */<oo, 

j  V I T + 

«• 

• '  +<*irrTT>r  *;»-•<  _ 

*  (*!*  »'*-*»  + 

|rf/<oo. 

wh,r«  *-»,( »:*-"*!*-") + *, |(»!*-")» - i!*-' > - 


(6.32) 


More  complicated  cases  for  construction  of  asymptotic  presentations  of 
particular  solutions  are  the  cases  in  w.iich  canonical  expansion  does  not  lead  to 
such  a  system  of  equations  relative  to  canonical  components,  whose  matrix  of 
e  efficients  possesses  properties  (a)  and  (1)  oharaeferist ic  for  the  considered 
•nsi .  If  the  mentioned  matrix  does  not  possess  property  (a)  hut  satisfies  condition 
(t  ).  then  there  can  appear  the  useful  method  of  auxiliary  canonical  expansions, 
pri  in  nt  ed  l  elow . 


-Ib3- 


Let  us  assume  that  x.(t)  =  exp  /  Is  an  approximate  nresentat  i  n  1' 

J  J 

a  certain  particular  solution  of  equation  (0.1),  found  by  the  method  shown  in  §  2, 
Chapter  IV  by  means  of  approximate  solution  of  a  system  of  equations  relative  to 
canonical  components,  obtained  as  a  result  of  k-th  canonical  expansion  of  solut  L  n 
of  equation  (0.1).  Then  it  satisfies  equation  (4.28) 

.  ••  +  o. 

which  differs  from  equation  (0.1)  only  by  coefficient  during  unknown  variable. 

Being  limited  by  the  case  when 


llm  4^-0. 

wt  will  replace  equation  (0.1)  by  equation 

$  +  +  +  f'-O. 

where 


(i  .3?) 


(<  .  -V* 


(*  I . n-1); 

After  carrying  out  k-th  unmodulated  canonical  expansion  of  solution  f  ■  pm'  '  t 
((.34)  (we  assume  that  conditions  of  appll cal ility  of  this  canonical  expansi  n  up 
executed),  its  approximate  solution  x ^  we  will  find  by  the  formula 

x,  exp  .UJ?-"  (<  • 

where  f  is  the  root  of  algebraic  equation 

h  if  mining  k-th  expansion  of  solution  i  1'  equal  i  n  (1.34),  correspond  it.  t<  r  1 
f 1  of  equa' i on 

The  idea  of  conformity  f  roots  is  used  here  in  the  foil  wing  meaning.  I!'  it 
equation  (6.34)  we  replace  coefficient  1^  by  coefficient  b'^  1(  -  mJ  ,  it  i  '  ru  ■ 

change  f  roots  f  euuati  n  during  change  of  m  from  0  to  i,  t  in  n  r,\^  io  rir.nl 
form  f  that  root  whose  initial  form  is 

'oeff  i  c  i  ent  s  if  equation  (C .  3b)  art  rati  inall.v  >  xpressed  'hr  trii  •  <  I't'i  -bn1 
and  de  ri  vat  ivos  f  ■  off  1  c  i  en' s  f  equate  n  (1  .  34  |  and  cat  i  <  r<  ftpvi  r.'  '  d  in  t.h<  t  1:1 

*!•»-!- a*:*'  d  1 . n). 


-Id  4- 


here  !'\  ; K 1  ( t )  are  functions  depending  n  coefficients  bR  and  their  deriva¬ 

tives  and  tin  function  J,(t)  and  its  derivatives. 

ti 

We  will  replace,  in  k-th  canonical  expansion  of  solution  of  equation  (0.1), 
functions  C^”^(t)  by  functions  ^^|^"^-(t).  Then,  system  of  equations  relative  to 
now  canonical  components  will  take  the  form 

z,  +  v*;;>^  a  I . „>.  (6.38) 

/-I 


win  re  h^j|  are  certain  functions,  in  general,  differing  from  functions  h^j^(t). 

Tt  is  possible  to  expect  that  matrix  of  coefficients  of  system  (6.38) 
possesses  above-indicated  properties  (a)  and  (b).  The  basis  to  this  is  the 


,(*)i 


f.  L Lowing. 

1 

The  equation  which  function  x  (t)  satisfies  it  is  possible  to  record  in  the  form 

“£+»..  ~^r+ •••+<*„.+ »;>*'  0. 

where  function  Jj  is  found  with  respect  to  coefficients  of  equation  (6.3^)  and  root 

■')  '  of  equation  (6.36)  by  the  same  method  by  which  wes  determined  function  J^(t) 

.i'h  respect  to  coefficients  of  equation  (0.1)  and  root  £^^“1)  of  equation  (6.37). 

1  nee  during  t  -*  a> 


*.1  ~ 

It  ir  fully  probable  that 

Cl*-’*  (/-  1 . 

because  of  the  first  relationships  it  is  possible  to  expect  that  property  (b) 
i  r  p  sscssed  also  by  functions  ( i-  =  1.  ...»  n).  On  the  basis  of  the  last 

i*>  La  t  i  nsliip  and  equality 


K-V\  K  »/  +  •'*) 

it  is  nossible  to  expect  that  during  t  -»  «■  the  order'  of  proximity  of  coefficients 

t 

I  +  Ip  and  bn  is  higher  than  the  order  of  proximity  of  coefficients  bn  +  ^  and 

b.  *-  ti| ,  approximate  solution  x,(t)  is  nearer  to  exact  than  approximate 

*y  /  J 

it  ion  x,(t),  and  matrix  of  coefficients  of  system  (6.38)  is  nearer  to  diagonal 
‘hat  matrix  of  coefficients  of  system  (P.^8).  From  the  last,  follows  the  possibility 
’’  '  i!  f!  linen t  of  condition  (a). 

I  r,  as  a  result  of  chick.  There  will  be  revealed  properlh  r  ■  a )  and  (b)  for 


•  at  rl  x  of  coefficients  of'  system  (6.38),  then  it  ina.y  be  concluded  that  equation 


(0.1)  has  particular  solution,  one  of  the  asymp'otic  presentations  of  which  lias  the 
form 


This  method  of  constructing  asymptotic  presentations  of  particular  solutions 
can  be  very  labor-consuming.  The  following  small  modification  of  it  will  allow  us, 
in  a  number  of  cases,  essentially  to  reduce  the  volume  of  calculating  operations: 
in  equation  (6.3*0  during  determination  of  coefficient  b^  we  will  replace  equality 
bnl  =  b^  -  by  equality  b^  =  b^  -  $  1  +  o($j)  and  will  select  magnitude  o($.) 
in  such  a  way  that  expression  for  coefficient  bn(t)  is  the  most  convenient  for 
accomplishing  the  foreseen  (by  the  method)  operation  on  function  b  ^(t).  Such 
deviation  ^rom  the  presented  method  will  not  be  reflected  on  above-mentioned 
reasonings  c  inected  with  its  logical  foundation. 

Fir.'shing  the  account  of  methods  of  constructing  asymptotic  presentations  of 
particular  solutions,  let  us  note  that  in  the  simplest  cases,  in  which  the  matrix 
of  coefficients  of  a  system  of  equations  relative  to  canonical  components  in  f-th 
expansion  is  diagonal,  and,  consequently,  asymptotic  presentations  can  be  obtained 
by  means  of  integrating  the  mentioned  system,  between  coefficients  b(^  and 


bj1"1)  (J  =  1 . n)  take  place  dependences  (J  1,  ...,  n) 

(see  §  4,  Chapter  II).  Because  of  this,  in  the  above-considered,  more  general 
cases,  as  the  initial  number  for  constructing  asymptotic  presentations,  it  is 
expedient  to  take  that  number  of  canonical  expansions  of  k,  at  which  between 
coefficients  b^  and  b^-^  (j  =1,  ...,  n)  take  place  dependences 


(/-I . n). 

However,  one  should  consider  that  we  do  not  have  bases  to  negate  the  possil  Ill'.v 
of  determining  asymptotic  presentations  even  with  such  numbers  of  canonical  expan¬ 
sions  at  which  condition  (6.39)  is  not  executed. 

,  xample:  In  the  case  of  equation  (4.41) 

Jt  +  tl'x  «=  0,  <  ♦  0,  y  >  -2 

(see  example  in  §  2  of  the  preceding  chapter)  canonical  expansions  give 


(Vgl,  +  y) 


1  nuiti’ 


2fyg(2+  y) 


j-;  »'’>-«•  +  'T^'t . 


Consequently,  at  K  2  condition  (6.59)  Is  executed.  We  will  check  fulfillment  of 
conditions  (6.52),  c  >nsiderlng  t.Q  >  0.  The  first  condition  In  this  case  takes  the 


m 

J  y  I  *1  (,j _ ir, ,!•+=,  \4t  <  **• 


1'  Is  executed  during  v  >  -2 . 

The  second  condition  takes  the  form 

?|/f  .<>  f  5)1* 


f  Kf  •(>  f  5)<*| 

J  %»-i6*f,rt  r < 


It  also  is  executed  during  v  >  -2. 

Consequently,  the  matrix  of  coefficients  L,  interesting  us,  is  diagonal. 
Since  roots  of  equations  determining  the  second  canonical  expansion 


sa'isfy  condition  (b)  of  Rapoport's  theorem,  then,  applying  it,  we  will  find 
asymptotic  presentation  of  two  linearly  independent  solutions  of  equation  ( -4 . 4 1 ) , 


a)  for  c  '  0 


l  )  for  c  <  0 


§  5.  Asymptotic  Presentation  of  General  Solution  of  an 
!■  luation  of  Oscillations 

'n  the  basis  of  the  idea  of  asymptotic  presentation  of  a  particular  solution 
i'  an  equation  of  free  oscillations  it  is  easy  to  construct  the  idea  of  asymptotic 
pm  sc  ntation  of  its  general  solution. 

Definition  1.  Asymptotic  presentation  of  general  solution  x(t)  of  an  equation 
f  free  oscillations  we  will  call  function 


(h  J*  0 ) 


1  . Cn  are  arbitrary  constants;  X^t),  ....  X  (t)  are  asymptotic  presen- 

a t  i _ ns  of  linearly  independent  particular  so lutions  of  equation  (0.1). 

Lit  us  note  that,  any  two  asymptotic  presentations  X,(t.)  and  X  .  ( t )  of  the 
aim  particular  solution  x,(t)  are  connected  by  dependence 

Xj(t)  ■X‘,(t)vl(t). 

lure  Vj(t)  is  a  func  t  i  on  satisfying  conditi  ms  (r.'i)  during  sui-sti  tuti  m 

I 

X  . ,  x  X  ,  R  v  . . 

J  1 
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Ilk  ' 


Consequently,  11‘  there  are  given  certain  asymptotic  presentations 
X1(t),  ...,  Xn(t)  of  any  particular  solutions  x1(t),  ....  xn(L)  and  during  any 
set  of  functions  Vj(t)  (J  =  1,  ...»  n),  satisfying  conditions  (6.4)  (during  above- 
indicated  substitution),  it  is  impossible  to  obtain  linearly  dependent  set  of 
functions  X^(t),  ...,  X^(t) ,  then  formula  (6,40)  will  determine  asymptotic  presenta¬ 
tion  of  general  soltuion. 

If  we  find  asymptotic  presentations  of  particular  solutions  in  the  form 

.V,  (/)  exp  ( J!*-1'  dt . A*.  ( i)  --  exp  { li k~"dt 

i, 

and  set  of  functions  X1(t),  . ..,  Xn(t)  cannot  be  converted  by  above- Indicated  method 
into  a  linearly  dependent  system  of  functions  X^(t),  ...»  X^(t)  then  the  general 
solution  may  be  expressed  by  formula 


..  +  C,expjf 


(0.41) 


where  7^,  ....  7n  are  arbitrary  functions  satisfying  conditions  (6.17). 

During  7^  =  , . .  =  7n  =  0  this  formula  is  turned  into  formula  (4.20)  of 
approximate  presentation  of  general  solution.  Thus,  if  there  are  executed  the 
defined,  above-indicated  conditions,  then  one  of  the  asymptotic  presentation  of 
the  general  solution  coincides  with  its  approximate  presentation  of  the  form  (4.20), 
Determining  asymptotic  presentation  of  general  solution  of  an  equation  of  fret 
oscillations  by  equality  (6.40),  we  did  not  limit  region  of  its  possible  valut-s. 

Due  to  this,  function  X(t)  may  be  complex-valued  even  in  tne  case  when  all  soluti  >ris 
x^t),  ....  xn(t)  and  all  constants  C^,  Cn  are  real.  Since  we  are  interested, 

basically,  in  real  solutions  of  an  equation  of  oscillations,  it  is  expedient,  while 
considering  the  general  solution  of  an  equation  of  oscillations  in  the  real  regi  n, 
to  determine  asymptotic  presentation  of  general  solution  also  In  the  real  region, 

I11  connection  with  this,  we  will  introduce  the  following  definition. 

Definition  2.  Asymptotic  presentation  of  the  general  solution  of  an  oquat  i  n 

••v 

of  free  oscillations,  considered  in  the  real  region,  we  will  call  real  function 
X(t),  connected  with  asymptotic  presentations  of  linearly  independent  particular- 
solutions  of  an  equation  of  oscillations  by  equality  (6,40). 

The  condition  of  realness  of  the  general  solution  and  its  asymptotic  presents- 
Lion  puts  a  limitation  on  arl  ltrariness  in  the  selection  of  particular  solutions 

Xj . x)  ,  their  asymptotic  presentations  and  constants  . C  Namely, 

Uh  systems  of  tlr-  sh  >wn  magnitudes  must  consist  only  of  real  •  ]i-iii«  n' s  and  >•  rnnl*  x 
con, in  -a to  pairs  . 
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I  xample:  In  the  ease  oi'  equation  (ace  example  In  preceding  paragraph) 


i  +  mV  «o,  <#,»>— 2  (4,41) 

asymptotic  presentations  of  two  linearly,  independent  particular  solutions  were 
l'  und  In  the  form 

a)  for  c  >  0 


21  J- 
•  +  2 


b)  for  c  <  0 


_  2/~t 
•  +  2 


3  ♦  t 


)• 


Wl 


Using  these  formulas,  one  of  the  asymptotic  presentations  of  general  solution 
will  oli tain  In  the  form 
a)  for  c  >0 


b)  for  c  <  0 


XV) 


§  4 .  Connection  of  Properties  of  General  Solution  of  an 
Equation  of  Oscillations  with  Properties  of 
^ts  Asymptotic  Presentation 

Let  us  assume  that  the  asymptotic  presentation  of  the  general  solution  of  an 
equation  of  oscillations  is  known.  Then  each  of  functions  Xj(t)  (J  1»  •••>  n),  l)y 
wl  ieb  it  is  formed,  possesses  one  of  three  properties:  the  function  is  a) 
uilimited,  b)  limited,  but  nonvanishing,  c)  vanishing.  To  establish  these  properties 
is  very  simple: 

a)  function  X.(t)  is  unlimited  if 

iJ 

Him  In !  X,  (/)  |  -  cc; 

t)  function  X.(t)  is  limited,  but  nonvanishing,  if 

iJ 

llmln  X.(t\  C. 

l-m 

win  re  C  is  constant; 

c)  function  Xj(t )  is  vanishing  If 

Tim  In |, ¥,(/)!=  —9o. 

Wi  will  show  that  If  function  Xj(t)  possesses  one  of  the  shown  properties, 

’hen  par  ic  ilar1  ::  lut  ion  x.(t),  which  it  presents,  possesses  the  same  property. 

Indeed.  t  eenuce  of  eondi  ti  ns  ((  .  j)  and  (i  .'()  during  t  -*  n  between  functions 
t( -  i  ;(  )  lu  re  exists  relationship 
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This  relationship  leads  to  equality 

RflnJiyW  -|1  +  Ren (|)|  Re  In .¥)(/)  +  Reo(l). 


(t  ') 


(OM) 


Hence,  because  of  identity  In  |W|  =  Re  In  W  there  immediately  follows  the  above- 
indicated  conformity. 

The  fixed  conformity  allows,  in  particular,  to  determine,  with  respect  to  glvi  n 
asymptotic  presentation  of  general  resolution,  whether  oscillations  are  stahl<  , 
asymptotically  stable,  or  unstable. 

Oscillations  are  stable  if  asymptotic  presentation  of  general  solut  ion  (6. to) 

Is  bounded  by  functions  during  any  finite  constants  0^ ,  ....  c  .  oscillations  are 
stable  asymptotically  if  in  the  same  conditions  asymptotic  presentation  of  tin 
general  solution  is  a  vanishing  function.  Oscillations  are  unstable  11'  ii  lc 
possible  to  indicate  such  finite  values  of  constants  C^,  ...,  C^,  at  which  asympt  ot  1  • 
presentation  of  the  general  solution  is  an  unbounded  function. 

Formulated  positions  preserve  force  if  one  considers  general  solution  of  an 
equation  of  oscillations  in  a  real  region,  and  the  idea  of  its  asymptotic 
presentation  is  definitized  in  accordance  with  definition  2  of  the  preceding 
paragraph. 

Now  we  will  assume  that  asymptotic  presentat  ion  of  the  general  solution  if 
obtained  in  the  form  (6.41).  Then  functions 

X,(t)-  exp  f  <;}*'" -H/> dt  </  -  1 . n), 


with  help  of  which  it  is  formed,  can  be  united  into  two  groups,  attributing  t' 
first  /'roup  functions  for  which  there  occurs 

i 

a)  lim  Im  Ln  At  (/)  lim  l’  Im  (C)*  ”  +  T,)  dt  +  '2k-~  ± 

/*•  ■*  t—m  •  ' 

and  to  the  second  group  functions  for  which  there  occurs 


l  )  |  lint  Im  Ln  X.  (/) !  =  lim  f  Im  "  +  ■■)  dt  -f  'Jkr. 

t-m  w  1 


Other  possit  Hi  ties  are  excluded  since,  with  respect  to  construe  11  on  >] 

can  nical  expansion,  functions  im  (i  i,  n)  do  riot  charge  si  n.  im 

J 

to  which  functions  Im  Ln  X.(t)  during  t  -*  to  can  be  only  nondecreas  i  rig ,  n  tiinnv;i  ' 

d 

or  approaching  final  limit. 

If  I'unct  lori  X.(t)  satisfies  conditi  n  (a)  and  t  .  T.  ,  then  I'm.  f  i  n  7.  (t, 

,l  v  ,i  ,|-Hn  , I  tin' 

also  satisfies  this  ndit  ion.  With  this,  functions  I  in  l,n  '•.('<  and  I  rn  bn  •  .  ( i  . 

.1  '  .1  ■  m 
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Ln  ai..y  Interval  (T,  uu)  an  infinite  number  of  times  take  values  multiple  to  r. 

If  function  Xj(t)  satisfies  condition  (b),  and  .'Limit  of  magnitude  Im  Ln  X  j  ( t ) 
is  different  than  krr  (where  k  is  any  integer),  then  there  always  can  be  found  such 
value  T,  at  which  in  interval  (T,  co)  this  magnitude  differs  as  little  as  desired 
from  Its  own  limit  and,  consequently,  does  not  take  any  zero  value  or  a  value 


mult lplo  to  f r. 

If  during  fulfillment  of  condition  (b) 


llmlml.n  X/t)  tr,  (6.44) 

then,  depending  upon  function  7j(t),  approach  to  limit  may  be  unilateral  or  bilateral. 
Tn  the  first  case  there  can  be  found  such  a  value  of  T  at  which  function  Xj(t)  ln 
interval  (T,  an)  does  not  take  zero  values  or  values  multiple  of  rr,  ln  the  second 
nse  it  is  impossible. 

Let  us  note  that  condition  (b)  can  be  executed  only  if  there  occurs  equality 

limlm(y«0.  (6.45) 

Let  us  consider  the  general  solution  of  an  equation  of  oscillations  ln  a  real 
r->  -i  n  and  investigate  properties  connected  with  questions  of  the  existence  of 
fluctuating  solutions  of  this  equation. 

Let  us  remember  that  fluctuating  real  functions  or  solutions  are  such  real 
functions  or  solutions  determined  in  certain  interval  (tQ,  00) ,  which  in  any  interval 
(  .u),  where  T  tQ,  take  an  infinite  set  of  zero  values.  Heal  functions  or  solu- 
’  i  ins,  not  possessing  this  property,  are  called  nonf luc tuat lng . 

Applying  definition  2  of  an  asymptotic  presentation  of  a  general  solution  and 
■  ins  idering  the  properties  following  from  this  definition  of  function  Xj(l),  we 
i  LI  divide  functions  X^t),  X  (t)  into  real  and  complex  ones. 

( k-l ) 

from  limitedness  of  function  f ^  ;(t)  in  any  finite  interval,  it  follows  that 

•!  Li  real  functions  X.(t)  do  not  turn  into  zero  during  any  sufficiently  large  value 

tJ 

.  i , e ,  ,  are  nonfluctuat ing. 

It1  function  Xj(t)  Ls  complex  and  ,  then  function  Xj+m(t)  also 

if  mplc  x  ,  where  X  ,  X  . ,  . 

.1  j+ni 

ive  will  consider  the  sum  of  c  .X  ,  +  C. ,  (d  (',.„), 

.)  J  ,1+m  v  j  ,j+m' 

M,  tvi  usly,  is  real  and  can  be  presented  in  the  form 

C,Xr  C,tmX/+„  2|Cy ! exp Rc In  Af/cos (1m  \.nX,  -?/). 
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where 


f .  arc  cm 


arc  tin  — •  . 

;cn 


It  follows  from  this  that  If  function  Xj(t)  satisfies  condition  (a),  then  sum 

CjXj(t)  +  Cj+mXj+m(t)  is  a  fluctuating  function. 

If  function  X j ( t )  satisfies  condition  (b),  then  limit  of  magnitude 

Im  Ln  X.(t)  +  9.  ma/  oo  unequal  or  equal  to  magnitude  krr  +  rr/2  (this  depends  on 
J  J 

Cj).  In  the  first  ease  sum  C^Xj  +  cj+mxj+m  is  a  nonfluctuating  function.  In  the 
second  case  it  may  be  both  fluctuating  and  nonfluctuating,  depend ng  upon  whether 
there  occurs  a  unilateral  or  bilateral  approach  to  limit. 

Let  us  assume  that  the  question  about  which  of  the  real  functions  Xj(t.)  or 
sums  of  complex  conjugate  functions  Xj(t)  and  XJ+m(  t)  are  fluctuating  and  which 
are  nonfluctuating  is  clarified.  Then,  for  clarification  of  the  considered  pr  perth 
of  particular  solutions  we  will  use  equalities  (6.43)  and  equality 

ImLnjry(0-|l  +  Rpo(l))!mLn^f/(/)+2*i:-f  Reo(l)|,  (6.4  to ) 

which,  Just  as  the  preceding,  follows  from  equality  (6.42). 

Because  of  equality  (6.43)  real  asymptotic  presentat  ions  Xj(t)  c  n-respuid  i- 
nonfluctuating  solutions  Xj ( t ) . 

From  equality  (6.46)  it  follows  that  if  complex  asymptotic  presentation  X(<) 
satisfies  condition  (a),  then  analogous  condition  satisfies  solut  Ion  x  j(t),  l.'1., 

I  in  Ln  x  j  ( t )  =  ±oo  and,  consequently,  real  solutions  CjXj(t)  +  ('  jj.mx  j+m( 1  )  at'(l 
fluctuating.  In  case  (b)  particular  solutions  CjXj(t)  +  cj+mxj+m0  )  can  be  bot_h 

fluctuating  and  nonfluctuating  independently  of  what  properties  sums 
0^,(0  +  CJ+n,X>Hm(t)  Possess. 

In  many  applications  of  the  theory  of  free  oscillations  of  linear  systems  with 
variable  parameters,  we  are  Interested  in  the  question  of  the  existence  of 
fluctuating  particular  solutions  of  an  equation  of  oscillations.  The  fixed  ■  nt'  rmi' 
between  properties  ol‘  particular  solutions  and  their  asymptotic  presentat 1  ns  a  1 1  w : 
us  to  connect  this  question  with  the  propert  ies  of  asymptotic  presentat  ion  f  a 
am  ral  solution  of  an  equation  of  oscillations,  un  the  basis  i  f  the  above-  tu><  i 
the  l'ollowing  conclusions  can  be  made. 

If  funct  ions  X.^ ( *  ) ,  ....  X^(  t, )  arc  such  that  at  least  for  om _ f  Miem  Is 

e  x  ecnted  c  end  It  ion  (a),  then  equation  of  oscillat  Ions  has  bluet  uaf  li  ;  lut  1  m  . 


if  all  l'unc1.  i  ns  ( t ) .  . 


(f)  satisfy  ciidi  t  i  ri  (I  ) .  'bet  ii 
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different  possibilities.  Equation  of  oscillations  does  not  have  fluctuating 


solutions  If  all  functions  X1(t),  ....  Xn(t)  are  real,  where  for  all  1  and  J 
during  1  £  ,1. 

Jim  (Rein  C(,V,—  Re  In  C/.|a 

l—m  9  * 

-  j  (Cl*“ "  —  dt  +  In  |  C, | -  In  |  Ct  |  -  ± 

i. 

If  during  fulfillment  of  condition  (b)  and  realness  of  all  functions  Xj(t) 
t, he  mentioned  additional  condition  is  not  executed,  then  fluctuating  solutions  exist 
In  the  case  when  for  any  i  and  J,  magnitudes 

Rein  a(- Reln.Vy-|-C 

(c:  is  any  real  constant)  during  t  5  T,  where  T  is  sufficiently  great,  are 
sign-alternating,  and  do  not  exist  otherwise.  To  establish  which  of  these 
p>ss  11  ill  ties  In  reality  takes  place  by  the  form  of  function  X^(t)  and  Xj(t)  is 
Imposs ible. 

If  during  fulfillment  of  condition  (b)  among  functions  X1(t),  ...,  Xfi(t) 
there  are  complex  ones  and  for  all  i  and  j  (1  /  j)  there  is  executed  condition 

lim  ( Re  In  Xi  —  Re  In  Xj)  ■»  ±cr, , 

if  X  ^  /  X  .,  then  fluctuating  solutions  exist  when  for  certain  1  and  j ,  at  which 
X ,  Xj ,  during  certain  C,  magnitude  Im  Ln  x^  +  C  during  t  £  T  is  sign-alternating; 
and  they  do  not  exist  if  such  values  of  i,  j,  and  C  are  lacking.  To  establish 
which  of  these  possibilities  in  reality  takes  place,  by  form  of  function  X^(t)  and 
•  j(t)  it  is  impossible. 

Example:  In  the  example  given  in  the  preceding  paragraph  are  found  asymptotic 
presentations  of  the  general  solution  of  equation 

i  +  rt-,-0.  t  -o,  (4. HI) 


'unctions  X^(t)  and  X?(t),  by  which  it  Is  formulated,  have  the  form 
a )  Co  r  e  >  0 


U/i 


r 


i  )  f  r  c  <  0 


in  case  (a) 


I  —  «  .  o. 

If"  Re  In  X,  j  —  lim  f  —  ’,nl  I  =  j  =«  •,  «  0 

' —  <—  t  / 

l  -  -m  :  ..  0. 
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Consequently,  during  c  >  0  oscillations  are  unstable  if  v  <  0;  stable  If 
v  *  0  and  asymptotically  stable  if  v  >  0. 

Since  In  the  considered  case 

li*laLaX|>(0‘  i  , 

all  particular  solutions  are  fluctuating. 

In  case  (b)  functions  X^(t)  and  X^(t)  are  real  where  there  Is  executed  the 
above- Indicated  additional  condition.  Consequently,  all  particular  solutions  are 
nonfluctuating. 

Further,  since 

llata  X,  (<)  Inn  |*X|(0  ■  — 

there  exist  two  linearly  independent  solutions,  one  of  which  Is  a  vanishing  function 
and  the  other  unlimited.  Consequently,  during  c  <  0  oscillations  are  unstable, 
independently  of  values  v. 
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CHAPTER  VII 


FREE  OSCILLATIONS  OF  LINEAR  SYSTEMS  WITH  PERIODICALLY 
VARIABLE  PARAMETERS 


Linear  systems  with  periodically  variable  parameters  are  linear  systems  whose 
(  at.  ions  of  free  oscillations  are  equations  with  periodic  coefficients,  i.e.,  have 
as  coefficients  b^(t),  ....  b^(t)  periodic  functions  of  one  and  the  same  period. 

Methods  of  analysis  of  an  equation  of  free  oscillations,  well-developed  in 
"i.npters  IV-VT,  during  application  to  equations  of  different  classes,  give  in  some 
■•isos  more  effective  results,  in  other  cases  less  effective  results.  The  forms  of 
•  mat.  Ions  for  which  the  presented  methods  are  in  general  comparatively  little  effective 
ii"*  Lurie  equations  with  periodic  coefficients. 

Solutions  cl'  equations  with  periodic  coefficients,  however,  possess  specific 
fir  port  los,  using  which,  it  is  possible  to  strengthen  the  above-stated  methods. 

§  1 .  Certain  Remarks  About  Equations  of  Free  Oscillations  With 
Periodic  Coefficients  and.  Corresponding  to 
Them,  Systems  of  Equations  Relat ive 


to  Canonical  Components 


Let  us  assume  that  equation  (0.1)  has  as  coefficients  b^ ,  ...»  bn  periodic 
unct  ions  of  t.  with  the  same  period  ft,  i.e.,  functions  b^(t)  (I  1,  ...,  n) 


a  is  Tying  condition 


M'rO)  (*'-» . »>• 


(7.3  ) 


s' a  form  of  this  equation  will  not  be  changed  if  variable  t  is  replaced  by  magnltudi 
i  .  '  insenuently,  if  general  solution  of  equation  (0.1)  in  interval1  (1.^,  t(J  -t  ft) 


m  r:  anri  sut  srquen ‘  Ly  the  posit  ivity  f  magnitude  ft  is  assigned. 
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Is  known,  then  also  general  solution  of  this  equation  In  any  Interval  (tQ  4  kQ, 
tQ  +  kfi  +  f?)  is  known  (where  k  Is  a  natural  number),  and  any  particular  solution 
determined  in  interval  (tQ,  tQ  4-  fl)  may  be  continued  in  any  interval  as  large  as 
desired,  adjoint  on  the  right  to  interval  (tQ,  tQ  4-  fi). 

Everything  said  above  it  is  possible  to  repeat  for  systems  of  linear  equations 
with  periodic  coefficients,  real  or  complex,  in  particular  for  systems  of  equations 
relative  to  canonical  components,  obtained  as  a  result  of  canonical  expansions  of 
solution  of  equation  (0.1)  with  coefficients  satisfying  condition  (7.1).  The  presene 
of  analogous  properties  of  solutions  for  the  latter  systems  is  connected  with  the 
fact  that  their  coefficients  also  are  periodic  functions  t  of  period  .0.  This 
property  is  possessed  by  all  systems  of  equations  relative  to  canonical  components 
Independently  of  the  structure  of  canonical  expansion. 

§  2.  Structure  of  Solutions  of  a  System  of  Equations 
Relative  to  Canonical  Components 

In  this  paragraph  we  will  consider  properties  of  solutions  of  a  system  of 
equations  (2.34)  connecting  canonical  components  y^,  ....  yn  of  solution  of  equat]  >n 
(0.1)  during  unmodulated  structure  of  expansion,  considering  that  the  whole  course 
of  reasonings  and  conclusions  completing  it  can,  without  reservations,  refer  to  a 
system  of  equations  obtained  during  modified  structure  of  canonical  expansion  arid 
also  to  systems  of  equations  relative  to  canonical  omponents  ,  ...,  z^. 

Let  us  assume  that 

. >*(<)  «  =  I . «)“  (7.2) 

f  n  linearly  independent  solutions  of  system  of  equations  relative  to  canonical 
components.  Then  set  of  functions 

. ^(<1-0)  ('=> . n)  (7.3) 

also  are  solutions  of  shown  systems  and,  consequently,  each  of  functions  y^(t  t  .Q) 

(J  1,  .  .  .  ,  n)  may  be  linearly  expressed  through  functions  yj^(t)  (i  1 . n). 

We  will  write 

y»  (<  +  0)  =  <*^>1  <0 T  •  •  •  +'<*„>%  w  -i . (7.4) 

where  (J,  L  1,  ...,  n)  are  certain  constants . 

Let  us  assume  that  there  exists  nontrivial  solution  of  system  (2.34) 

*  y»»  (0. 
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In  general,  differing  from  solutions  (7.2)  and  possessing  property 

(/=l . *). 

We  will  express  this  solution  through  solutions  (7.2) 


y*(0  "Pi  jvi  (0+.  •  •  -r}»y 

**  <' + «) -?.>/.(' 4- «> +  • .  •+ ft,  y„  (< + «)  (/  - 1 . m. 


Here  3^ . Pn  are  certain  constants. 

On  the  basis  of  equations  (7.4  )-(7.6) ,  we  will  obtain 


“«IP.yy.(0-f...+P«y/.W!  (7-1 . *)• 


(7.7) 


21  nee  functions  Yj1(t)»  •••«  yjn(t)  are  Hnearly  independent,  then  equations  (7-7) 
are  satisfied  independently  of  values  t  only  In  the  case  when  sums  of  coefficients 
during  each  function  yj^(t)  are  equal  to  zero.  If  follows  from  this  that 


<*«!?»  •)  ?»  0" 


(7.8) 


System  (7.8)  it  is  possible  to  consider  as  a  system  of  linear  uniform  algebraic 
(  quations  relative  to  unknowns  P^,  ...,  Pn>  It  allows  nontrivial  solution  if  its 
determinant  is  equal  to  i,ero.  Equating  the  latter  to  zero,  we  will  obtain  equation 

K-VB-*'+V-'+-..+Ai-o.  (7-9) 

which  is  called  characteristic .  Coefficients  of  this  equation  are  invariant  relative 
to  selected  system  of  linearly  Independent  solutions  (7.2)  and  selected  solution 
p  es< sslng  property  (7.5)  [6],  i.e.,  they  are  b imply  determined  by  coefficients  of 
system  of  equations  (2.34), 

Analytic  dependences  between  coefficients  of  characteristic  equation  A^,  .... 
and  coefficients  of  its  corresponding  system  of  equations  up  to  now  are  not  clarified. 
Ihc  very  fact  of  their  existence  is  not  clear.  Regarding,  however,  absolute  term 
f  characteristic  equation  An,  it  is  connected  with  coefficients  of  the  system, 
placed  on  main  diagonal  of  matrix  X^  +  g^,  ...»  >-n  +  gnn,  corresponding  to  it,  by 
simple  dependence  [6], 

1  n  order  to  ol tain  this  dependence,  we  will  constitute  determinant  from  system 
f  fundamental  s  lutlons  (7.2) 

A  del  H" 
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and,  according  to  the  formula  of  Llouville,  we  will  write 

A</-;  »)-A(0exp|s  Orl-gi,)*- 

Since,  because  of  relationship  (7 • ^ ) »  determinant  A(t  +  fi)  Is  equal  to  the  product 
of  determinant  £(t),  by  determinant  det  then  the  written  equality  takes  the 

form 


jdllM;-expJS  (M- *«)**• 


Because  of  evident  relationship 


defile, Ilf 

we  will  obtain 


•  1=1 

In  accordance  with  formulas  for  coefficients  g^ 
(2.34)]  and  equality 


[see  explanation  to  equation 


this  dependence  takes  the  form 

4,“(-1)Vxp 

Since 

r  # 

M 

the  last  formula  is  simplified  to  the  form 

(7.9a) 

It  is  possible  to  show  that  formula  (7.9a)  also  is  valid  for  the  absolute  term 
of  the  characteristic  equation  corresponding  to  any  system  of  equations  relat  !vf  u 
canonical  components  z^,  ...,  z^. 

Let  us  assume  that  h^,  . . . ,  Hn  are  roots  of  equation  (7.9).  Then  these  magni¬ 
tudes  are  those  values  of  h  with  which  correspond  certain  particular  solutions  of 
system  (2.34),  possessing  property  (7.5).  It  is  obvious  that  there  cannot  exist 
other  particular  solutions  possessing  this  property  during  other  values  of  h,  r.1  no¬ 
sy  stem  (7.8)  will  satisfy  only  roots  of  equation  (7.9). 

Among  roots  ,  ...,  »t  there  cannot  be  zero.  This  could  tak*  place  only  in 
the  case  when  determinant  det  Ha^ll  was  equal  to  zero,  but  the  latt-  r  is  excluded 
sinct  in  this  case,  1  ecause  of  equations  (7.4),  solutions  (7.3).  and  consequently 
also  (7.2),  cease  to  be  linearly  independent  . 
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I  rom  the  general  theory  of  linear,  uniform,  differential  equations  with  periodic 
coefficients  [6.2*1],  it  follows  that  every  root  of  characteristic  equation  (f*9) 
corresponds  to  solution  of  system  (2.3*0  form 

. jfc-tfW).  (7.10) 

where  cp^t)  (j  =  1,  ...,  n)  are  continuous,  limited,  periodic  functions  t  with 
period  Q,  among  which  at  least  one  is  not  equal  to  zero  identically.  Therefore,  if 
•he  characteristic  equation  does  not  have  multiple  root.s,  then,  considering  all 
r  ot.s,  we  will  obtain  n  solutions  of  such  form,  and  these  solutions  will  be  linearly 
independent. 

From  the  above-mentioned  theory,  it  also  follows  that  if  characteristic  equation 
has  multiple  roots,  then  number  of  linearly  independent  solutions  of  form  (7,10)  is 
equal  to  number  of  different  roots,  where  each  of  different  roots  enters  into 
i'  nnulas  only  for  one  solution.  Every  u-multiple  root  x^,  besides  solution  of  form 
(7.10),  corresponds  to  u  -  1  linearly  independent  solution  of  another  form,  where 
these  solutions  can  be  selected  in  such  a  way  that  solution  of  form  (7.10)  Is 
impossible  to  obtain  as  a  result  of  their  combining.  Selected,  as  is  shown,  it  is 
possible  to  record  solution  in  the  form  (7,10),  if  symbols  <pj^(t)  (j  =  1,  ...,  n) 
are  designated  not  periodic  functions  but  functions  of  the  form 

?//(')-*)?’ (0+**/! ’(/)-'  ...  -  r •>;:’(/).  (7.11) 

/  lr  \ 

li'  re  all  ^^'(t)  (k  =  0,  1,  ....  m)  are  continuous,  limited  periodic  functions  of 

i.  with  period  Q,  where  ^^(t)  4  °>  and  m  =  1,  2,  ...,  u  -  1. 

We  will  define  magnitudes  a  ,  , a^,  corresponding  to  roots  x^,  ....  xn  by 
f  rmulas 


*( — jj  In (•= I . /i).  (7.12) 

!  em  magnitudes  are  called  characteristic  Indices  of  system  of  equations  correspond¬ 
in'*  t.o  given  characteristic  equation. 

Using  formulas  (7.12)  formulas  (7.10)  we  will  present  in  the  form 

y,i  -?n  (0  exp . y« =?„,  (/)  (7.15) 

Phis  is  valid  also  for  equations  relative  to  canonical  components  z.  ,  ....  z  . 

In 
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§  3.  Periodic  Properties  of  Phase  Coefficients,  Logarithmic 
Derivatives  of  Canonical  Components  and  Logarithmic" 

Derivative  of  Norm  of  Solution  of  a  System  of 
Equations  Relative  to  Canonical  Components- 

Let  us  assume  that  nontrivial  particular  solution  of  a  system  of  equations 

relative  to  canonical  components 


*■■10 . 


or 

*•*(/) . *.(«) 

has  the  form  (7. 10),  where  all  functions  cp^(t)  are  periodic.  We  will  establish  form 
of  its  corresponding  norm  of  solution  and  phase  coefficients. 

From  determination  of  norm  of  solution  [equation  (3.6)]  it  follows  that  in 
th.e  considered  case  it  may  be  presented  in  the  form 

rt (0 ™  -;*•••+ **P Re *,/  =  (/) exp Rc aj,  (7 .14 ) 

where  q>^(t)  is  continuous,  differentiable,  limited  periodic  function  t  with  period 
fl.  Because  of  properties  of  norm  of  solution  and  condition  /  0  (see  §  2),  fund  ion 
<P|(t)  does  not  turn  into  zero  during  any  value  of  t  from  interval  (0,  in). 
Differentiating  equality  (7.14),  we  will  find 

ft  -  (9iRe  ai  +  <j>( )  exp  Re  a.f . 

Comparing  the  two  last  equalities,  we  will  obtain 


r,  _  n  Re  •<  -  ?| 
ft  ft 


(7.14a) 


From  equality  (7.14a),  it  follows  that  during  periodic  (with  period  D)  functions 
H>,j(t)  the  logarithmic  derivative  of  the  norm  of  considered  1-th  solution  ol'  a 
system  of  equations  relative  to  canonical  components  is  a  continuous,  limited, 
periodic  function  with  the  same  period. 

On  the  basis  of  formulas  (7.13)  and  (7.14)  for  phase  coefficients,  w<  will 
ol  tain 


(7J‘  j 

Consequently,  during  Im  /.  0,  phase  coefficients  e  ^  j  ( t )  (,j  1,  ...,  n)  can 

le  presented  in  the  form  of  products  of  pairs  of  continuous,  bounded  fund  i"ns 
with  periods  fi  and  2rr/Tm  a  During  Im  =  0,  i.e.  ,  in  the  casi  when  characterist  ic 
index  is  real,  exp  ( /^T  Im  a^t)  1  and  phase  coefficients  are  continuous.  Limited, 
periodic  functions  with  period  f. . 
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Using  formula  (7.15)»  we  will  constitute  expression  for  squares  of  moduli  of 


phase  coefficients 


</-. . .» 


(7.16) 


from  formula  (7.16)  it  follows:  if  functions  <Pj^(t)  are  periodic  with  period 
ft.  then  squares  of  moduli  of  phase  coefficients  are  continuous,  limited,  periodic 


functions  of  the  same  period. 

We  will  establish  now  periodic  properties  of  logarithmic  derivatives  of 
canonical  components. 

Obviously,  if  y^(t)  )  0  or  Zji(t)  ^  0,  then  during  all  values  of  t,  for 
1  ich  y  jl(  t)  /  0  or  Zj^t)  /  0 , 


_  >'U 

<l  In 
4t  =  M„  ' 

According  to  formula  (7.14a) 


fien  a  r,  .  *// 
fi*n  ri  *n 


1L 


because  of  formulas  (7. 15) 


f"  „  _ji _ ft  _ 

*H  y/ihi 


?/(/  —  !  1m  >,  +  in  — 

_ _ _ _ fi 


(/-I . »> 


(7.16) 


I  umiulas  (7.18)  have  meaning  only  for  those  values  of  t  at  which  cp^  /  0, 

from  formulas  (7.14a),  (7. 17),  and  (7.18),  It  follows  that  logarithmic  derivative! 
f  canonical  components  not  equal  identically  to  zero  are  periodic  functions  t  of 


p'l'i  ni  ,0,  determined  everywhere  besides  those  points  of  the  investigated  ir.terval 


J !  which  9  j(t)  0 . 

found  properties  of  phase  coefficients  and  logarithmic  derivatives  of  canonical 
uponentr  present.  essen;!al  interest  later.  The  basic  result,  which  we  obtained 
U  vc  and  use  subsequently,  can  i  o  f  c  a.  f  I. I.owr, . 

A  system  of  equations  relative  to  canonical  components  of  solution  of  equation 
with  coefficients  which  are  periodic  (with  general  period  ft)  functions  f  t. 


r  fr  m  iv  to  n  linearly  independent  solutions  whose  y  are  squares  of  moduli  of 
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phase  coefficients;  logarithmic  derivatives  of  canonical  components  and  the  logarith¬ 
mic  derivative  of  the  norm  during  any  (allowed  by  considered  equation)  canonical 
expansion  of  Its  solution  are  periodic  functions  of  t  with  the  same  period. 

Let  us  consider  now  the  particular  solution  of  a  system  of  equations  relative 
to  canonical  components 


V' . .  or  . 

having  the  form  (7. 10)  under  the  condition  that  at  least  one  of  the  functions  <p . .  (  '  ) 
is  nonperiodic  form  (7. 11). 

Norm  of  solution  r^(t)  in  this  case  may  be  presented  in  the  form  (7.1*1 ),  tut 

p 

function  ^(t)  here  is  no  longer  periodic;  has  the  form  of  functions  (7. 11). 

Just  as  in  the  preceding  case,  function  cp .  ( t )  does  not  turn  into  zero  during  any 
value  of  t  from  interval  (0,  00) . 

We  will  multiply  the  numerator  and  denominator  of  fraction  (7.14a)  by  <Pj  , 

presenting  them  in  the  form  of  polynomials  of  type  (7.11).  Obviously,  degree  of 

•  0 

polynomial  q^q^  cannot  be  higher  than  degree  of  polynomial  q^.  Consequently,  degree 

of  polynomial  representing  numerator  of  the  right  side  of  equality  (7.14a)  is  nor  higinr 
than  degree  of  polynomial  representing  its  denominator.  And  hence  it  foil  ws  1  ha  1 
logarithmic  derivative  of  norm  of  solution  during  t  co  either  approaches  a  peri  ;dic 
function  equal  to  the  ratio  of  coefficient  during  highest  power  of  t  of  the 
polynomial  representing  the  numerator  to  an  analogous  coefficient  f  the  polynomial 
representing  the  denominator  (case  of  equal  powers  of  polynomials),  r  nppr  a  • 
fero  (case  of  unequal  powers  of  polynomials).  In  the  usual  language  of  analysis 
it  Is  p  >ssil>le  to  formulate  this  position  in  the  following  form:  for  any  pori'lv< 
value  of  f  as  small  as  desired  it,  is  always  possible  to  select  such  t  T  tha1  f  >r 
all  t  ■  T 


!_  D  //)  i  , 
not 


where  .(t)  is  a  periodic  function  equal  to  the  quotient  from  division  of  coefi'i  ■  1  *  i  ■ 
ml 

during  power  t  af  polynomial  I  y  c  mfflciont  wit.h  that  same  power  f 

2  o 

polynomial  <P  ;  m.  is  power  of  polynomial  q>^. 

Phase  coefficients  in  the  considered  case  also  can  be  represented  in  the  fo-m 

(7.1U),  tut  the  first  factor  here  Is  already  nonperiodic. 

W<  will  investigate  pr  pertles  of  l'uncti  ms  q>  ^  ^  ( t  )/<p.  ( t  )  luring  t  -►  n  . 

be'  us  note  that  .  I  ecause  <  f  relationships  (7.14),  hi  gin  p  v;<  r  1  for  polo  a  l  a  I 
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2 

qf'(t)  is  no  lower  than  highest  power  t  for  polynomial  [<Pj1(t)].  Therefore,  for 
any  positive  value  e  as  small  as  desired  it  is  always  possible  to  select  such  t  =  T 
that  for  all  ts  T 

where  0^(t)  is  a  periodic  function  equal  to  the  quotient  from  division  of  coeffi- 

m. 

cient  during  power  t  1  of  polynomial  tp.^t)  by  square  root  of  coefficient  during 

2m,  o 

power  t  1  of  polynomial  ^(t),  where  under  here  is  understood  the  biggest 

■  xponent  of  polynomial  q??(t).  Found  dependences  between  functions  r^(t)/r^(t)  and 

R  (t),  <PM(t)/«p.(t)  and  0.,(t)  can  be  recorded  in  the  form 
!•  j  i  i  J  ^ 


T—  »(<«) 


-*•>.(')  <r</<oc).  | 


(7.19) 


Obviously,  for  squares  of  moduli  of  phase  coefficients  in  the  considered  case, 
formulas  (7.16)  also  are  valid.  Because  of  formula  (7.19)  from  formulas  (7.16) 
there  follows 


llm  |  *  (/)  |*  - 1  (/)  |*  oo  * )  *  ( 7 ' 19S } 

Logarithmic  derivatives  of  canonical  component  in  the  considered  case  are 
■  nnected  with  functions  qp .  ( t )  and  <p .  ^  ( t )  also  by  formulas  (7.14a),  (7.17),  and 
(7.16).  If  one  were  to  present  magnitudes  (7.14a)  and  (7.13)  in  the  form  of  a 

© 

relation  of  polynomials  of  typa  (7.11),  then  it  is  simple  to  perceive  that  highest 
power  t  in  the  denominator  of  each  formula  is  no  lower  than  highest  power  t.  in  Its 
numerator.  Therefore,  fur  any  positive  values  e1  and  as  small  as  desired  it  is 
always  possible  to  select  such  T  that  logarithmic  derivative  of  ,j-th  canonical 
component  coincides  with  an  accuracy  up  to  with  a  certain  periodic  function  during 
all  t.  >  T.  excluding  Intervals  (tR  -  e,,,  t  +  e^),  where  tR  are  those  values  of  t 
at  which  function  <p..(t)  turns  into  zero. 

On  the  basis  of  that  presented,  it  is  possible  to  generalize  earlier  the  obtained 
result  in  the  following  manner. 

ilie  I’cii  .  A  system  f  equati  ns  relat  ive  to  canonical  comp  nents  solution  of 
an  equation  of  free  oscillations  with  coefficients  which  are  differentiable  by  real 
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periodic  functions  of  t  with  general  period  fi  has  n  linearly  Independent  solutions, 
for  which  squares  of  moduli  of  phase  coefficients,  logarithmic  derivatives  of 
canonical  components,  and  logarithmic  derivative  of  norm  of  solution  during  any 
canonical  expansion  of  solution,  allowed  by  the  considered  equation,  are  either 
periodic  functions  of  t  of  the  same  period  or  functions  approaching  at  t  -»  co 
periodic  |0J1(t)  |  2  =  |0J1(t  +  fi)|2,  q.^t)  =  rj  ±  ( t  +  Q) ,  R  ^  ( t )  =  R^t  +  fi) ,  so  that 


T—  f t(t) 

r—y/i  (t) 

lira  —— 
r—  *ji  (0 


llm 
r-  - 


/-,(«) 

r,V ) 


=  v«>. 


. M. 

\  r</< vs 


with  this,  limiting  relationships  for  logarithmic  derivatives  of  canonical  components 
are  determined  everywhere  except,  possibly,  those  points  where  canonical  components 


turn  into  zero. 


§  4 .  Stability  of  Oscillations 

In  §  2  there  was  determined  analytic  form  of  n  linearly  independent  particular 
solutions  of  a  system  of  equations  relative  to  canonical  components.  I'ach  such 
solution  was  set  in  conformity  with  characteristic  index  a^.  From  form  of  solutions 
it  is  obvious  that  asymptotic  appraisals  of  the  numerical  growth  of  canonical 
components  can  be,  in  the  closest  form,  connected  with  the  real  parts  of  characteris¬ 
tic  indices. 

Asymptotic  properties  of  canonical  components  interest  us  to  the  degree  that 
they  characterize  the  asymptotic  behavior  of  solution  of  equation  (0.1).  The  depen¬ 
dence  between  the  asymptotic  properties  of  canonical  components  and  solution  of 
equation  (0.1),  if  asymptotic  properties  of  the  first  are  investigated  on  the  basis 
ol‘  appraisal  of  characteristic  indices,  allows  us  to  establish  the  following  lemma. 

Lemma .  Let  us  assume  that  system  of  equations 


w  i  t  li  cent  inuous  , 


1  'united , 


» 


(Y.20) 


•*.  “  ~  V  i  ~  ~  V,  i  | 

periodic  real  functions  t  with  peri  »d  L  will  le  c  nvr rj  t 
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with  the  help  of  linear  substitution 

«<=?h*i  +  - •  •  +  (*•=» . «).  (7.21) 

processing  the  following  properties:  e.ll  coefficients  q±j  are  continuous  and 
limitec,  periodic  functions  of  t  with  period  fl;  their  first  derivatives  are  functions 
of  the  same  character;  magnitude  reverse  to  determinant  composed  of  these  coeffi¬ 
cients  is  a  bounded  function  of  t.  Then  the  system  of  real  parts  of  n  characteristic 
indices  of  the  converted  system  will  be  identical  with  the  system  of  real  parts  of 
n  characteristic  indices  of  the  initial  system. 

This  lemma  is  the  result  of  a  more  general  position  proven  by  A.  M.  Lyapunov 
[(,  ] .  From  it,  it  follows  that  the  system  of  real  parts  of  n  characteristic  indices 
of,  a  system  of  equations,  obtained  as  a  result  of  any  canonical  expansion  of  the 
solution  of  equation  (0.1)  with  periodic  coefficients,  is  identical  with  the 
system  of  real  parts  of  n  characteristic  indices  of  system  (7.20).  Since 

a)  system  of  equations  (7.20)  has  n  linearly  independent  solutions  of  form 
(7.15),  where  cp  ( t )  are  either  periodic  functions  or  functions  of  form  (7.11), 

b)  these  solutions  correspond  to  linearly  independent  functions 

X1  i  ( ’  . . Xni^t^  * 

c)  xli  4  0  if  at  least  for  one  j  occurs  inequality  x^  ^  0  f the  last  two 

pr  perties  follow  from  relations  =  x^  (i  =  2,  ....  n)]t  then  from  the  above  said 

i*  follows  that  there  exists  a  fundamental  system  of  solutions  of  equation  (0.1), 

•  insisting  of  functions  x^^(t)  (i  =  1,  ...,  n)  of  the  form 

J»<nW  =  Z,(/)exp«(/.  (7.22) 

Wit.h  this,  functions  X^(t)  are  either  periodic  or  of  the  form  (7.11),  and  are 
<’ha racteristic  indices  of  system  (7.20),  which,  possibly,  are  different  than  chara<- 
eristic  Indices  of  a  system  of  equations  relative  to  canonical  components  but  have 
with  them  identical  real  parts. 

The  fixed  form  of  the  fundamental  system  of  solutions  of  equation  (0.1)  allows 
n-  •  •  make  the  conclusion  which  we  will  formulate  in  The  form  of  the  following 
tin  rem. 

Theorem.  If  a  system  of  equations  relative  to  any  canonical  components  l  an 
equation  of  free  oscillations  with  periodic  coefficients  has  only  characteristic 
indices  whose  real  parts  are  negative,  then  free  jscillations  are  stable  asympt  - 

*  ieally  ■  If  aim  no  the  characteristic  indices  of  th-  mentioned  system  ’here  are 

th  s<  wh  :~e  real  parts  are  positive,  then  free  oscillations  are  unstable.  If  one  of 
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the  characteristic  Indices  has  zero  real  part  but  the  real  parts  of  all  the  others 


are  negative,  then  free  oscillations  are  stable  but  not  asymptotically. 

This  theorem,  which  essentially  constitutes  one  oi'  the  modifications  of  the 
known  theorem  of  A.  M,  Lyapunov  [6],  reduces  the  problem  of  research  of  stability  of 
oscillations  to  the  problem  of  determining  properties  of  characteristic  indices  of 
a  system  of  equations  relative  to  canonical  components.  This  problem,  which  also 
is  very  complicated,  is  not  considered  in  this  work. 

The  theorem  embraces  all  possible  cases  besides  one,  and  that  is  the  case  when 
two  or  more  characteristic  indices  of  a  system  of  equations  relative  to  canonical 
components  have  zero  real  parts.  In  this  case,  in  accordance  with  form  of  functions 
X^(t),  there  can  take  place  both  stability  (but  not  asymptotic)  and  instability. 

We  will  consider  methods  of  research  of  stability  of  oscillations  of  a  sys  em 
with  periodically  variable  parameters,  connected  with  appraisal  of  asymptotic 
behavior  of  norm  of  solution  of  a  system  of  equations  relative  to  canonical  component 
For  determination  of  sufficient  conditions  of  stability  with  the  help  of  such  an 
appraisal,  in  the  considered  case  we  will  apply  the  general  method  presented  in 
§§  2-3  Chapter  V;  however,  specific  character  of  periodically  variable  coefficients 
allows  us  to  expand  the  possibility  of  research  both  by  means  of  modification  of 
canonical  expansions  and  by  means  of  calculation  of  periodic  properties  of  squares 
of  moduli  of  phase  coefficients  or  logarithmic  derivative  of  norm  of  solution. 

In  Chapter  II  as  functions  X^(t),  ...»  A^(t)  and  ?£^(t),  ....  ,  determining 

canonical  expansions,  there  were  selected  roots  of  certain  algebraic  equations. 

There  were  given  general  foundations  of  such  selection.  If  coefficients  of  equa¬ 
tion  (0.1)  are  periodic  and  (a  sufficient  number  of  times)  differentiable  function:' . 
then  it  is  possible  to  construct  other  constructions  of  canonical  expansions  and  t 
base  the  principle  of  their  structure.  These  constructions  coincide  with  construc¬ 
tions  of  canonical  expansions  of  the  second  form  with  respect  to  structure  of 
expansion  [see  system  oi-  equations  (2.39)],  but  differ  from  them  by  method  of 
determining  functions  ....  C^^(t). 

The  idea  on  which  is  based  new  construction  is  the  following.  Since  logarithm:  • 
derivatives  of  canonical  components  are  periodic  or  approaching  periodic  (durii.r 

t  -*  m)  1'unctions  then  with  successful  selection  of  functions  •'  .  ( t ) .  ('  ). 

transforming  matrix  of  coefficients  of  system  of  equations  relative  to  canonical 
components  to  diagonal,  these  functions  are  logarithmic  derivatives  of  corresp '-ruing 
canonical  components  and,  consequently,  also  have  to  be  peri  die  r  appr  aching 
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periodic.  Let  us  assume  that  these  functions  or  their  limiting  images  (if  functions 
are  approaching  periodic)  satisfy  conditions  with  which  they  can  he  expanded  into 
converging  Fourier  series.1  We  will  write  their  expansion: 

C,<0- 
llm  C,  (/)  — 
r<1<- 

+  *i,cos~--f*Jisin  “+•••  (i  =  1 . n).  (7.23) 

Now  we  will  turn  to  formulas  for  coefficients  hij.  of  the  system  of  equations  relative 
to  canonical  components  [see,  for  instance,  explanation  to  equations  (2.1*7)]  and 
let  us  note  that  they  turn  into  zero  if  there  are  executed  conditions 

<:,+£»*  +  v-  -  +  ^-o  (7.21*) 

(«-=i . «)• 

Putting  for  arbitrary  number  i,  instead  of  function  £^(t),  the  right  side  of  i-th 
equation  of  system  (7.23),  we  will  obtain  an  eauation  into  which,  as  unknowns, 

i  it 

enter  coefficients  oQ1,  °n*  °ii’  *•• 

With  the  help  of  basic  formulas  of  trigonometry,  it  may  be  given  the  form 


■  *«.  +  «;.•  cos  +  *;,sin  ~  + 


'Jr.t  .  •  £tj  .  •  i«i  •  ,  i  r-«  . 

*0,  +  cos  y  r”,i  sin  —  +  cos  -  +  sin  -  + . . 


2« 


I*/ 


4rJ 


•  II. 


(7.25) 


where  ,  t^,  T£i  are  certain  algebraic  functions  of  coefficients 

o  o^,  a  ±  ...  and  of  coefficients  of  equation  (0.1). 

Problem  of  determining  asymptotic  form  of  a  fundamental  system  of  solutions 
f  equation  (0.1)  would  be  completely  solved  if  we  found  n  different  systems  of 
values  of  coefficients  o^,  °li’  •••  as  s°lLltions  of  a  system  of  ini  inite 

number  of  equations 

v=o.  | 

t»<=0’  j  (7.26) 

; 

(*-1.2....).  ! 


Ikwever,  on  the  path  of  solution  of  system  (7.26)  there  appear  insuperatle  dlffl- 

eui I i es . 


'As  is  known,  periodic,  complex-valued  function  of  real  variable  t  with  real 
peri  d  0  may  be  expanded  into  a  converging  Fourier  series  if  in  arl  itrary  Interval 
(  t  +  j  ;  its  real  and  imaginary  parts  are  continuous  and  either  d<  n  t  havi  extreme 
r  have  a  finite  number  of  them. 
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If  one  were  to  assume  that  system  (7*28)  has  n  different  solutions  (this  possibility 
is  easy  to  see  in  the  simplest  case  when  it  degenerates  into  one  equation:  u) 

and  to  select  as  functions  '^(t)  the  right  sides  of  formulas  (7.27),  then  one 
should  expect  that  matrix  of  coefficients  of  system  of  equations  relative  to 
canonical  components  will  be,  in  a  certain  meaning,  close  to  diagonal. 

Being  based  on  the  presented  idea,  we  will  select  as  functions  . (f), 

determining  first  canonical  expansion,  constants  aQ1,  0  which  ore  roots  of 

equation  =  0, 

Second  canonical  expansion  we  will  determine,  considering  In  equation  (7.27) 

1  " 

m  1  and  determining  coefficients  oQ1,  0^,  0^  (i  =1,  . ..,  n)  from  system  (7.  ’B) 
where  we  will  also  assume  m  =  1. 

Analogously,  we  will  determine  the  next  canonical  expansions.  As  in  the  case 
ol'  the  above-cons idered  canonical  expansions,  we  will  allow  only  such  canonical 
expansions  at  which  determinant  of  system  of  equations  determining  expansion  io<  s 
not  turn  into  zero  during  any  t  from  a  sufficiently  remote  Interval  (T,  m). 

These  expansions  can  be  applied  for  research  of  free  oscillations  in  a  finite 
interval  since  all  the  noted-earlier  properties  of  norm  of  oscillations  and  phase 
coefficients  (see  Chapter  II)  in  these  expansions  are  kept.  However,  in  the  pr  s,<  1 
f  multiple  characteristic  indices  for  problems  of  a  finite  interval  > hey  can  app<  nr 
little  effective.  For  analysis  of  asymptotic  properties  of  free  oscillations,  ’ h* 
shown  constructions  con  be  applied  with  the  same  reservation,  in  spite  of  the  l'ac 
that  limiting  f  >rm  (at  t  -*  ro)  of  unknown  functions  ^(t)  is  periodic. 

It.  is  natural  to  expect  that  effectiveness  >f  the  c  ttained,  suiTi  <-  i  ent.  n  i  i  - 
tins  ef  stability  increases  w  l  t.h  increase  in  numl  er  f  canonical  expansion. 

It  ’wevi  r.  simultaneously  increases  also  complexity  of  ealculati  ns.  If  nnt  were  in 


'  5/JJl 


_ **»« 


l  e  limited  by  a  certain  definite  complexity  of  calculation,  in  a  number  of  cases  such 
deviation  can  be  expedient  from  given  methods  of  determining  functions 
cjk  (t),  . ..,  at  which  some  coefficients  cQ^,  are  selected  from 

some  additional  conditions  obtained  by  means  of  simplification  of  certain  equations 
of  system  (7.28),  and  others  by  means  of  solution  of  a  corresponding  number  of 
remaining  equations  of  system  (7.28). 

Let  us  turn  to  the  question  of  appraisal  of  asymptotic  behavior  of  the  norm  of 
solution  of  a  system  of  equations  relative  to  canonical  components.  The  simplest 
appraisal  of  asymptotic  behavior  of  the  norm  of  its  solution  is  connected  with 


inequality  (3.46) 


necessary  explanations  to  which  are  given  in  §  1,  Chapter  IV.  Because  of  this 
inequality,  norm  of  solution  is  a  bounded  function  of  time  if  the  same  function  is 

magnitude 

i. 

and  vanishing  function  of  time  if  shown  magnitude  is  a  vanishing  function. 

bince  coefficients  of  equations  (4.1)  in  this  case  are  periodic  of  period 
V,  then  functions  u^(t)  and  un(t),  which  they  determine,  also  are  periodic  of  the 

same  period.  Because  of  this 


.  J  (»,</<  IS rfh 


(7.29) 


where  k  is  any  natural  number,  and,  consequently,  norm  of  solution  is  a  bounded 
function  of  time,  if 


(7.30) 


and  a  vanishing  function  of  time,  if 


jis  dt  ;o. 


(7.31) 


i  'lit  side  of  inequality  (3.46),  taking  into  account  equation  (7-29).  may  be 


nri'sented  durim  t  =  tQ  +  fi  in  the  form 


(7.32) 


>n  ncier  *  strengthen  appraisal  (7.32)  and,  correspondingly,  to  weaken 
stlYiciin-  •  nd  i  t,  i  ns  f  limitedness  of  norm  of  solution  (7.3lJ)  and  its  convergence 
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to  zero  (7.31)1  we  will  Introduce,  during  determination  of  extrema  ol'  function  r/r 
on  sphere  V  1  additional  conditions  considering  periodic  properties  of  squares 

1ml 

of  moduli  of  phase  coefficients  or  logarithmic  derivative  of  norm  of  solution. 

In  accordance  with  that  presented  in  the  preceding  section,  these  magnitudes  not 
always  are  periodic  if  among  the  characteristic  indices  there  are  no  multiples. 
Subsequently,  it  is  assumed  that  this  requirement  is  satisfied. 

As  the  first  variant  of  a  more  precise  definition  of  appraisals  (7.32)  we  will 
consider  determination  of  the  upper  boundary  of  possible  values  of  magnitude 
r(fi)/r(0)  during  observance  of  additional  conditions 

I 

\V,dt=n.  «  =  l . n),  •  (7.33) 

II 

where  =  D^(e^,  ....  en,  e^,  ...,  "e  )  (i  =1,  ...,  n)  are  Hermitlan  forms  from 
variables  e^,  ....  en,  found  as  derivatives  of  forms  e^e^  during  change  of  variable 
"l*  en  according  to  system  of  equations  (3.13). 

We  will  determine  these  forms. 

Carrying  out  differentiation  of  Hermitlan  forms  e^e^  (i  =1,  ....  n),  we 
will  find 

~  (»'«=: . «).  (7.3*0 

After  expressing  derivatives  of  phase  coefficients  through  magnitudes  of  the 
coefficients  themselves  according  to  equations  (3.13)  and,  analogously,  magnitudes 
conjugate  with  derivatives  of  phase  coefficients  through  magnitudes  conjugate  with 
phase  coefficients,  we  will  obtain 


where 


I  20|*y,+t  IV/,  +  / 1  £(/)"  = 


)  *1 


1  1 -1  /-1  J 

=Hi-2(ie,T-l  (/=■  I, ....  n). 


0=0  {e . . c„  e,. 


M  A  A 

-  V  2  ()v  +  "/>  + 0 2 

/-i  ^  *  -i  *  1 

c;' ' ) tf, + e, 2 h';r "  +  <v 2 *v*.] 

L  »ul  * 

—  —  —  *  "  _ 

■  + ' <)  <\<\  +  <■/  1’  g/A  +  fj  ^  g,/V 


//4- 


1  1 


./•Ml  , rilii  ~  1  “  v  A,'+l>  ,  i  .  V  *«+■>“ 

(•1  >  *1  /  1  1  * ,  2.  *  /  *  )  i~  1  1  ■ 

/  I 


(7.3‘o) 
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Let  us  assume  that  i  =  1,  2,  ....  n  -  2m  are  Indices  of  real  roots  Xj  or 

r ( l ) ,  n  -  2m  +  1  and  n-m+1,  n-  2m  +  2  and  n-m+2,  . , . ,  n  -  m  and  n  are 

'  i 

indices  of  conjugate  complex  roots  and  Then,  as  is  easy  to  perceive  from 

’-he  formula  for  Hermitian  form  during  i  s  n  -  m,  all  are  different,  and  during 
i  >  n  -  2m 


H^H^.  (7.36) 

Since  the  region  of  possible  values  of  magnitude  r(fi)/r(0),  determined  with 
the  help  of  equality 

'(B)  f 

r(0)  . e . e,)dt 

under  the  condition  that  phase  coefficients  satisfy  system  of  equations  (5.13)  and 
condition  (3.6),  is  included  in  the  region  of  possible  values  of  magnitude 

. e*  «•, . «*„)<//  during  arbitrary  change  of  phase  coefficients  satisfying  only 

U 

•ertain  conditions  considering  periodicity  of  those  or  other  magnitudes  and  condi- 
'i  >n  (3.6),  then,  it  is  obvious  that,  as  the  upper  boundary  of  the  first  region 
re  may  be  selected  the  exact  boundary  of  the  second  region.  Considering  condi- 
’in  of  periodicity  (7.33)  and  property  (7.36),  we  will  formulate  condition  for 
determination  of  region  of  possible  values  of  magnitude  r(fi)/r(0)  in  the  following 
f  o  rm 

|  (/<//= max; 

<1 

\  (H,  -  2Gele,)dt  - 1 1  ( 7  •  >7 ) 

ll 

(i  =  l . H  —  rn). 


For  solution  of  system  of  equations  (7.37)  we  will  produce  replacement  of 
variables  e1 ,  ....  en>  ,  . . . ,  ?n  by  variables  f  1 ,  ...,  f  by  formulas  (3.63). 
lun  Hermitian  form  G(e^,  ...,  en,  e^,  ....  en)  will  he  turned  into  quadratic  form 
(jq . fn)  (see  §  9,  chapter  ITT),  Hermitian  forms  H.(e^,  ...,  e^,  e^ . e  ) 

nl  certain  quadratic  forms  K^f^,  ....  fR) ,  and  e^  either  into  f^  if  phase 

'•  efficient  eL  is  real  or  into  l/?  (ff  +  f^+m)  if  phase  coefficient  is  compl<  :<, 


/?  He  e. 


/2  Tm  e^ . 


nd it  ions  (7.37)  take  the  form 
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where  symbol  P  is  designated  integrand  of  first  integral  of  syr'^m  (7./>9).  v(t) 
is  one  more  unknown,  funct  ion. 

first  n  equations  of  system  (7.40)  are  the  usual  system  of  equations  determlnin 
extremal  [42];  the  last  equation  is  considered  an  always  considerable,  in  similar 
cases  (see  Chapter  IV),  property  of  phase  coefficients. 

Prom  system  of  equations  (7.40)  we  determine  magnitudes  f.,  ,  ...,  f  ,  v  nr 
functions  of  argumen'  t  and  parameters  ,  ...,  m>  Using  tiie  found  depend' i 

O 

it  is  possille  *  "sent,  polynomials  .  ...  !'n)  -  ‘ 1  j ,- ( 1  q  ’  •••» 

(i  1,  ....  n  -  .’m)  and  K1(l'1,  ....  l'n)  -  (i'\  +  m )  i(f1 . i'n) 

(i  n  -  Pin  +  1 .  i  -  m)  in  the  It  rrn  f  functi  ns  L  (t,  v ^ . m) 

(i  1 .  n  -  :  wht  re  r  is  the  argument  and  v, . v  'i  p  •onrtnn*  par  to  »  ■ 
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t  r  ' 


and  find  value  of  magnitudes  v^,  .  ..,  ^n_m  as  solution  of  system  of  Integral  equations 

Jt, <//  =  <•  (i  1 . n  —  m).  (7*^1) 

0 

It,  Is  necessary  to  note  that  system  (7.40)  has  several  solutions;  however,  we 
arc-  interested  only  In  that  which  leads  to  maximum  value  of  magnitude  r(fi)/r(0). 

This  solution  should  be  either  selected  from  all  solutions  according  to  any 
additional  considerations  before  transition  to  system  (7. 41)  or  determined  by 
means  of  comparison  of  all  solutions  of  systems  (7.40) - (7 . 41 )  after  substitution  of 
•hern  in  F(fj,  ....  fn). 

Appraisal  of  norm  of  solution  r  by  the  presented  method,  in  principle,  should 
iefinitize  appraisal  (7.32)  in  all  cases  besides  case  n  =  2  during  complex  conjugate 
r  is  ^  and  or  cj  ^  and 
In  the  latter  case 

-  Vi  =  -j  l*i<%  -r  =  - 

and  forms  -  POe^e^  and  11^  -  burn  identically  into  zero. 

In  an  analogous  way  it  is  possible  to  construct  further,  more  precise  definitions 
r  appraisals  (7.32),  considering,  for  instance,  periodicity  of  derivatives  of  squares 
J'  moduli  of  phase  coefficients  if  coefficients  of  equation  (0.1)  are  a  corresponding 
r.uml  or  of  times  differentiable.  On  the  other  hand,  there  can  be  obtained  less 
precise  definitions  of  appraisals  (7.32)  without  using  conditions  of  periodicity 
i  urtain  forms  11^. 

We  will  consider  now  variants  of  more  precise  definition  of  appraisals  (7.32) 

!  y  means  >f  calculating  periodic  properties  of  logarithmic  derivative  of  norm  of 
lut  ion  r.  These  variants,  in  all  their  varieties,  require  that  coefficients  of  a 
system  of  equations  relative  to  canonical  components  be,  a  corresponding  number  of 

•  lines,  differentiable. 

Let.  us  assume  that  coefficients  of  a  system  of  equations  relative  to  canonical 

•  miiii  nents  are  at,  least  once  differentiable.  Then  for  derivative  of  logarithmic 
>1>  rival  ivo  of  norm  of  its  solution  we  will  obtain 
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* 


+  *o+vi  ‘>c-« 

«  \  /•  /  *  +  Jj  *  *-,  +  *d  1  o.  , 

isi  i»l 

+ S  f  —  i;  <m* + so)  <•> + -J-  2  <V'i>  -  to)  o  - 

i=i  [  '  /-i  •'  >  i 

+2f~2«:x+*'  v>+  ?■  2‘«V*:J  vr 

«  i  /  -i  /  i 


Taking  into  account  that 

we  will  copy  equation  (7.42)  in  the  form 

Hr)-"-20'- 

where 


(7.42) 


(7.45) 


""2+ 


+  i|*r2<>‘*'y  +  +  i7j2  ^/y+iy)  e,  j. 

•=i[  '  h  t  1  y«i  | 


(7.44) 


By  analogy  with  above-considered  case,  conditions  for  determination  of  upper 
boundary  of  region  of  possible  values  of  magnitude  r(fi)/r(0),  we  will  register  in 
the  form 


f  (/<fr  =  max, 

6 


(7.45) 


System  of  equations  (7.45)  may  be  solved  by  the  same  method  which  was  appliei 
for  solution  of  system  (7.37). 

Other  variants  of  more  precise  definition  of  appraisal  (7.32),  by  means  of 
calculation  of  periodic  properties  of  logarithmic  derivative  of  norm  of  oscillation 

it  is  possible  to  connect  with  subsidiary  conditions 

a  a 

\Ntdt  =0,  i Ntdt m.0  etc. 

0  o 
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where  Nx  =  N1(e1,  ....  en>  ...,  en)  is  a  certain  polynomial  from  variables 

P  e  e  .  . .  e  ,  obtained  from  Hermit ian  form  G(e.  ,  ....  e  ,  e.,  . ..,  e  ) 

•••’  a’  1'  n*  1  n  x  “ 

by  means  of  its  i-multiple  differentiation  and  exclusion  of  derivatives 

L  I  e  ~e  (after  each  differentiation)  according  to  equations  (5.13) . 

el .  V  1 .  n  ' 

pach  such  condition  considers  periodicity  of  corresponding  derivative  logarithmic 
derivative  of  norm  of  oscillations. 

Condition 


Ntdt  =  0 


(7.46) 


it  is  possible  to  apply  if  coefficients  of  system  of  equations  relative  to  canonical 
components  are  i  times  differentiable. 

More  precise  definition  of  appraisal  (7.32)  during  application  of  shown  additional 
conditions  (one  or  simultaneously  several),  can  be  obtained  by  a  method  analogous 
to  that  considered  above. 

We  will  designate  by  symbols  e^  (i  =  1,  . . . ,  n)  phase  coefficients  e^(t)  found 
as  a  result  of  solution  of  the  problem  on  hand  to  conditional  extremum  (maximum). 

Then,  obviously. 


. . . .  **', . r„) v .  IV 


(7.47) 


If  one  were  to  designate  left  part  of  inequality  (7.47)  by  the  symbol  un>  then 


i'  is  possible  to  record  obtained  result  in  the  form  of  inequality 


(7-48) 


In  accordance  with  inequality  (7.48)  the  new,  weakened,  sufficient  condition 
>p  limitedness  of  norm  of  solution  r  we  will  register  in  the  lorm 


and 


sufficient  condition  of 


9 

u 

its  convergence  to  zero  —  in  the  form 

9 

JW/CO. 

u 


(7.49) 


(7.90) 


Thus,  it  is  established  how,  using  specific  character  of  periodically  variable 
coefficients  of  equation  of  free  oscillations,  to  obtain  more  effective  criteria 
f  r  identification  of  asymptotic  properties  of  norm  of  soluti  n  r.  Because  of 
definition  of  stability,  given  in  §  1  Chapter  V.  and  inequality  (4.7) 

’  (jcp-tw* 
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by  revealed  asymptotic  properties  of  norm  of  solution,  it  is  simple  to  establish 
the  presence  of  stability  or  asymptotic  stability  of  oscillations.  Namely:  1'  r 
stability  of  oscillations  it  is  sufficient  that  there  be  executed  inequality  (7.1(9) 
for  asymptotic  stability  it  is  sufficient  that  there  be  executed  inequality  (7.90). 
This  is  true  also  during  multiple  indices. 

Example:  We  will  define  residual  conditions  of  stability  and  asymptotic 
stability  of  oscillations,  presented  by  equation 


x  +  mx  -f  *(l  —  i  »l*()x  -  0 

m  >  0,  *  >  0.  t  >0.  ✓  (7.91) 

In  the  beginning  we  will  investigate  a  case  of  small  values  of  coefficient  a. 
During 


a*  <  O(l-i) 


(7.9?) 


roots  of  equation 

+  +  tsInO  0 

are  different  during  all  t  and  have  the  form 


l..» - y  (I 

After  expanding  solution  of  equation  (7.51)  into  canonical  components  yj^  and  y, 
by  the  method  given  in  §  3  Chapter  II,  we  will  come  to  a  system  of  equations  (?.3!0 
in  which 


Designating 


i u  “  “  —  A*  i?  “  —f: i  - 


h  tot  l 


h  co>  l 

0(1  —  :jtn/)  — 


■O  (I  —  t*in<)  —  a1 


■  l- 


we  will  obtain  equation  (3.43) 

*r- 2-+'“  K-— >)|r" 

in  the  form 

1,5  --!*(-  *  -  Jfj  +  *’  -  af  -  0. 

Tiie  biggest  root  of  this  equation  has  the  form 

H?" „  +  mu  (0,.c)  »  —  *  -firm  ((I,  *' C° '*  V 

2  2  ~  \  0(1  —  t  sin/)  —  a-  ) 

m~  ",  +'"«*|o.  —  ^  in  |<»(l— MinO— **  jj  • 


Let-  us  note  that 


•CO *t  „  ■  a 

0('i-.7.n/)-ar>0  ' -•  - y  < ' <  j-. 


•  COS  I 

<♦(1  —  uin/)  —  a* 


.  *  3« 

0  i  ■•.</<— . 
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Therefore 

fS 

K  -*■  T 

1  li  -  a  _  1  l*  ||. 1 1» (I  —  i>in«)-a*|df  - 
,1  2«  1  4*  J 

no  • 

2  +  I*  4» (I -•)-«»' 

It  follows  from  this  that 

V  t  • 

u  ® 


if,  correspondingly. 


(7.53) 

o  r 

(7.54) 

Condition  (7.53)  is  sufficient  condition  of  stability;  condition  (7.54)  Is 

sufficient  condition  of 

asymptotic  stability. 

Now  we  will  apply 

expansion  of  solution  of  equation  (7.51)  into  components 

and  7.0,  determining  functions  £^(t)  and  £g(t)  from 

conditions  (7.26),  assuming  the 

simplest  case,  k.  =  0. 

Condition 

"w  *=  o 

loads  to  equation 

?  j  » -  o. 

whence 

Designating 

•  .  _  p(UI 

•IJ*  ^1.2  • 

will  find  coefficients 

h[^  of  system 

il 

+  C>  4,  +  *'.!•’*:.  ] 

-=  *i| »»,  +<:<?'  +  v.}**..  J 

in  the  form 

4!> 

11  *•  I  a-  -  4*  -1 

Assuming  that 

«-  l» 

(7.55 
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we  will  obtain  equation  for  determination  of  functions  u±(t)  and  u2(t)  in  the  l  rm 

a-  /Hunt  \- 
+  4  )  =" 

Solving  it,  we  will  find 


a  _  1 

=  —  2  +|  |  ib-a* 


Hence 


it  -■ 

If  a  bi  f  a  l»i 

- -  :2./4*70iS,|<"  “  2  +. 


Consequently,  for  stability  of  oscillations  it  is  sufficient  that  there  be 
executed  condition 


For  asymptotic  stability  it  is  sufficient  to  fulfill  condition 


4*« 

’  «  —  a* 


(7.56) 


(7.57) 


Now  we  will  investigate  stability  of  oscillations  (7.51)  in  the  range  oi 
values  of  parameters  a,  b  and  e,  at  which  roots  ^(t)  and  Xg(t)  or  ('  1  nn * 

f(°)(t)  are  multiple  or  close  to  multiple. 

According  to  method  of  construction  of  modified  canonical  expansion  of  equation 
of  oscillations,  presented  in  §  5,  Chapter  II,  modification  of  both  above-considered 
expansions  leads  to  the  following  conditions  of  expansion: 

*  =  >■+*».  | 

V*-  I 

System  of  equations  relative  to  canonical  components  y^  and  y2  we  obtain  in 
the  form 

•  /  a  .  0(1 —t*in/)  — a*\  2*(l  —  islnf) 

*  -  (“  T  + - Ta - )V1  + - i - * 

■0(1  —  i  sin  f)  —  «*  2*  (1  —  itinf) 

-V*“ - * - " - i - * 

This  system  corresponds  to  form  I  with  matrix  of  coefficients 


2*  (1  —  isinf) 
—  a  + - 


2>(l  —  «»in<) 


Fquation  for  determination  of  functions  u^t)  and  Ug(t)  we  obtain 


in  tin  f  rm 


a>  2*<l-«»lnl)  <♦*(!  —  e  sinM*  n 

+ - 1 - 
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j.  rcm  this  equation  we  determine 


[sinf)'i 


Hence 


«  .  /  5*1  2*  (I  —  «  sin  #>  i/>-  (I  —  IS 

W"“Y  +  K  »r - i - + — ir 

2«  ■-*«  _  _  ______ 

1  f  ##  «  .  1  fi/’v  ’  4**<l-i*in')> 

—  +  —  J  —-’Ml-ti.no-: - j - 


Applying  known  inequality 


•  «  * 


from  preceding  equation  we  will  obtain 

0 

It  follows  from  this  that  for  stability  of  oscillations  it  is  sufficient  that 
there  be  executed  condition 

i»  5  ,  ^  ,  2»*  . 

-  >  —  al  -f - —  2*4-  —  j5; 

for  asymptotic  stability  this  condition  should  be  executed  with  the  sign  of  absolute 
inequality. 

Solving  this  inequality  relative  to  e,  we  will  obtain  condition  of  stability  in 

the  form 


»  V  )-> 


and  asymptotic  stability  in  the  form 


«  ,  A  2**  •* 

4<t| 


(7.58) 


(7.59) 


It  remained  for  us  to  investigate  stability  of  oscillations  during  large  values 
of  a.  We  will  use  for  this  the  earlier  expansion  of  solution  of  equation  (7.51) 
to  comoonents  z^  and  z^. 

Replacing  condition  (7.55)  by  condition 

(7.60) 

we  will  'I  tain  an  equation  for  determination  of  functions  u^(t)  and  u?(t)  in  the 


f  o  rm 


:(~i-/v— • -rMr)- 
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Solving  it,  we  will  find 


During 


•  _  *  /«*  ...  *UlB/ 

"  ;;F  T-‘-  Y.,=iT- 


«>  —  46 


(7.01) 


we  will  obtain 


(7. OP) 


If  condition  (7.61)  is  not  executed,  then 


fc  ="  f  +  “  *  +  J 1  ‘ln,|rf/- 


(7.03) 


where  a  and  6  are  boundaries  of  interval  of  those  values  of  t  for  which 

46  26r  kin  «U. 

Because  of  equalities  (7.62),  for  stability  and  asymptotic  stability  of 
oscillations  it  is  sufficient  that  there  be  executed  conditions  (7.60)  and  (7.<  1). 


Fquality  (7.63)  It  is  possible  to  replace  by  inequality 

*  + 1/-4  -* +  i 

•i  * 

There  follows  from  this  condition  if  stability 


•  *  (<IJ  V *  *“  16  —  «’  +  l») 


(7b  '<) 


and  asymptotic  stability 


f  <  ■  («l  |  <iJ  •-  16  —  -f-  W)  • 

O 


tiraphs  of  dependence  e(a)  curing  b  =  1,  built  on  conditions  (7.53).  ( Y . 1  ■<  ) . 
(7.68),  and  (7.61)  during  observance  of  sign  of  equality,  are  presented  on  Fig.  1  •' 
by  a  solid  line  with  shading  is  shown  boundary  of  region  of  stability,  guaranteed 
all  obtained  conditions  of  stability  in  totality.  It  is  obvious  that  inside  this 
region  stability  is  asymptotic. 

Fquation  (7.51)  was  investigated  in  works  [43-47],  We  will  compare  our  resul 
with  sufficient  conditions  uf  stability  obtained  in  work  [47],  the  latter  of  t  hi 
meat  i  tied  works. 

F  r  'are  t  1  these  conditions  have  the  form 


t  <  yr  t  ♦  (  —  / 1  —  i 


(7.<  '■) 


_>/T—  «j  * 


(7.*  7 
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**  v**> » I«t»  >V>»V  2*,.*'  VJf. 


ahfip 


when  st  a!  ility  In  the  first  case  is  asymptotic 


Fig.  13.  Region  of  stability  of  oscillations, 

presented  by  equation  **« itm  rsimi*  -<»  during 
b  =  1  (shading  shows  boundary  of  stability). 

Boundaries  of  region  of  stability,  delivered  by  conditions  (7.66)  and  (7.^7). 
are  presented  on  Fig.  13  by  hachured  lines,  By  hachured  line  with  shading  is  shown 
i  nndary  of  region  of  stability  guaranteed  by  both  conditions  in  totality.  From  the 
I'aphs  it  is  seen  that  the  region  of  stal  llity  determined  in  work  (^7)  lies 
completely  within  the  region  of  stability  determined  according  to  the  conditions 
!'  unci  above. 
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CHAPTER  VIII 


coefficients.  Consequently,  some  of  the  coefficients  of  an  equation  with  exponential 
coefficients  can  be  constants. 

P  1 

exponential  coefficients  Bjt  (1=1,  ....  n)  in  interval  (0,  co)  are  (any 
am  unt  of  times)  differentiable  functions,  expandable,  in  environment 


of  any  point  tQ  belonging  to  this  interval,  to  convergent  power  series 

+ ...]  (i=,, . n). 

and  consequently,  constitute  functions,  analytical  in  interval  (0,  a>) .  They  are 
limited  in  any  finite  interval  belonging  to  interval  (0,  co)  and  do  not  turn  into 
zor  at  any  point  of  last  interval,  if  Bi  /  0;  if  B1  =  0,  then  at  0  <  t  <.  m  value 


Coefficients  of  equation  (0.1)  we  will  call  compound-exponential  if  they  have 

the  form 


- 

/-I 


(8.2) 


where  R 


U' 


(J  =  1, 


i),  C 


U’ 


(j  =  1, 


m)  are  real  numbers,  and 


teu 


:,Mli  for  each  value  of  t.  and  j  are  principal  values  of  degree  but  cannot  be 

represented  in  the  form  (8.1)  (i.e.,  are  not  exponential).  We  will  consider  that 

Pl.J+l  >  PiJ  and  7lf J+l  >  7ij* 

Compound-exponential  coefficients  are  functions  (any  amount  of  times)  differen- 
t  iable  at  almost  all  points  of  interval  (0,  cd) ;  they  are  expanded  in  quite  small 
environments  of  these  nonsingular  points  into  convergent  power  series  and,  thus, 
e  nztltute  functions  which  are  analytical  almost  everywhere  in  Interval  (0,  cc) . 

They  can  lose  the  properties  of  analytical  functions  at  those  points  where  magnitudes 


m 

vc,/" 


turn  into  zero. 

Since  equation 

VC,/*/-  t 

i=i 

lias  a  limited  number  of  roots,  then  it  is  always  possible 
which  all  limited,  real,  positive  roots  of  equation  (8.3) 
y  reovi  r  in  interval  (T,  a)  function  b.(t)  is  analytical. 


(8.3) 

to  indicate  such  t  =  T  a' 
belong  to  interval  (0,  T). 
where  it  is  limited  in 
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any  finite  interval  belonging  to  interval  (T,  cc) . 

Comp  nnd-exponent ial  coefficient  can  turn  into  zero  at  certain  p.  inis  of  interval 
(0,  oo ) .  However,  it  is  always  possible  to  indicate  such  t  at  which  ail  i'initi 

positive  values  of  t,  turning  it  into  zero,  belong  to  interval  (0,  'll).  If  marnitudi 
is  no  larger  than  magnitude  T,  coefficient  tn(t)  does  not  turn  into  zero  at  any 
point  of  interval  (T,  co)  . 

If  during  selection  of  magnitude  T  there  are  observed  conditions  shown  in  tin 
last  two  paragraphs,  then  in  interval  (T,  oo)  compound-exponential  coefficient,  is  an 
analytical  function  and  does  not  take  zero  values.  Using  idea  of  asymptotic 
equivalence  (in  the  sense  that  x(t)  and  y(t)  are  asymptotically  equivalent  if' 


llm^- 
«—  j»(i) 


we  will  note  the  following  property  of  compound-exponential  coefficients: 
compound-exponential  coefficient  (8.2)  is  asymptotically  equivalent,  to  exponential, 
coeff ic lent 


Cim 


(B.'i) 


This  property  is  easy  to  reveal,  estimating  magnitude  (8.2)  during  t  —  u . 

It  is  expedient,  however,  to  note  that  from  the  asymptotic  equivalence  f 
coefficients,  coinciding  in  indices,  of  two  compared  equations  of  form  (u.l), 
asymptotic  equivalence  of  their  solutions  by  no  means  follow  (see  below-mentioned 
example ) . 

if  in  equation  (0.1)  one  of  the  coefficients  is  compound-exponential  and 
the  others  are  compound-exponential  or  exponential,  then  this  equation  we  will  'a  I 
an  equation  with  compound-exponential  coefficients. 

When  determining  exponential  and  compound-exponential  coefficients,  we  di  l  n 

connect  with  any  limitations  indices  of  degree  (3.,  (3,.,  y,  .  besides  the  requi  remet 

t  J  t-  ti 

f  '.he  i  r  realness.  If  coefficients  of  equation  (0.1)  are  exponential  or  compound- 
exponential  and  magnitudes  j3^,  -y  are  natural  numbers  or  zeroes,  tin  u,  b  n  i 


all  coet't 


'icients  Ik  to  a  common  denominator  (in  case  of  an  equation  with  exp  ru 


r  1 1 


coefficients  it  is  not  necessary  to  do  this  since  the  denominators  f  ail  ooefl'ic 
in  Mils  case  are  equal  to  unity),  we  will  obtain  equation  (0.1)  in  th<  f^rm 


P*V)  v  P ,  <0  ~t  + . . .  rP.  (0  a  =<». 


win  re  P  0  ( 1. 1 .  P^(t),  ...,  P  (l)  are  p  lyn  jmials  fruin  t. 

his  i  mat  i  n,  which,  thus,  is  a  particular  case  f  euuat.i  ns  .f  f  nns  n  i  l'  >•<  i 
by  us,  is  called,  in  the  the  r.v  >f  linear  di  fl'erent  ial  equal  i  tis,  an  'qua'i  n  with 
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polynomial  coefficients.  Consequently,  equations  considered  in  this  chapter  are 


equations  ol'  a  certain  class,  more  general  than  the  class  of  equations  with 
p  lynomial  coefficients. 

Example.  Fquation 

i  +  "+('4'  +  *3")X  ~°  (8.6) 

is  an  equation  with  compound-exponential  coefficients.  Its  general  solution,  given 
in  work  [25],  has  the  form 

_  p_ 

*«>-*  4<C,+C,0. 

Ciu.ff  ic  lent 


is  asymptotically  equivalent  to  coefficient 


Replacing  coefficient  b2 
we  will  obtain  equation 


of  equation  (8.6)  by  this. 


its  asymptotic  equivalent, 


x  +  lx+  -J-  (8.7) 

'.eneral  solution  of  this  equation  has  the  form 

|»  ^ 
x(t)  =  f  4  (C|»«p- j  f  Cjexp-.j). 

it  is  easy  to  see  that  not  one  of  the  particular  solutions  of  equation  (8.7)  is 
an  asymptotic  equivalent  of  any  particular  solution  of  equation  (8.6). 

both  equations  (8.7)  and  (8.6)  belong  to  the  class  of  equations  with  polynomial 
coeff ic ients. 


§  2.  Proposed  Form  of  General  Solutions  of  Equations  with 
Exponential  and  Compound-Fxponential  Coefficients 

We  will  assume  that  during  sufficiently  large  T  general  solutions  of  equations 

'V  free  oscillations  with  exponential  and  compound-exponential  coefficients  in 

interval  (T,  rn)  can  be  represented  in  the  form 

jc</)-VC,exp\' V  //,/</<//.  (8.8) 

i=l  >■>-! 

where  C5  (l  1,  ....  n)  are  complex  arbitrary  constants;  Hj  .  and  qf  .  ( i  1,  . . . ,  n, 
1.  2  ...)  are  certain  fixed  constants,  the  first  of  whicii  is  complex,  and  the 
second  must  he  real,  where  connected  by  relationship  q.^  >  q . ^  >  .... 

Wt  will  not  try  to  prove  the  validity  of  such  an  assumption,  but,  using  it 
constructively,  we  will  find  solution  of  certain  interesting  problems.  Correctness 
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of  found  solutions  we  will  prove. 

Without  decreasing  generality  of  analysis,  we  will  consider  only  such  equal  1  ns 
for  which 

This  is  .-justified  by  the  fact  that  during  nonfulfillment  of  given  condition, 
substitution 

JCg— jc 

leads  to  an  equation  with  an  order  lowered  to  unity,  whose  approximate  presentail  n 
of  general  solution  during 

may  be  determined  by  the  method  presented  below.  If,  however,  coefficient  b  >(t) 
is  identically  equal  to  zero,  then  substitution  x^  =  x  it  is  possible  to  replace  by 
substitution  x^  =  x  and  to  determine  approximate  presentation  of  general  s  -lutl  >n  >f 
equation,  differing  from  initial  by  an  order  of  two.  These  reasonings,  in  an 
obvious  manner,  spread  to  cases  when  there  are  identically  equal  to  zer  other 
coefficients,  preceding  in  indices  coefficient  b^  ^ . 

After  determining  approximate  presentation  of  the  general  solution  of  an  equa< i 
of  lowered  order,  there  can  be  obtained  an  approximate  presentation  of  general 
solution  of  the  Initial  equation  by  means  of  integration  of  the  first.  Appearing 
as  a  result  of  integration,  an  arbitrary  constant  or  a  polynomial  obtained  general  L.v 
from  t  with  arbitrary  constants  as  coefficients,  determine  the  family  of  rvnzer 
particular  solutions  of  the  initial  equation,  satisfying  condition 

■*i=0. 

Considering  that  condition  b  (t)  ^  0  is  executed  and,  consequently,  i cm  nil 
solution  does  not  contain  components  which  are  constants,  we  will  considi  r 
sut  sequently  that  /  0,  for  all  i. 

As  a  result  of  the  integration  of  integrands  in  equation  (8.8)  the  latter  iak<‘S 
the  form 

<-l  /-!.  + 

/♦*.  n  — • 

I 

where  C.  (i  1 . n)  are  new  arbitrary  constants;  llj  for  every  1  1 . t 

are  such  magnitudes  of  11^  (J  =  1,  2,  ...,)  for  which  t|.  .  -1. 

!  f . 

tact  »rs  t  1  appear  at  the  expense  el’  integration  T  t'unetiens 
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jftSNrfr-v 


since 

i 

exp  f  //,/-'  -  exp  //(/  (in  /  -  In  T)  -  . 

y  r  u 

1 !'  sc riei  does  not  contain  ''oi  a  given  value  of  Index  1  exponent  in.  -1, 

/-i  *  J 

th'-n  in  equati  n  (8.9)  one  should  put  J. 

xainple :  liven  In  the  preceding  section,  the  formula  of  general  solution  of 

<  mat  1  n  (8,<  )  ir  ibtained  from  formula  (8.9)  if  one  assumes 

//i— 0,  If,,-— 

Hi,  -Ovmo  J >  |;  H}  «  I.  H,i  m  -  ,  ,S|  =  I, 

//?/  ■=  0  *!i«r  y  >  J. 

leneral  solution  of  equation  (8.7)  (see  §  1 )  we  will  obtain  if  we  assume 

H\  *»  ll}  ■=  0.  Ha  =  //., 

Ha-  -y=  .  «;I  ,  i,r »  v.  ■  0,  //(/  «=  //•_•>  -=  0 

i  .ring  ,1  2. 

In  the  considered  examples  under  signs  of  sums  enter  finite  numbers  of  terms 
Mt firing  from  zero,  i.e.,  series  are  summarized  and  finite.  It  would  have  been 
i  : •  s 1 1  1  e  to  present  many  examples  of  known  solutions,  presented  in  the  f  >rm  (S.q), 
i'li  infinite  summarized  series. 

§  3.  Method  of  Determining  Coefficients  and 

As  was  noted  in  §  1,  coefficients  bj  (i  =  1,  ...,  n)  of  equations  with 
•  xp  nentlal  and  compound-exponential  coefficients  are  analytic  functions  of  t  In 
interval  (T.  u)  If  magnitude  T  is  selected  sufficiently  great.  Considering, 
namely,  such  selection  of  T,  it  is  possible  to  expand  solution  of  equation  (0.1) 
in  shown  interval  into  components  z^,  ...,  applying  formula  of  expansion  (2.39) 
and  assigning  somehow  functions  C^(t),  £  (t).  These  functions  can  he  given  by 

tifferent  methods.  One  of  the  methods  was  presented  in  Chapter  T1  for  an  equation 
f  free  oscillations  with  coefficients  which  are  a  sufficient  number  of  times 
u i f fe rent iablf  ,  which,  in  narticular,  are  analytic  functions.  Tt  gives  the 
p  ssibility  1*  constructing  a  sequence  of  sets  if  functions  ( L  ,  ( t )  ,  ....  »  (')l 

with  fitii'e  or  infinite  number  of  terms,  where  eacii  of  the  systems  determines 

rresp  nding  canonical  expansion  of  solution  of  the  considered  equation,  lb  re  we 
will  c  nr  oil  r  'he  second  method,  using  (expressed  in  the  preceding  paragraph)  tig- 
asrump’  I  1  ai  ut  the  f  >rm  f  gem  ra  l  r  lull  'nr  f  (  quat  ions ,  s’udi'd  in  'his  chapter. 
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This  method  also  gives  the  possibility  of  determining  a  sequence  of  sets  of  fundi  n 
K^(t).  ...,  £n(t))  (consisting  of  a  finite  or  infinite  number  of  terms),  «  ach 
of  whose  elements  determines  a  certain  canonical  expansion  of  the  solution  of  an 
equation  of  oscillations. 

Subsequently,  considering  equation  (0.1),  we  will  assume  that  its  coefficient s 
have  form  (8.2),  allowing  the  possibility  of  transforming  form  (8.2)  inf'  form 
(8.1).  Thus,  our  consideration,  in  an  equal  measure,  will  embrace  eases  of  an 
equation  with  exponential  coefficients  and  an  equation  with  compound-exponent. lal 
coeff ic 1 ents  . 

In  order  to  establish  the  first  element  of  the  unknown  sequence,  we  will  turn 
to  general  solution  of  equation  (0.1),  represented  by  formula  (8.8),  and  considering 
Cj  /  0,  Cj  =  0  during  1/  j,  we  will  separate  particular  solutions  x^(t) 

(i  =1,  ....  n)  in  the  form 

i  - 

*((0“C,exp  \  (/—l . n).  (8.10) 

Yl=t 

Taking  into  account  only  higher  powers  of  t,  we  will  replace  particular  ...  lut  i  r  .• 
(8.10)  by  approximate  solutions  of  the  form 

__  i 

x,  (/)  -  C,  exp  j  Hn/'“  dt  (8.11) 

(«  —  l . n). 

Using  conformity  between  functions  c[°^(t)  (i  =  1,  ....  n)  and  approximate 
presentation  of  general  solution  of  equation  (0.1),  estallished  by  formula  (Jl.,’o) 
during  i  -  1  (see  §  2  Chapt< r  IV),  we  will  assume,  according  to  equation  (8.11), 
that  functions  r(  )(t)  (i  -  1,  ...,  n)  have  the  form 

gVi  (i-l . n)  (8.12) 

Formulas  (8.11)  will  obtain  the  form 

x,  (/)-  C,  exp  Jc!*’  (l)dt 
<i=l . n). 

Heplacing  In  left  part  of  equation  (0.1)  unkn >wn  solutions  x.('  )  (i  l,  .... 
with  their  approximate  presentati  ns  x.(t)  (i  1,  ...,  n)  ,  we  will  l  air,  1  r-caur* 
f  f  rmulas  (8.15) 
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•  •  •  +M“«Ci#,+O)-,C<(0,+ 

-ICi0’-  *,  .  . 

I  * 

.  .  .  ~*.JC(e*pj‘c'0'rf<  (i-1 . it). 

Obviously,  approximate  solution  x’1( t)  coincides  with  exact  Xj(t),  if 


(8.14) 


«,"■+  O)-,C?,  +  lc!#'iO)-*Cj0,|*l+  .  .  .  -ri.-O.  (8.15) 

While  limiting  approximate  solution  by  form  (8.11),  in  general  we  cannot  indicate 
such  values  of  magnitudes  and  rj  at  which  is  satisfied  this  condition.  However, 
it  is  possible  to  establish  such  a  value  for  them,  at  which,  in  a  certain  meaning, 
•here  is  attained  maximum  accuracy  of  approximation  of  the  left  part  of  equality 
(-“•18)  to  zero.  These  values  we  will  find  in  the  following  manner. 

Differentiating  equalities  (8.12)  one,  two,  ....  (n  -  1)  times  we  will  obtain 
relationship 


'InUB-W5. 


rf'-'Cl0' 

“ruiK»  —  I)  •  •  •  (Vi 


h  +  2  )/-•+'. 


(9.16) 


°n  this  basis  it  is  possible  to  record  in  the  left  part  of  equation  (8. 1‘)) 
in  the  form1 


rJ>+c!<'(c!,,)-,+  . . .  +<*“. 


(H.17) 


where 


ft.. 

<•—1 

e\"  -  V  J\,  IK.  - 1 >K.  - 2)  +  3  f/ - 1  )K,  - 1  > 

/-i 


(8.18) 


1|,oro  and  subsequently,  symbol  rjdesirnates  number  of  combinations  f  n  elements 
with  respect  to  m,  i.e., 


t"  \  Jt (n  —  I)  (n  —  !)...(«  —  m  -f  1| 
l«/  I  2  m 
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(8.18 
Cunt ' J ) 


+a-i)<y-2wl|/->+[("3,)(T,,-i)-r 
+  ?(" 7 ')  T  ("  ~  *)  V,  V- '  +  >» 


+2)/'-+  .  .  . 


Designating 


U~  1 . «)• 

it  is  possible  to  give  formulas  (8.18)  the  form 


(3.19) 


^  [(  3  >T‘“-,,  +  3  (")’-]’>n+("7,)',1»|"  + 

2>t-i  I(’.H  - 1  )(*.„  -  2) +3  v - 1)(»,(|  - 1) 

!•  I 

-1)0-2) J  +  [(" 7 ')(T««1  ~  +  3("  J *) ’•<, ] 3n*,'" t  (8,20) 

+("72)v,»r+*i"}<-3=^-  • 

fi-l  =llii(Tui— 1)  •  •  -  (’mi  — «  +  2)+  .  .  . 

Considering  these  relationships,  we  will  obtain  after  substitution 

O’—  1 . n)  (8.21) 

express  ion 

(:;»»)*+cJ'»(C*0')— '  +  .  .  .  +c';>~.t-D\"(*t).  (8.22) 

where 

0!"<«i)=*r  +  *,"■?-'+  •  •  •  (8.23) 

I'lius,  left  part  of  equation  (8.15)  may  be  presented  in  the  form  (8.22),  where 
coefficients  of  polynomial  d[1)(h1)  are  functions  of  coefficients  of  equation  (0.1) 
and  indices  of  degree  and  magnitude  k-l  is  connected  with  magnitudes  and 
'*11  1  iecause  of  relationships  (8.21)  and  (8.12)  by  dependence 

»,«=//„/ W.  (8.24  ) 

11'  one  were  to  express  coefficients  djj.1)  (,1  =  1 . n)  according  to  formulas 
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(  .20)  through  magnitude  rj^  and  coefficients  of  equation  (0.1),  after  developing 
the  latter  in  the  iorm  of  exponential  or  compound-exponential  functions,  and 
magnitude  vij  is  presented  in  the  form  (8.24)  then  after  reducing  to  a  common 
denominator  (in  the  case  of  an  equation  with  exponential  coefficients  it  is  not 
necessary  to  do  this)  we  will  obtain  the  left  part  of  equation  (8.15)  in  the  form 
of  a  compound-exponential  function,  which  during  certain  values  of  coefficients 
'*il  and  II . ^  in  general,  can  degenerate  into  exponential.  Considering  arbitrary 
values  H1±  for  every  value  it  is  possible  to  present  this  function  in  the  form 

t  "Di,,(*|)«=/~"|lJI/*ii  +  o(f»,i))I  (8.25) 

where  magnitude  Is  complex  and  magnitude  X  is  real. 

If  L1±  /  0.  chen  in  accordance  with  equality  (8.25)  during  t  -*  oo  function 
t-nn(1)(H1)  is  asymptotically  equivalent  to  magnitude 

Therefore,  as  a  condition  of  maximum  accuracy  of  the  approach  of  the  left  part  of 
equality  (8.15)  to  zero,  it  is  logical  to  take  condition 

Lu=0.  (8.26) 

This  condition  places  in  conformity  to  each  value  a  certain  value  H^;  it  does 

n  t  put  direct  limitations  on  exponent  X^,  with  help  of  which  it  is  possil  le  during 
t  —  on  to  estimate  from  above  numerical  growth  of  magnitude  interesting  us;  hew.  ver, 
i1  vpry  convenient  from  the  side  of  construction  since  it  leads  to  a  rather  simple 
method  of  determining  values  of  coefficients  and  H^. 

Let  us  consider  at  first  cases  when 

lim  *{•>=<>  (/  —  ! . n).  (8.27) 

i.e.,  when  coefficients  b^1'  (i  =  1,  ...,  n)  are  vanishing  functions  of  time. 

.’ince  n1;L  is  a  finite  number,  then  coefficients  d*;1)  (.1  =1,  ....  n)  of  polynomial 

•  (m^)  in  this  case  are  bounded  functions. 

There  can  be  made  three  assumptions  about  the  value  of  magnitude  q..,  ; 

I. 

T«,“  “I- 

r.l,  <  -  I 

In  'he  first  case,  due  to  equality  (8.24),  numerical  growth  of  function  x.(t) 
is  not  limited;  member  n1)  during  t  —  cr  in  stun  (3.25)  will  prevail  and,  inasmuch  as 
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H  ^  f  0,  condition  (8.2b)  cannot  be  carried  out. 

In  the  second  case  magnitude  x^  is  constant  and,  inasmuch  as  all  terms  '  'drain¬ 
ing  coefficients  (i  =  1,  ....  n)  are  vanishing  functions,  then  during  t  -*  u 

its  following  part  will  prevail  in  sum  (8.23): 

*»  +  (  2  )  ‘ +  3  XT*a  ~  1 )  +  3  (  "  ^  ‘ +  •  •  • 

•  •  -  +  n«(^i  —  1)  -  •  ■  (’i<i-«+2)*,. 

Obviously,  shown  sum  is  equal  to  constant.  Using  equality  (8.2ji)  and  taking 
into  account  that  =  f°r  this  sum  we  will  obtain  the  following  express L  m, 

"s-(;)"!'--+K;)+j(j)iW5'‘+-  •  • 

.  .  .  -H-l)-1  («-!)•//„. 

Condition  (8.26)  takes  the  form 

(«v,-(;)«rr’+[2("J)-i3(;\l"r'+’  •  • 

.  .  .  +(-!)-'(»- 1)0//.,-*“. 

(8.28) 

This  equation  has  n  -  1  roots  differing  from  zero.  We  will  designate  them  by 
symbols  (i  =  1,  ...,  n  -  1). 

In  particular  cases  we  have 

a)  during  n  =  2, 

HXx "  I; 

b)  during  n  =  3» 

It  remains  for  us  to  consider  now  a  third  case  q  ^  <  -1.  in  this  case  in  sum 

i  •  "i  i  .  •  •  •  “*_i 

during  t  -*  id  will  prevail  term 

— «  +  2)»,, 

nt.ai.ning  as  a  predominant  component  in  the  term 

:t  l  nee 

Vi  (  •  '  ■ 

o  rid  i  t  i  in  (8.2b)  can  l  e  executed  nly  In  the  case  when  there  is  exreu1  ed  •  q  la  Li  t  y 

+2)*,  + (  .  01 
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whir'  ma  nitudes  and  for  exponential  coefficient  b  are  determined  by  formulas 
n  n  n 

(8,l/t  and  in  Hie  ease  1'  compound-exponential  coefficient  b  ,  given  in  the  form 
(  •  )  I y  equalities 


i ■  r  m  equations 


J 

(8.2Jl)  and  (8.30)  there  follows 


(8.31) 


In  *=&,  +  «-!. 


H„ 


Hi  (Til — l)  •  •  •  (Hi—  <i+?) 


_ -  B, 

(fd  +  n-IHP, -j  »-•>).  .  .<&,  +  !>' 


(8.32) 


'living  index  i  in  this  case  value  n  and  summinr  results  with  respect  to  determin- 
i  nr  f  magnitudes  x.  in  all  considered  cases,  we  will  come  to  the  following 
■  a  ■. ins  ion. 

If  there  is  executed  condition  (8,27),  then  equation  (8.26)  has  n  solutions. 

.hero  solutions  can  be  found  as  indicated  above. 

( 1 1 

We  will  consider  now  the  case  when  some  of  coefficients  b|  '  during  1  -*  on 
approach  finite  quantities,  and  for  the  remaining  there  is  executed  condition 


In  this  case, 
p  iynomial  b(^(x. 
Having  made, 


llm  a;'*  =  o. 

as  in  the  preceding,  coefficients  (j  =  1,  .... 

t) 

)  are  bounded  functions. 

as  earlier,  three  different  assumptions  about  values 


(8.33) 


n)  of 


of  coeff ic lent 


Ml 


T«i  ]>~li 
til  =  —  I  • 

i ..  anal  gy  with  the  preceding  case,  we  will  come  to  the  conclusion  that  the  first 
p  'S.rll  ilit.y  is  excluded. 

In  the  second  case  magnitude  x^  is  constant  and  sum  (8.23)  during  t,  -mo 
nppr  aches  magnitude 


«"+[( j  )t,,i  +  nm  aj" ]*," -l -!- •  •  •  +KiKi“<)  •  • 

-«+2)+  .  .  .  +^, llm ,  + lira 

!«• 


( 8 .  Hi ) 
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which  Ly  condition  -1  is  equal  to  magnitude 

l /  J  t—m 

4;2llm6«.'2,-r  .  .  .  -f(  —  —  1)!| «,  + llm 


If 

(8.3ri 

then  equating  magnitude  (8.34)  to  zero,  we  will  obtain  an  equation  containing  n 
nonzero  roots  (among  which  can  be  multiples).  Because  of  equation  (8.24)  these 
roots  are  equal  to  unknown  values  of  magnitude  H^,  i.e.,  magnitudes  11^ ,  ....  H  ^ 
If  condition  (8.35)  is  not  executed,  i.e.,  there  occurs  equality 

llm  AJ,1*— 0.  ( M  ^  J 

then  two  cases  are  possible: 


a)  .  .  .  t(-  1)»-  •(/»-- |/!  /  u, 

'  b)  |lniAaj1-IJmAJ,'»J-  .  .  .  -f(-  1)*-'  (n-  1)!  -  0. 


f  i  )  fil 

If  limiting  values  of  all  coefficients  b_^  ' ,  ....  b^_£,  wih  tlie  exc.  pti  in 
any  one,  are  fixed,  and  the  value  of  one  coefficient  continuously  changes  in  su  •)) 
a  manner  so  that  it  passes  along  a  number-scale  axis  from  a  sufficiently  large 
negative  number  to  a  sufficiently  large  positive  numi  •  r»  then  case  (b)  wiii  'ak< 
place  only  during  one  value  of  this  coefficient,  and  case  (a)  wiii  occur  durin," 
all  tin  remaining  values.  Therefore,  case  (a)  may  be  called  model  and  ea:  <  (t  1 
spec  1 ai . 

In  the  model,  case  due  to  condition  (8.36),  polynomial  (8,34)  has  oik  r t  r  r 
Therefore,  in  tills  case  there  may  be  determined  n  -  1  values  of  magnitude  il^,  i  .  < 


11’ 


n-1 ,1  * 


Tf  there  occurs  a  special  case  where  simultaneously  with  condition  (B.^t  )  tin 
is  executed  still  k  -  1  equalities  [where  k  is  a  natural  number  not  smaller  than 

unity  and  not  larger  than  (n  -  1)],  at  which  coef  1'ic ients  of  polynomial  (8.34)  dur 

2  k-1 

degrees  u .  ,  n^,  ...,  u-L  turn  into  zero,  then  number  of  nonzero  roots  >f  this 
polyn  mial  decreases  n  -  k.  After  determining  these  roots,  we  therei-y  will  find 
n  -  k  values  of  magnitude  H^,  i.e.,  11^,  ...,  lin_R 

Pur  in.'*  fulfillment  if  conditiui  (8.38),  the-  possil  ility  f  case  -1  is 

excluded.  I'heref ore,  passing  to  a  third  ease,  we  will  assume  that  there  occurs 
1  qual  i  i,v  (  .  ) . 
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Let  us  consider  binomial 


(i) 


-i +*!■'»• 


i ±1  replace  coefficient  Ly  limiting  value 


Jlm*«,»l+%,lini»«il+  .  .  .  f  r^r.,,-1).  .  .K,-«  +  2). 


wli<  re  for  every 

■  ciTlc 1 ont  1 j  , 
cuci'fic  lent.  1  j , 


,1  =  1,  .  ..,  n  -  1  magnitude  limfr.1*  is  equal  either  to  zero  or  to 

l—m  ' 

corresponding  to  determination  (8.1)  in  the  case  of  exponential 
and  equal  to  ratio 


Bn 

Cjm 


in  the  case  of  compound-exponential  coefficient  b^  [see  formulas  (8.2)  and  (8.4)] 
'  'efficient  d^  ^  we  will  replace  asymptotically  by  equivalent  magnitude 


After  cquat ing  the  magnitude  to  which  the  binomial  is  transformed  to  zero  with 
these  replacements,  we  will  obtain  equation 


IJIm  4*11,  +  nil  Jim  »<»,+ .  .  .  .  .(i,,- 

-»  +  2)|  0. 

'■mpnring  equations  (8.37)  and  (8.24),  we  will  find 

=  ?,  +  «-!• 

tarrying  out  substitution  (8.38)  in  expression  for  coefficients  during  Hj 
f  equation  (8.37).  let:  us  note  that  there  are  possible  two  cases: 

a) liniA«].-[  (P,+/i-l)llmM'l»  4  .  .  -»-(?,-?-«  — 1)0. 4- 

•j-n  —  2).  .  .  1  )■/ 0, 

b)  +  —  l)fp,  | 

+«-  2).  •  1)  0. 

In  first  case  ,  which  it  is  possible  to  call  model,  having  compared  equations 
(  .57)  and  (8.24),  we  will  obtain 

yy  __  _ _ g  _ _ _ 

11  H"1  +  »?. +  «-••>  inn  »!!!,+  .. .' +(?-»«  IM?«  •  »  t-  I)  *  (8.39) 

I— - 

•  ■hire  luring  fulfillment  of  condition  (a)  in  sum 

*r-fW+  •  •  •  +  (8.40) 

1  triii  t  — *  iliere  prevails  ‘he  last,  term,  then  found  values  f  r  elTle  ir-ri1 :  |.^ 


(8.37) 

(8.38) 


*r 


[formula  (8.38)]  and  [formula  (8.39)]  satisfy  condition  (8.21). 

In  the  second  case,  which  it  is  possible  to  consider  in  the  class  of  special 
cases,  the  denominator  of  the  right  side  of  formula  (8.39)  turns  into  zero,  as  n 
consequence  of  which  the  presented  method  does  not  lead  to  determination  of 
coefficient  H^. 

Thus,  during  condition  (8.30)  the  presented  method  gives  the  possibility  f 
determining  not  more  than  one  pair  of  values  of  coefficients  and  in^,  for  will  •! 

<  -1.  These  values  cannot  be  determined  only  in  the  special  case  when  cuci'fi- 
c  louts  of  an  equation  of  oscillations  are  connected  by  the  dopenden -e  shown  in 

paragraph  (b). 

Summarizing  this  result  with  the  result  obtained  above,  wo  conclude  that  in  M 

f  1] 

case  when  some  coefficients  '  during  t  -»  oo  approach  finite  quant  ities,  anJ  f  >r 
others  condition  (8.33)  Is  executed,  equation  (8,2<  )  has  not  more  than  n  c  .lu'Lns, 
where  some  of  these  solutions  can  be  identical.  If  coefficients  of  an  equation  jf 
oscillations  do  not  satisfy  conditions  determining  special  cases,  then  equal  i  n  ((V  ' 
lias  exactly  n  solutions.  Coefficients  and  ij^,  corresponding  to  solut  Ions  f 
equation  (8,26)  can  be  found  by  above-stated  methods. 

Let  us  turn  to  analysis  of  the  last  possible  case  at  which  some  coel'fi  'ien’s 
b|  ^  satisfy  condition 

llmfrj1*  —  ( 8 .  ’* ■!  ) 

i.e.,  are  numerically  Increasing  functi  >ns  of  time. 

Having  assumed 

and  carrying  out  this  substitution  in  expression  (8.23).  we  will  copy  it  in  t!,< 
f  rm 


Lei  us  assume  tliat  Is  minimum  magnitude  at.  which  all  c  'efficients,  f  polyriuini  >1 
^  (r)  during  any  real  values  of  coefficient  are  limited.  Then  in  are  rdancf 
witli  l'  rmulas  for  coefficients  d(^  tliis  magnitude  should  satisfy  system  !' 
i nequal it ies 

Pg;  (/'I - n).  { 
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where  l'ur  one  value  cl'  Index  j  there  must  be  executed  equality 

o.  (8.45) 

Actually,  formulas  (8.20)  express  coefficient  in  the  form  of  a  linear  sum 

(’ll  ( 1 )  ( l ) 

f  coefficients  b£  ' ,  b),  ....  b!j  where  the  coefficient  during  the  last  magni- 

tuue  is  equal  to  unity.  The  validity  of  the  given  conditions  would  be  evident  if 
in  these  sums  there  were  absent  all  components  besides  the  last  ones.  Therefore, 
it  nily  must  be  shown  that  k-th  component  of  j-th  sum,  where  k  and  j  are  arbitrary, 
where  k  j  after  division  ly  t*^,  becomes  a  bounded  function,  i.e.,  there  occurs 
i ii'  quality 


o  (8.40) 

string  k  <  j.  but  this  can  immediately  be  seen  if  one  were  to  compare  this 
inf  iiiallty  with  k-th  inequality  of  system  (8.44) 

M  *-«< o. 

Further  it  is  expedient  to  note  that  from  the  last  Inequality  it  follows  that 
inequality  (8.46)  (during  k  <  j)  is  an  absolute  inequality,  i.e.,  has  the  form 


hi;:  means  that  after  division  by  t*  ,  all  components  of  j-th  sums,  besidts  the 
last  ones,  are  turned  into  vanishing  functions.  It  follows  from  this  that  eocITi- 
■iints  of  polynomial  l’^'(v)  are  either  vanishing  functions  or  nonvanishing,  hul 
Limited,  asymptotically  equivalent  to  magnitudes 

*r 

• 

In  accordance  with  inequalities  (8.44)  and  equality  (8.45)  magnitude  £  may  be 
ie 1  e rmined  by  tlie  formula 


max 

t 


?y+; 

J  * 


w.i  h  it  is  possible  to  take'  for  working,  calculating  formula. 
We  will  look  for  exponential  function 


* 


(8.47) 


i  i 

r  i1-^  is  constant  complex  coefficient,  and  t|.^  is  constant  real  coefficient.), 
which  during  substitution  in  polynomial  (3.43)  ensure  fulfillment  of  conditb.n  (3.?f 
i  t  lie  Iasi s  of  dependence  (8.42)  they  will  determine  simply  exponent. ial  function 
1 1  ( t  ) ,  and  ii  the  basis  of  dependence  (3.24)  they  will  determine  c  efficients 


Or  ii*  isM  \  yjUfc*  _ 
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Since  factor  tn^  is  not  reflected  on  conditions  (8.26),  then  coefficients 
and  one  can  determine,  analyzing  polynomial  E^^v)  in  exactly  the  same  way 

as  was  analyzed  polynomial  D^^(n).  Considering 

^r=«J“  0=1 . *).  (8.48) 


will  reduce  the  problem  to  the  second  of  the  considered  cases  with  the  only 
difference  that  the  formulas  of  connection  of  coefficients  e(^  with  coefficients 


i]11  and  bjj1)  (j  =1,  n)  will  be  different. 

We  will  establish  these  formulas. 

We  will  determine  preliminarily  formulas  of  connection  between  coefficients 

i  • 

and  and  coefficients  and  q^. 

Having  compared  formulas  (8.24),  (8.42),  (8.47),  and  (8.48),  we  will  obtain 


(8.49) 


(8.60) 


Using  these  formulas  and  formulas  (8.20),  (8.48),  and  (8.60),  we  will  find 


[( ;)«,+«-<)+*(;) «. + «]  Ki+o + 

+ r  •**)  "*■  °  *s'* 

-- fvy  (T,;, + o  Kr,;, -i ; -  I)K, + i - 2)  + 

*/-■ 

+ 3  u -  D(  t.;,  -h  - 1  h  </  - 1  )n  -  2)h;,  + i)*i + 

+ [("  7  ‘)  k, + 1  - 1  > + 3(" ; ') «,  ^  o]  + %w?+ 

*a—i~  iKrt  ;H\i  ,  ; -  1)  •  •  ■  t *i(| i •  n  -I 


(8.61) 


Let.  us  consider  polynomial 


£">(,).  v"4-  e!'1 - 


.  -i-eV’. 


(8,5j  i 


Due  to  condition  of  selection  of  magnitude  £  all  its  coefficients  are  limited, 
whatever  the  value  of  coefficient  q^.  During  q!^  >  -1  because  of  equality  (8.47', 
i t  may  be  represented  in  the  form 

£"’(•)  <//;, >*/■(’•» 1 1  od)|. 
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In  accordance  with  equality  (8.43)  condition  (8.26)  takes  the  form 

-  o. 

hut  since  =  H^,  and  the  last  magnitude,  by  definition,  should  he  different  from 

f  t 

zero,  the  mentioned  condition  during  shown  values  of  coefficient  >  -1)  is 

no*  executed. 

i 

Let  us  consider  the  case  q^  =  -1. 

Let  us  assume  that  n  -  k  (where  k  may  be  an  integer  from  zero  to  n  -  1)  is 
maximum  value  of  index  j,  for  which  is  executed  condition 


ihpn  there  occurs  equality 


>/  +  / 
I 


cons.  +  o. 


(8.63) 


and  condition  (8.26)  is  executed  for  n  -  k  values  of  coefficient  H.^  which  are 
roots  of  equation 


<//;,>" 


lime'"-; 


liinrl'l,  <*. 


(8.-4) 


Coefficients  of  this  equation  e^'  (j  =  1,  ...,  n  -  k)  have  the  form 

e\"  llm  Lh  • 

'  i—  t* 

Solving  equation  (8.54),  we  will  find  n  -  k  unknown  values  of  coefficient  11^. 
these  values,  jointly  with  initial  condition  q,  ^  =  -1,  because  of  formulas  (8.19) 
and  (8.50),  will  determine  n  -  k  pairs  of  value?  of  coefficients  q^  and  Hj, ,. 

besides  found  values  of  coefficients  q^  and  H ^ ,  conditions  (8.26)  hi  model 

f  f 

cases  are  satisfied  still  by  k  pairs  of  values  of  coefficients  q^  and  I! .  .  ,  where 

1 

for  all  these  pairs  q^  <  -1.  These  values  can  be  fixed  from  consideration  of 
p  Lynomial 


>*  lime 


hi 

* 


t 


0'  •  •  •  . 


Hj 


(8.56) 


win  re 


(8.66) 


carrying  out  substitution 


* 


(8.57 ) 


-239- 


will  give  polynomial  (8.55)  the  form 

/-*•  /V  -f  .  .  .  ,/«*-'* tp-J. 

-f  F"*(p).  ( 8 .  58) 

We  will  select  coefficient  ^  so  that  all  coefficients  of  polynomial  Fv  ( p ) 
during  any  values  of  coefficient  are  bounded  functions,  but  so  that  at  least 

Ir 

one  of  them,  not  counting  coefficient  during  degree  p  ,  is  constant.  Tn  other 
words,  after  determining  coefficient  Pj  as  minimum  real  magnitude  for  which  during 
any  values  of  coefficient  q^  there  occurs  equality 

*y>--  (8.59) 

selection  of  coefficient  ^  we  will  subordinate  to  system  of  inequalities 

*-r/ (1  -  *.,):< 0  (3.60) 

<7  1. . *) 


and  equality 

+«-*-!  7(1  +!,)«-0.  (d,<  1  1 

fulfillment  of  which  is  demanded  at  least  for  one  value  of  j.  With  these  conditions 
coefficient  ^  is  determined  uniquely.  Formula  for  its  determination  has  the  f  rm 

min (3.(  2) 

Let  us  assume  that  k^  is  maximum  from  indices  j  =1,  2 . k  for  which  is 

executed  equality  (8.61).  Then  we  will  constitute  equation 


f*<  llm  e*'*., +?*•-'  lim  r<‘>  ,  /t  -f-  •  •  • 

•  ,  •  (8.,  5) 

after  determining  value  of  coefficient  q!^  from  condition  p  =  const,  i.e.,  equality 


t),---  1  5| 

[compare  formulas  (8.47)  and  (8.57)].  In  the  model  case,  when 


(8.64 ) 


(8.66 ) 


all  roots  of  this  equation  are  nonzero.  In  the  special  case  when  shown  inequality 
is  turned  int  '  equality,  equation  (8.63)  obtains  zero  roots,  in  conformity  with 
the  number  of  which  decreases  the  number  of  its  nonzero  roots. 
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After  determining  values  of  coefficient  h! 1  as  nonzero  roots  of  equation  (8.63) 

and  taking  into  account  that  during  condition 

V<~1 


in  polynomial 


(8.661 


during  t  -*•  go  the  last  term  prevails,  we  will  conclude  that  fixed  values  of 
coefficients  in  combination  with  value  of  coefficient  q^,  determined  by 

formula  (8.64),  determine  k^  or  less  pairs  of  values  of  these  coefficients, 
satisfying  condition  (8.26).  By  formulas  (8.49)  and  (8.50)  can  be  found  (corre¬ 
sponding  to  them)  values  of  coefficients  and  q^ 

If  k^  =  k,  then  in  equation  (8.63)  coefficient 

one  should  replace  by  coefficient  B  .  In  the  model  case  found  values  of  coefficients 
q  and  will  supplement  system  of  their  earlier  found  values  in  such  a  way  that 

the  total  number  of  found  pairs  of  values  of  these  coefficients  will  be  equal  to  n. 
With  this,  all  possibilities  of  determining  these  coefficients  will  be  exhausted. 

If  ^  <  k,  then  for  further  determination  of  coefficients  q^  and  ,  one 
sh-uld  consider  polynomial 

*»-*•  Jim  „  */-*+*‘  + 

+«w,;-~‘r . . . 

. . .  '  (3-fc7) 


Introducing  substitution 


( 8 . «  8 ) 


where 


min|  — 


»-*+*,  H-y-f  (*,  +  M(i 


<y=  1.2, .  . 


will  give  polynomial  (8.67)  the  form 


«’  ...  ♦»_*+»  .  *  ■ 

f  iim *<;•  I  * '*+,‘  -r 

#*«-»♦*,  4l*  /  • 


...  rBJ 


(8.69) 
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In  which  all  components  in  parentheses  are  products  ol‘  o  rtain  dev; ret  1  and  i‘ 
coefficients  which  are  bounded  functions;  it  is  always  pc  ssiMe  to  indies' e  such 

i 

values  of  coefficient  at  which  first  component  is  a  constant  different  jy  m 

zero  and  at  least  one  of  the  other  components  approaches  a  limit,  different  ft-  < 
zero. 

Replacing  coefficients  of  polynomial  included  in  parentheses  by  their  limit  In;' 
values  and  considering 


V  I. 


(3.70) 


which  stipulates  constancy  of  magnitude  o,  equating  tills  polynomial  to  zer.  ,  wi 
will  obtain  algebraic  equation  about  magnitude  o. 

Let  us  assume  that  kn  is  maximum  index  for  which  is  executed  equality 


it  - 


«  —  *+*i+y  +  i*i+y)6i 


and  let  us  assume  that  coefficients  of  mentioned  polynomial  during  degrees 
k-k.  k-k.-kg 

o  1  and  a  ,  during  condition  (8.70)  are  different  than  zet\  .  Then,  solving 

obtained  equation,  one  can  determine  k  of  values  o  which  are  constant  and  differ*-; 
from  zero  and  which,  in  turn,  because  of  equalities  (8.G8),  (8 .  r>7 ) ,  (8.47),  aril  (8. 
will  determine  kg  of  values  oi1  coefficients  These  values  of  coefficients  II., 

in  combination  with  value  (8.70)  of  coefficient  q^  wilL  give  kn  f  pairs-  f  value. 
•>f  these  coefficients,  satisfying  condition  (8 .?(). 


Cases  when  coefficients,  one  or  both,  during  powers  u 


<1 

and  ’  urn 


into  zero,  one  should  relate  t->  the  class  of  special  cases.  In  this  "are  t. lit 

number  of  additional  pairs  of  values  of  0  efficients  q  and  11.^  f  und  !  ,v  1 -i< 

presented  method,  loss  than  k0  and  In  particular  cases  may  I  e  equal  to  r-em  . 

k-k1  -kp 

If  kp  k  -  k^ ,  then  coefficient  during  pow*  r  o  *  is  equal  to  c  officer 

k  and,  consequently ,  is  a  constant  differing  from  zero.  Under  this  •  >ndit,ior..  a 

k-ka 

special  case  can  take  place  only  when  coefficient  during  power-  1  lec-  mi'-s  /<  1  . 
11'  this  does  not  occur  end  also  during  determination  of  earlier  found  values  if 
coefficients  q  ^  and  special  cases  were  not  encountered,  then  k0  pairs  f 

values  of  coefficients  q.^  and  found  iy  the  sliown  method  will  r.uppl*  -im  r.'  Ik 

system  -  >f  earlier  found  values  up  t<  a  system  consisting  ->f  n  pair.".  .-•  i  ’  h  'hi;  , 
all  possil  ilities  f  determining  these  coefficients  will  L  <  exiinust.ed . 

If  k,  ■  k„  ,  then  fur-th*  r  determinati  11  of  -oof  f !  e  ieiit.s  ...  ami  I!..  I. 

X  '  1  1  i  I 

•  -noue  t*  i  in  an  anal  g  uis  way.  ince  the  numl*-r  f  t  <  rm."  f  an  <  qua'  i  n  r  i'r-.  < 
soilin’  i  ns  is  1'ini‘e,  Mien  'here  will  ccur  a  rm  mu  if  wh*  1.  pr  css  f  -|.  r-rt.intng 
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:  ,'l'i'icj  i  r-nts  will  be  completed.  With  this,  the  number  ol’  l'ound  pairs  of  their 
value;;  will  he  equal  to  or  less  than  n. 

Finishing  this  account  of  a  method  of  determining  coefficients  n,,  and  H,  ,  , 
wf  will  conclude  that,  independently  of  form  of  coefficients  of  equations  of  free 
•  ilia1  ions  of  the  class  considered  in  this  chapter,  the  number  of  different  pairs 
f  their  values  and  also  the  number  of  pairs  of  their  values,  calculated  taking  Into 
t;  ■  our  it,  multiplicity  of  roots,  will  not  exceed  n,  where  the  latter  number  will  be 
exactly  equal  to  n  in  all  cases  which  do  not  lead  to  special  cases.  These  values 
■an  ie  determined  by  the  above-stated  method. 

§  4.  Method  of  Determining  Coefficients  ,  H^,  ...  and 

'*12’  1,i3' 

In  the  preceding  paragraph  was  presented  a  method  of  finding  coefficients  II.., 
an  i  q^  0  1’  ....  n),  determining  the  first  component  of  sums 

ix'v 

>  i 

appearing  in  formula  (8.8)  of  suggested  general  solution  of  equation  of  free  use i 11a- 
’i  ns  with  exponential  or  with  compound-exponential  coefficients.  In  this  paragraph 
is  considered  a  method  of  determining  analogous  coefficients,  determining  subsequent. 

■  mponont,,  on  the  assumption  that  coeff  ic  ients  arid  q^  already  are  found. 

We  will  compare  i-th  component  of  sum  (8.8) 

.r,  (/)  C,  op  f  V  H/'H dt  ( 8 . y  1  ) 

t  i- 1 

v.  i'h  approximate  solution 

jr((/)=C,cxp  )  '.J (H,7t) 

*■ 

a  f  ’  i  r  d('t  ormi  nirur  function  t'jP(t)  ty  equality 


)  Hat". 


(8.75) 


'n  which  II ^  and  q.^  -  known  coefficients,  satisfying  condition  (8.26)  and  II. ^  and 

Possible  values  of  coefficients  q  ^  we  will  Limit  by 


I-  -  searched  coefficients, 


no  i 1  i  n 


T.n<^e 


(8.7;i  ) 


'  :  e  i'  i  r 
a  L  L 


il  assume  that  1  unctions  x  .ft)  and  x\  ( t )  are  equal  to  each 

i  ‘  '  1  v 

7  P  ■  (  ' 


hem 


lution  f  i  jua-  i  n  (  ).l).  Thin  iunf  i  n  7:  ('  1 


r,  wiii  n 
li.ri  nr 


sh  lid  sn  •  !  sfy  t  pral  i  ty 
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1 


D)'~ .  •  ■  •:  *„**'». 

from  which,  carrying  out  substitution  (8.73),  one  can  determine  coeH'lc  1  on' 
and  n12. 


(  8.7' 
II.  . 

i 


If  functions  x^(t)  and  x^(t)  are  not  connected  by  sign  uf  equality,  1  it  <  h< 
first  of  them  is  solution  of  equation  (0.1),  then  left  part  of  equation  (P.7'0  is 
different  than  zero  and  is  a  certain  measure  of  approximation  of  approximate 
solut ion  x^ ( t )  to  exact.  In  this  case  one  can  determine  such  valui  s  if  coefficient 
H ,  o  and  in  at  which,  in  a  certain  meaning,  there  is  attained  maximum  accuracy  f 
approximation  of  left  part  of  equality  (8.75)  to  zero. 

ior  determination  of  unknown  values  of  coefficients  H .  ^  and  ij.  in  I  -  !h  meni  i 
■ases  there  may  be  recommended  a  single  method.  This  method  and  ale  its  tin  r<  1  ir 
foundation  are  presented  below. 

Differentiating  equality  (8.73)  one,  two,  ...,  n  -  1  times,  we  will  >1  <  a  i  n 
relationship 


gH  <n 

~~  “  %i(ln  -  Dtf'V J  r  UAC',0'  I  -1. 

— I)  •  •  K, 2) 


I  ■■ .  7 1  ) 


whe  re 


acP~  c!"-cr  r'.rn 

because  of  relat  lonsiii  ps  (8,76)  and  (8.77)  i‘  ir  possille  u  record  left  par1 
f  I  qua t ion  (8.75)  in  the  form 

(^-rOr'C’  +  MCV  ■  .  •  -:Ar 

+  Cn  a, D)«--y,r  r  .  .  yr  : 

+yltf' (;}#'u  0)-*c#,+  .  . . 

.  .  .  +*,-;y!#,:f”+(;,<>'+D)i’:!0,(;!#'-;  or  3:';”+ .  .  . 

•••+*«- ,(c!#,+0)y.p;p-  ...+g,w+  Dr--y:0,:!0,-f-/?"». 

( 

Here  is  sum  of  forms  c  ntaininr  second  and  hi. -dies'  p  w  <rr  i'\  ' .  .'umr 


m  ■' 
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S\" « (C  +  D)‘ A'.',0’  +  A, (C  +  D)'  ■  AC +  ft.-.AT’. 

5i" = a;!01  <C  +  D)"-!c!0) + a,  (a:!01  -f  or 'J  a:!01  +  . 

Si”  “  (C  T D)  aC  <C  -r O)"-^!0’  ~ . . .  A„_, (C  +  D)  aCC. 

5i,"  =  (C'  +  D)"_JAC!0,C. 

as  components  into  expression  (8.78),  it  Is  possible  to  give  the  form 


s!"  -  icy -■  i-,r + [("  7 :  1  >  v  : 

•  I  |  0... )l(«- 

(/♦*«  «-5 

-3-*)  -rT.,»  — 1|  ^"[("TVu. 

(v  <H-2>  : 

~rb\  I). .  fl  +  3)  . . .  +  ^*-,i|/1  "  AC!°\ 

5i" =(C)"-'  a:!0'  +  [("  7 1 )  r„t  a!" j r ' >  (Cr  1  AC  r 

<1-4 

+  '.,x  2  (/+i)[(«-3~*)»,ll-i| 

/>-«; 

/+»<*-« 

T  M"  ( "  ~ 2 )  ’ -r  *j"  j  <-*  (;!°’)"-jaC 

•  •  (r</i  - 1  )■  (’.,!-«  +  3)  —  Al'\„  h„,  - 1). . . 

4)  +  A^:|C/*""aC. 

5S" = (C)-'  a:!01  v  I (n  -  2)  V,  ("  7  Z)-i 

f  Cl)  <C)*“J  Ar.:°’  r  |  (’.«  +  («  -  3> - 1 1 (n  “ -  • 

<1-5 

Tt„  2  «/-1  »)((«-■»-*)  ».(1-l|  + 

llfti-i 

+  *i"  [T.u -r  T«.  ("  “ 3)  +  n(l (" “ 3)j •; 

‘tfjz-MCr  *3C+...  rK,K,-»... 

<*  r 4)('ki  ;  »«j—3+n)-;  A'i\,(t1(|  —  |) . 

•  *  •  Cr*<l  — n  '  ^)(TI||  •  Tn»  — 4 . 
fti'-’WT.^wir-CAC, 

(ft"r  '+[(•%  •• , 

<t-4 

+  i  K/MK, ■!  tJI(«-*-3).1(1 

/♦»<»  4 

•|- Ti«— 1|<_*  (C)"  ’-r  . . .  r(,w  +  Tic)  ••  • 

•  •  •  (T.J|  «  ■  3)/’  X,#’!aC1°V 


We  will  designate 


(T  ror'  tf"  +  »,  (CT  -'r  D)"  ■  C'  + . . .  b,  =  SL". 

A»lOi  **  * 


(8. So) 


According  to  formula  (8.79)  magnitudes  S^1’  is  exponential  or  compound- 
exponential  function  of  t  and  is  expressed  in  a  form  not  containing  magnitude  C, 

Si"  nd<;y- '  :  j(  " 

|C->— *  r(|  -K;)— 

J  II 

-t  2  S <>+ n  (2*  ~  •*  A Vi  <*  -  ->  ^“j  * 

Xr««P»*  ’+• .-  ,{(«-2H [(,!',)  r 


(8.8L) 


(— 2-»!  (ft  h  ft  )K^/) ++ 

+  1C'5!)1"-  ,)!  “ ~  b>'"  +  *  •  •  +  • 

In  particular,  during  n  =  2,  foivnula  (8.8l)  has  the  i  orm 

si,,-2y#’1  k, +*!")<-'. 

during  n  =  3»  the  form 

5i° |3 K, -  -I.,H  + 

Using  Introduced  designations,  it  is  possible  to  give  expression  (8.f  ')  '  *1' 


f  o  rm 


si" + si" 


(«.**) 


In  this  expre 


?ss ion  magnitudes  S^: 1  - ,  and  R^lj  are  exponential  or  comp-und- 

exponential  functions  of  t  (excluding  degenerated  cases,  in  which  all  or  some  1  '  I  •  • 
turn  into  zeroes).  According  to  the  property  of  these  functions,  they  can  h 
represented  in  the  form 


sp-xi'T-5  «<r)|.  | 

si^cki"  oWI.  j 


(8.83) 
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Tn  expression  for  function  •'  ^ 1  "*  ( t )  coefficients  1  ■  and  are  known  magnitudes. 

/  A\  /  -1  >  /M 

In  expression  lor  function  S>  '(t)  —  coefficients  M\  ;  and  u)  depend  on  coefficient 

, . ,  .  Coeff icients  )  and  in  expression  for  function  R^J^(t)  depend  on 

coefficients  q.0  and  since  function  R^'(t)  depends  on  magnitude 

We  will  designate 


m  (p;"l  =  nui  J.i" 
"•>'n 

«(!•;")=  max^". 
\r"n 


(8.84) 


Disregarding  in  expression  (8.82)  magnitude  R'  >  and  considering  only  highest 
powers  of  t ,  we  will  define  magnitude  from  condition 

-f  MU'r^'hc' - 0.  (8.85) 

!•  com  equality  (8.85)  follows 


(8.8t) 

1'wo  cases  are  possible: 
a )  model 

-(hI0)  =  ei". 

i )  special 


Considering  model  case,  for  value  Ij  .  from  equality  (8.85)  we  will  obtain 


.Hi1* 

*:*  • 


(8.87) 


Will  show  that  in  the  model  case  during  selection  of  coefficients  and  ll^g 
ly  formulas  (8.86)  and  (8.87) 

a)  there  is  executed  condition  (8.74), 

l)  magnitudes  and  are  asymptotically  equivalent. 

Actually,  maximum  exponent  t  in  components  forming  sums  S\  '  (,)  =  1 . n)  Is 

no  less  than  maximum  exponent  in  components  of  each  of  the  shown  sums.  Considering 

( 1 )  1 

•  urn  ,  its  corresponding  maximum  exponent  we  will  designate  by  symbol  u  . 

According  to  that  said  above,  we  will  write 

m  (t*»  *)  t  tkj^  l***  (8.88) 
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On  the  other  hand,  according  to  conditions  of  selection  of  ooei'f  i  c  i  ent  s  ■).  .  fi  i . 

H 1  ^ ,  coefficient  during  maximum  power  of  t  in  sum  G  ^  ^  turns  Into  zer  ,  win  re 

coefficient  3  does  not  exceed  maximum  exponent  t  in  c  imponent  of  sum  ^  -1  , 

n  t>  n 

! 

which,  obviously,  is  equal  to  magnitude  u  -  +  >|^  .  Therefore 


Comparing  inequalities  (8.88)  and  (8.89),  we  will  find 

Hence  because  of  equality  (8.86)  there  follows  inequality  (8.7*0. 

Passing  to  proof  of  second  affirmation,  let  us  note  that  left  par's  ! 
equalities  (8.75)  and  (8.15)  it  is  possible  to  present  in  the  form  f  sums 

(dV+tfHSrr1 0C'"-r.. 


(8.891 


<d*V+(")  (cr>— 1  rxl#,T. . .  -f  -- . . .  T»,. 

The  difference  of  each  pair  of  correspc-  'n  components  of  these  sums  (with  tq, 
exception  of  the  difference  of  the  last  pair,  which  is  equal  to  zer  ),  after 
realization  of  operations  of  differentiation  and  transformations  t  y  formulae 
and  (8,76),  may  be  located  in  a  finite  series  in  whole,  positive,  Inc  rear  ,ig  1  wm\ 
of  magnitude  Because  of  condition  (8.74)  exponents  of  exponential  rur.  ■ »  i  ns 

asymptotically  equivalent  during  t  —  cn  to  the  second  and  following  component  f  ea  •! 
such  sum,  will  be  less  than  the  exponents  of  exponential  functions  asympt  '  i  eui  L,, 
e  luivalent  to  their  first  component,  consequently,  less  than  magnitude 


Therefore,  during  t  -♦  co 


I’he  validity  of  the  proven  affirmation  follows  from  this, 


rom  asymptotic  equivalence  of  magnitudes  S 


)  and  (  ''  it  p<  Hows  'hat 


during  determination  of  magnitudes  and  \\^  by  formulas  (8. 80)  and  (8.87),  in 
the  model  case  the  left  part  of  equality  (8.78)  is  asymptotically  equivalent  t,< 


certain  magnitude 


AfSV*. 


Lu  wiiicii  exp  nent  is  connected  with  exponent  u()  ly  inequality 


Hi<IV 


( 8 .  n<  > 1 


lu  ausc  u'  tl  is  inequality  during  t  — •  e  approximate  s  luti  n  (  ,'fP)  m  n  'I  •:;>  .1.7 
approach  .  exact  than  appr  xiinatc  soluti  >n 
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yV 

4 


x,  (!)  -  C,  exp  j  C!°'  (t)dt.  ( 8  •  91 ) 

Hi] s  property  is  the  basis  of  the  expediency  of  the  shown  method  of  selecting 
r  •  IT  1  cionts  and  Hi2  (in  model  case). 

During  determination  of  coefficients  t|  and  H  hy  formulas  (8.86)  and  (8.87) 
here  can  take  place  one  of  two  cases: 
a)  equality  (8.75)  is  executed, 

1)  equality  (8.75)  is  not  executed. 

If  first  case  occurs,  then  function  x^(t)  (8.7?)  is  solution  of  equation  (0.1). 

if  second  case  occurs,  then  one  should  consider  the  possibility  of  further  more 

ii-  ■  i se  definition  of  approximate  solution  x^(t). 

In  light  of  the  above-stated,  for  further  more  precise  definition  of  approximate 

r  1  1'  ion  Xj(t),  it  is  necessary  to  determine  in  the  appropriate  way  coefficients 

.  .  and  |j  .  during  ,i  -  3,  4 . There  is  set  forth  below,  with  the  necessary 

r  undatlons,  a  method  of  solving  this  problem  and  conditions  are  clarified  with 

::lil eh  this  method  leads  to  correct  results. 

being  based  on  the  principle  of  full  mathematical  induction  and  be  1  tig  limited 

l  ,v  ■  ns iderat ion  of  model  cases,  we  will  consider  the  problem  of  determining 

■  <  l'ficients  ll^j  and  ^  during  j  =  3,  4,  ...  solved  when  there  is  shown  a  method 

n  ’  depending  on  value  of  index  k,  allowing  us  to  find  coefficients  16  and 

i-  I  >r  to  establish  the  presence  of  a  special  case,  if  for  j  s  k  are  determined 

a  11  .'efficients  U .  .  and  n.  ..  It  is  clear,  this  problem  we  will  consider  solv'd 

ij  i-i 

8 L r  in  the  case  when  necessity  for  determination  of  coefficients  and 

i.  during  curtain  k  drops  in  connection  with  the  fact  that  approximate 

s?  iuti  on 

expj^L  H'/'odt 

in- ides  with  exact.. 

We  will  discuss  the  method  of  determining  coefficients  and  .  (,|  3»  J*.  .  ..) 

1  ,v  recurrent  dependences 


*i(*t 

H  —  u 


M"'  ' 


(8.93) 


'in  rid  '  sines  .  f  which  are  determined,  as  sh  wn  l  el  w,  I  y  eoeflMc  ien>  r  1 1 . t 
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»il*  ••••  Hik  and  ’>11'  ’*tk- 

We  will  explain  the  meaning  and  origin  of  these  dependences. 

Let  us  assume  that  coefficients  ii^j  and  ;  are  found  during  j  k  with  which 
are  carried  out  conditions 


’ly  <  T/.y-i 

(y-1.2 . A). 

and  function  (8.92)  is  not  an  exact  solution  of  equation  (0.1).  Then  we  will 
des i gnate 


and 


ac}*-"  (<)=>//,.»♦  A  *+' 

and,  after  limiting  possible  values  of  coefficient  ^+1  by  inequality 

we  will  present  magnitude 

. (.<*>  +  D).  + |(;j»» + 0)->c!‘>|  a,  + . . .  + 

living  an  indirect  appraisal  of  the  accuracy  of  approximation  of  funct  ion 


( R .  on 


(h.0>.) 


(R.  v  ) 


to  solution,  in  the  form  of  sum 


expjc'*’  (t)dt 


s!*’  -Si*'-! 


where 


„(*) 


si*’-(t:*'  or  or  •c:*-"i*l . ... ,  t>.: 

“-"+£))"  'y.!*-" : bl(C~"+D)‘'  a„.,a 

5j*»- ac!*- "c:4-"  :  £»)"—>:*  ” ;  ma:;*-"  :  or  v.:*".,  ... 

ft,-  a;J»-"c!* 

si*’  (t!*-"  .  D) AC!*'"(c!*'"-i  O)"  •1c!*-,,-:  *- 

.  O)  a:!*- ";!*•"; 

si*’-  (tf-’+or  •a;:*-"c!*-"; 

is  the  sum  jf  terms  constituting  product  of  cuef  fic  ient.s  depend !  rig  i  maun i 1 u b 


i|j  j^+j  and  II.  and  whole  powers  (no  lower  than  second)  of  marni'ude  '/j 


We  will  present  sum  +  sj^  +  ...  +  ft^) 

i  f  n 


i  n  t  he  f  rm 
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where  sj>k^  is  a  certain  function  of  magnitudes  q.  and  t. 

Asymptotic  form  of  functions  t  sj.k)  and  during  t  -*  oo  we  will  determine 

by  equalities 


So'  A*J o(/'*  ')|. 
51*’  Afi*’  |f**'  ol>i%>)|. 

/?•*•  Afir 


(8.97) 


We  will  designate 


m  «  m**  :»!** 

m  (;»'*')  max  rL*(. 
V»+u*«.#+i 


(8.98) 


Assuming  that  during  t  -•  oo 

=o<5j*’).  (8.99) 

we  will  determine  magnitude  from  condition 

5l*>+5i*>AC!*-”  -  o(5l*’)  (3.100) 

This  condition  leads  to  a  formula  for  determining  coefficient  .  expressed 

by  first  equality  of  system  (8.93). 

If  coefficient  '  with  this  value  of  coefficient  q^  turns  into  zero 

r  11'  * i hI*’)/- i*l*'  .  then  condition  (8.100)  is  not  executed.  Such  a  case  we  will  consider 

special,  which  does  not  allow  application  of  considered  method  for  determining  unknowr 
copf f lc 1 ents . 

The  case  when 

Afi*'*°  (3.101) 

during  value  of  coefficient  q^  ,  determined  by  above-indicated  method,  we  will 

•all  model.  In  this  case,  condition  (8.100)  is  executed  if  coefficient  11^  is 

determined  by  second  equality  of  system  (8.93). 

We  will  compare  recurrence  dependences  (3.93)  with  formulas  (8.86)  and  (8.87) 

b  l'  determination  of  coefficients  q^0  and  H^g.  It  is  easy  to  note  that  dependence, 

expressed  by  formulas  (8.86)  and  (8.87),  it  is  possible  to  consider  as  a  particular 
case  of  dependences  (8.93),  if  one  extends  region  of  application  of  the  latter  to 
ase  k  1.  Thus,  dependences  (8.93)  determine  a  single  method  of  finding  ■•■■c-ffi- 
•  i  etus  tjj  ,  and  j  for  all  j  >  1. 

The  ai  've-ment loned  logical  foundation  of  the  considered  method  of  finding 

Coefficients  q^  and  during  j  >  2  rests  n  two  assumptions: 
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a)  »+i<C,i it> 

b)  Rik>  -o(So*')- 


(3. Of  ) 
(8.9° ) 


Inasmuch  as  these  assumptions  were  used  by  us  only  for  establishment  of  the 
mentioned  method  and  this  problem  Is  already  solved,  the  necessity  l'or  proof  of  ttu  i  r 
validity  from  this  side  does  not  appear.  However,  the  correctness  of  the  ('  nuv.l 
method  Is  In  straight  dependence  on  fulfillment  of  condition  (8.96),  since  In 
accordance  with  §  2,  we  are  interested  only  in  such  approximate  solutions  if  an 
equation  of  oscillations,  which  satisfy  this  condition.  Therefore,  it  is  necessary 
to  be  convinced  of  the  fact  that  condition  (8.96)  is  executed  and  that  with  this 

lLk-i  <  uk-2‘ 

Since  during  proof  of  inequality  (8.96)  there  plays  an  essential  role  the 
first  of  equalities  (8.93).  in  which  appears  magnitude  m(u^^),  then  we  will  make 
certain  preliminarily  searches  into  parts  of  the  character  and  numerical  det<  nninat  i  r 
of  this  magnitude.  Results,  which  will  be  obtained  below,  may  als  >  le  used  a;: 
definitizing  indications  when  determining,  by  the  given  method,  coefficients  rt. 
and  Hjj. 

We  will  start  from  magnitude  m(u^!^). 

Considering  determination  (8.84)  and  after  considering  formula  (3.8:1),  we  will 

i'i  nd 


max  |(/t  -  I)^||,  max  (?i ,  I) 

H  ran  (?_•.  Pi  -  I.  —  2)  (n  —  3) ty|, •  •  ■ 

■,  max —  I, -n  +  3,  nl  . 
\i.  |.P«  :  —  l.  -.  Pi  —n  >.  I  n)| 


(  3.1  OI1) 


this  formula  needs  the  following  explanation:  if  1  ,  -  0,  then  s.ymi  J  9.  .n< 

d 


sh  aild  delete  (this  is  valid  for  any  ,j ) . 


(k) 


Now  we  will  establish  formula  for  magnitude  in ( 1 1 ;  ')  during  carl  itrar,  k  1  . 

are  magnitudes  s(^)  an(j  gU)  (  j  -  j 
J  J 

magnitude  f ) ^ ;  in 


We  will  compare  magnitudes  and  (,i  1,  n) .  After  present  !n/r 

J  J 

the  form 


r(»l  r  101  1  V*’1'1 

y.  =■  »( 


and  convert  ing  magnitude  (,i  1,  ...,  n)  analogously  t  how  magnitudes 

(,i  i,  ....  n),  were  converted,  we  will  find  that  magnitude  may  !■  «  ypp mu 

in  the  t ’  rm 

Si?'?  S$  j-  AS**\ 
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wh'  n  P  ^  ^  Is  determined  by  the  formula  which  is  obtained  from  the  formula  for 

t.  ) 

(  1  ) 

determination  of  magnitude  '  after  replacement  of  magnitude  by  magnitude  ^ 

( k  1 

and  AS ;  '  is  a  certain  additional  exponential  or  compound-exponential  function  of  t. 
because  of  the  fact  that  exponent  t  for  any  magnitude  (j  =  0 . k  -  1) 

ic  less  t.han  exponent  t  for  magnitude  in  a  model  case  during  t  -*  id 

ASi**  —  O(Sio'). 

i'.  nse  iuently,  in  a  model  case  magnitude  m(u^))  exponent  t  for  exponential 

f  Ir  \ 

function,  asymptotically  equivalent  during,  t -»  oo  to  magnitude  S^q7.  But  since 

'Tl )  ( k ) 

f  irmulas  for  determining  magnitudes  S)  7  and  S^07  there  exists  the  above-indicated 

nmcti  m,  and  magnitude  m(u^  )  does  not  depend  on  magnitude  i|^2,  then  magnitude 

( k ) 

m(  . v  )  does  not  depend  on  magnitude  and,  consequently,  is  equal  to  first, 

magnitude,  i.e.  , 


-  n  (t*»  V 


(8.103) 


Passing  to  proof  of  inequalities  (8.96)  and  ?,  let  us  note  that 

1  rvnuse  of  the  principle  of  full  mathematical  induction  they  can  be  considered 
pr  ven  If  the  two  following  affirmations  are  proven: 
a)  i  1'  there  is  executed  inequality 


•  i  1  •  ■  1 1  there  is  executed  inequality 


<  ■*»<. 


1  <!•»_,:  (8.10b) 

t  )  if  there  is  executed  inequality  (8.104),  then  there  is  executed  inequali'v 

(h.o  ). 

lor  proof  of  the  first  affirmation  we  will  compare  magnitudes 

a  I  lU 

3,~  D)* •' \-bH. 

which  we  will  present,  correspondingly,  in  the  form  of  sums 

1  i*  \  /•(*—!) r\*  — ( fr— I 1  ■  l 


n  i  <.] 


+<;> -ml*-*  : 
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The  difference  of  each  pair  of  corresponding  comp  nents  of  tl  ese  sums  (with  tin- 
exception  of  the  difference  of  the  last  pair,  which  is  equal  to  zero),  in  accordant** 
with  formulas 


dt **'  rf/*-1 


-Ml..  1) 


m 


(8.io‘0 


may  be  located  in  a  finite  series  in  whole,  increasing  (from  unity)  powers  of 
k-  2 

magnitude  A .  Let  us  assume  that  inequality 

Tl(.»  k-t 

is  executed.  Then  exponents  of  exponential  functions,  asymptotically  equivai-iP 
during  t  -*  oo  to  the  second  and  following  components  of  each  such  sum,  will  be  Leas 
than  exponents  of  exponential  functions,  asymptotically  equivalent,  to  their  first 
component,  and,  consequently,  less  than  magnitude 

Therefore  during  t  -»  oo 


Hence  because  of  asymptotic  equivalence  of  magnitudes  and 
est.at  lir.hed  by  the  taken  method  of  determining  c 'efficients  q^  .  and  II 
to  coefficients  q^  and  H ^ ,  there  follows 


)4-f  {*-! 
i 


-i  |  pi  i  o  i 


OO 


-  o(5o*'). 


which  leads  to  inequality  (8.104). 

Pr lof  of  the  second  affirmation  is  s ignif lean' ly  simpler. 
Glnce  in  the  taken  method  of  determining  coefficients 

Ft-i  « °)  : 


and 


!**-l  ■(rf'li'Si.Ml' 


Uien  because  of  equality  (8.10J) 


'  -nsequent  iy ,  if  u,  1  <  u.  then  also  q.  ,  ,  <  q.  ,  as  i  •  was  r<  ;  ■  r<  i  t 

J.  r»—  t  1  ,  K-f-J  i  9  K. 


nr  ve # 


Kxample :  We  will  determine  coefficients  and  qi2  (i  =  1,  2,  3)  for  an 
equation  of  free  oscillations 

jr  +  rl’x  aO.  c  0.  (8.1 06  ) 

As  was  shown  in  §  3,  ways  of  determining  coefficients  are  different  depending 

Mi 

upon  asymptotic  properties  of  coefficients  '  which  are  connected  with  coefficieni 

1  .  by  formulas  (8.19).  In  this  case  we  have 

J 

Let  us  consider  at  first  the  case  o  <  -3,  i.e.,  a  case  obeying  equalities 

(8.27). 

As  was  shown  in  §  3.  here  for  all  i 

Tai  J. 

where  value  r)^  =  -1  corresponds  to  two  values  of  coefficient 

//„^  1  and  H. 


The  third  pair  of  values  of  coefficients  and  we  will  find  by  formulas 

(8. 32) .  We  have 


*  +  Hix  -  — - 


<•  +  .'><>+ I) 

Now  let  us  turn  to  case  o  =  -3. 

In  this  case,  as  was  shown  in  §  3»  also  for  all  i  there  is  executed  inequality 

*]<“*• 

til  nee 

t—m 

there  is  executed  inequality  (8.35).  Consequently,  in  this  case  for  all  i 

v-  — l. 

and  coefficients  are  roots  of  equation 

—  3»;  +  2»i  + 1  =  o . 


(8.107) 


If 


.  _  4^  • 
*  '*  27  * 


then  all  roots  of  this  equation  are  real.  Applying  formula  for  determining  roots 
'f  Mibic  equation  [27].  we  will  find 

"""73  co$[~3  ,,CCOi(-  ^-7*r  “•[-;■  •,,c'°  (-  ~~r  hf]-' 

"Jl  -  77 tos  [  '  *,c  c0'  ( ~  *-r-) +7 1  +  '• 
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then  all  roots  also  are  real,  but  among  them  Is  two  multiples.  During 

2 

these  multiple  roots  are  equal  to  magnitude 

"7V 


multiple  roots  are  equal  to  magnitude 

'~7T- 

The  third  root  in  the  first  case  is  equal  to  magnitude 


into  second  case,  to  magnitude 


Thus,  during 


‘"/a* 


,  +  7T 


*3/3 


we  have 


My  -*  T  7T • 


i  hen  eoual.ion  (S.lOe)  has  one  real  and  two  complex  roots.  Determining  t  iit'rn 


j _  i  _ 

«„=  /A+B+/A-B  +  I. 


1  _  3  _  /  3  I  V 

/ A-rB  +  V A-b  y.\  \/A  +  B-/A-h) 
H,im - - - .  / - - !  I. 


//«  =  - 


> _ 3  /  .1  .1  \ 

/ A+U  +  /X-  ts  / J  v  f  A  +  h  —  /a  -  u) 


'•/T-i 


i. 


Le t  us  consider  now  the  last  possible  esse,  o  y  —  3* 

This  case  is  a  particular  realization  of  a  case  in  which  some  of  the  coefficients 

of  equation  (0.1.)  satisfy  condition  (8.41). 

We  will  apply  substitution  (8.42),  where  in  accordance  with  equality  (8.46) 

‘  T* 

and  will  determine  coefficients  q^  and  (i  =  1,  2,  3). 

Since  in  this  case  k  =  0  (see  page  239).  then  for  all  i  we  will  obtain 

\i  “  —  >• 

Coefficients  (i  =  1,  2,  3)  are  roots  of  equation  (8.54).  In  the  considered  case 

limr','*-  limri*'  *»0. 

i-.  1  /-•  * 

lim/'"  f. 

!»• 

Therefore , 


)■ 


(8.108) 


because  of  equality  (8.49),  values  of  these  coefficients  coincide  with  values 
>f  corresponding  coefficients  Hi±.  Considering  equality  (8.50),  we  will  obtain  for 
all  coefficients  qi;1  value 

*'-y- 

Found  values  of  coefficients  q^  and  (i  =  1,  2,  3)  in  all  considered  -ases 

c  r ns pond  to  approximate  solutions 

cap  J  W  ,<'•/!  >11. 

Ln  cases  a  -  -J>  and  o  =  0  they  coincide  with  exact  solutions. 

We  will  determine  coefficients  q.*  and  H.g  for  case  o  >  -3. 

M  ) 

in  accordance  with  formulas  given  in  this  paragraph,  for  magnitudes  ano 


we  will  obtain 

A 


si" -(tTv+srcp+ip + « = «?,<•+ +«<. 


•  (>  —  3)  T 


*',(«W*  +  1f1<-'). 


Si" - 3 cPF +  •»<’!„•; 

«=  3«*, ,T + (y  +  2i.i)  J  +  'u  <  v  1  * 1 


+  tf- 


r  (8.100) 
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Since 


T>  -i. 

then  from  the  first  equalities  we  will  obtain 


and  from  the  second 


By  formula  (8.86)  we  will  find 


»"T”' 


3  3 

By  formula  (8.87)  we  will  find 


- -7  - 1  - 7  tf- 1.5.3). 


v  3>- 


In  accordance  with  the  obtained  results  we  will  write  the  formula  for  three 
approximate  solutions  of  equation  (8.106): 


1 


»  c( 


•  +  3 


V 


1.2.3). 


1  , 

where  C ^  and  (1  =  1,  2,  3)  are  arbitrary  constants,  and  coefflc lent s 
3)  are  determined  by  formulas  (8.108). 


(8.110) 
Hji  0  1. 


§  5.  Asymptotic  Properties  of  1'ree  Oscillations 
Asymptotic  properties  of  free  oscillations,  presented  by  equations  of  the  class 
considered  in  this  chapter,  can  be  investigated  by  general  methods  given  in  Chapters 
V  and  VI.  With  this  goal,  there  can  be  used  both  canonical  expansions  of  the  solu¬ 
tion  of  an  equation  of  free  oscillations,  considered  in  Chapter  IJ  and  canonical 
expansions  in  which  are  used  functions 


•I*'  U)> ....  !«*'(/)  Mina  (H.  91) 

V//./V 

Ail  the  tin  iry  of  canonical  expansions  connected  with  functions  rj^^(i) . f^^(t 

with  the  exception  of  the  conditions  of  their  applicability,  and,  founded  n  this 
theory,  the  methods  of  research  of  asymptotic  properties  of  free  oscilla' i  ns  during 
Uk  new  me  tliod,  considered  here,  of  determining  functions  r(^(t),  remains  in  f  r  ■<  . 


1. 1 ...  « .  it.  \ 

.  ■* 
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:•  n 


,  ufflclent  condition  oi  applicability  of  k-th  canonical  expansion  of  unmoduleted 
structure,  in  this  case,  will  lead  to  the  requirement  that  determinant 

;  i  ...  i 


(cl*- .  ci*-" ..  0)*-,m*-" 


(8.111) 


In  different  than  zero  during  sufficiently  large  values  of  t. 

If  this  condition  is  not  executed,  then  in  a  number  of  cases  there  can  be  built 

canonical  expansions  of  modified  structure  according  to  methods  shown  in  §  5> 

Chapter  II,  with  that  only  distinction  being  that  functions  f^k"*)(t),  .... 

In  this  case  correspond  to  determination  (8.9^). 

( k-1 

Determining  functions  ^  (t)  in  the  form  of  (8.94)  allows  us,  in  many  cases, 

very  effectively  to  use  certain  general  results  obtained  in  Chapters  V  and  VI. 
f.uch  a  possibility  is  connected  with  the  tendency  toward  lowering  during  growth  of 
k  exponents  of  functions  asymptotically  equivalent  during  t  -*  00  to  functions 

For  confirmation  of  the  fact  that  the  mentioned  exponents  in  very  general  cases 
indeed  have  a  tendency  toward  lowering,  we  will  consider  sequence  of  sets  of  functions 

cl*'"(/) . #-"(/)  (*-1,2....),  (8.11?) 

Hie  first  element  of  which  satisfies  condition:  coefficient  during  highest  power  t 
f  polynomial 


i 

1 

•  •  } 

(C'---D)C  . 

..  ci’‘-:-0)C’ 

D)"-5 c\ 

..ci0’-:  D)-:T 

is  different  than  zero. 

Obviously,  if  there  is  executed  shown  condition,  then  the  addit Lon  to  functions 
(!)  (i  =  1,  ...,  n)  of  exponential  functions  with  smaller  exponents  as  components 
will  not  change  the  asymptotic  form  of  polynomial  W^(t).  We  will  designate  exponent 
f  function,  asymptotically  equivalent  to  this  polynomial,  by  symbol  i|w>  Because  of 
that  said,  all  polynomials  W^(t)  also  are  equivalent  to  exponential  l'uncti  ms  with 
Uils  exponent.. 

We  will  designate  iy  symbols  u  ^  the  highest  exponents  of  polynomials  If  rn  t 

Y.r  ;  or-  v  ’  (/  1 . n). 
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Independently  of  the  fact  that  coefficients  with  these  powers  are  different  or  equal 
to  zero.  Then  from  assumed  property  of  polynomial  W^(t),  It  follows  that  ad Joints 
w^j)(t)  during  t  -*  cd  are  asymptotically  equivalent  to  exponential  functions  whose 
exponents  do  not  exceed  magni  .udes 

V-Hrt  <1- 

During  transition  to  second  and  following  elements  of  sequence  of  sets  of  functions 
(8.112),  this  property  for  adjoint  w^Vt)  is  kept. 

Exponent  of  exponential  function,  asymptotically  equivalent  to  magnitude 

in  the  preceding  paragraph  was  designated  by  symbol  Since  this  index  depends 

on  selected  function  '(t),  i.e.,  on  index  i,  we  will  definitize  this  designa¬ 

tion  after  replacing  symbol  uk_1  by  symbol  Ujc_1(i). 

We  will  turn  to  formula  for  coefficients  h^j^  [see  §  4  Chapter  IT,  explanation 

to  equations  (2.49)].  After  comparing  this  formula  with  results  obtained  here,  we 

f  kl 

will  find  that  coefficient  during  t  -*  oo  is  asymptotically  equivalent  to 

exponential  function  whose  exponent  does  not  exceed  magnitude 

!•«.-»(/) — M«r*. 

k-L 

Hut  according  to  principle  of  construction  of  functions  (t)  (k  =  1,  2,  ...), 
coefficient  uk_;1(J)  decreases  with  growth  of  k.  Therefore,  with  growth  of  k,  the 
mentioned  exponent  Is  limited  from  above  by  a  smaller  and  smaller  magnitude,  having. 
Uius,  a  tendency  toward  lowering. 

In  connection  with  the  considered  tendency  for  change  in  exponents  f  fun/'  Ions 
asymptotically  equivalent  to  functions  h|j'(t),  in  many  cases  there  appears  tie 
poss  11  ility  during  a  certain  sufficiently  large  number  k,  to  obtain  as  rapidly 
diminishing  or  as  slowly  growing  functions  h^j^(t)  as  is  required  by  the  conditions 
of  application  for  one  or  another  theorem  or  appraisal. 
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